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PREFACE. 


The present work is intended as a text-book on Algebra 
for all classes of students in onr schools It difEers, how- 
-ever, in several respects from the existing text-books on 
the subject at present in use 

Algebra like every other branch of Mathematics should 
be studied more as a subject for mental disciphne than for 
anything else. An intelligent grasp of principles therefore 
is to be chiefly aimed at and not the mere learning by rote 
of a certain number of rules mth some readiness in their 
application This is the ideal I have ever kept m view in. 
the preparation of this work 

The elementary principles of the subject have been 
. dwelt upon at considerable length in the earlier chapters 
of the book. The full impoift of negative quantities has 
been explained, it is believed, with some degree of clear- 
ness, almost at the very outset, and rules for their addition 
and subtraction have subsequently been deduced there- 
from by a very simple mode of reasoning. 

The proposition of each article after being clearly de- 
monstrated has been copiously illustrated by a number of 
select examples , a mucli larger number of other examples^ 
arranged progressively, has then been added as an exercise 
for the student The last article of each chapter consists of 
a number of miscellaneoua^^q:^amples fully worked out as 
interestmg illustrations, of specif? artifices , these again 
are followed by/Sdfii^ others for e^ej^wse. 
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The chapters on Formnlee and Factors will, it is hoped, 
be particularly acceptable to the young learner The sub^ 
ject of factorisation has been treated exhaustively as far as 
the limits of this work would allow. The last chapter, on 
Elimination and Miscellaneous Artifices, will, I hope, be of 
considerable use to the more advanced student 

Entrance Examination Papers of the Calcutta University 
from 1868 to 1890 will be found at the very end. The 
more important and difficult problems from these papers 
are fully worked out in the body of the work in illustra- 
tion of the principles upon which their solutions depend, 
whilst others, comparatively simpler, have been suitably 
introduced among the exercises just to give the student 
an opportumty of reassuring himself, when successful in 
working them out with unaided exertion, that his know- 
ledge has, to some extent at least, come up to the Univer 
Bity standard With the examination papers are also given 
references to the pages where these problems are to be 
found in the body of the work 

Instead of ending the book with a collection of mis- 
cellaneous examples promiscuously arranged, I have added 
a number of miscellaneous examples in the form of sepaiate 
examination papers, any one of which may be regarded as 
a good exercise for the student at a sitting of about two 
hours and a half 

The entire book contains nearly 8000 examples in all, 
of whiph over 400 are fully worked out Many of these 
examples have been specially devised for this work whilst 
for the rest I am indebted to several of the standard works 
of English authors as also to many of the examination 
papers of the Indian and English Universities 

I have attempted to makp,4ihBv37ork useful to the school 
student as a means of acquiring algebmcal skill along with 
a sound kno^rt^^of principles, andl'have spared no 
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pains for it. It is now for all expenenced teachers of 
Mathematics to jndge as to how far I have been successful 
in my endeavour. To gentlemen interested in the cause 
of education I shall be much obliged if they will kindly 
communicate to me any corrections or suggestions 
that they may consider necessary for the improvement of 
the work, 

Dacca , 1890. K. P. BASU. 


PBBFAOB TO THE SECOND EDITION. 

A few words of explanation seem to be necessary in 
connection with the publication of this edition The First 
Edition having been published rather unseasonably last 
year, I did not at all anticipate that a second edition would 
be in demand so soon. Accordingly the work of re-publi- 
cation was not taken in hand earlier than January last 
But the book beginning to be received with increased 
favour in different educational circles with the commence- 
ment of the now academic session, the First Edition, con- 
sisting of 2250 copies, was fonnd to be exhausted before 
the end of the last month Hence, in the interests of the 
students of all those schools in which the book has been 
adopted as a text-book, ray publisher had no other alter- 
native than to hasten the work by all possible means. In 
consequence of this, I am sorri--, I have not been able to 
give the book as thorough a revision as I intended, nor 
to effect such improvements as have been kindly suggested 
by some friends. 

Dacca . J/crrc7i, ';8^r K. jf. BASU. 
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PREFACE TO THE FIFTH EHITIOH 

In this Edition the bulk of the work has , increased by 
about 60 pages The additions that have been made are as 
follows —(1) An mcrease in the number of examples of 
exercise in the earher chapters of the book , (2) the inser- 
tion of examples with fracttonal indices in the chapters on 
JBIidhplicaiion and Division , (3) The introduction of three 
sets of Miscellaneous Exercises m suitable places in the 
body of the work , (4) an article on the method of finding 
the Cule Root of a Compound Algebraical Expression , and 
(5) a chapter on Quadratic Eqmtmis For several of these 
improvements I ^Tn indebted to the kind and repeated 
suggestions of friends who are practical workers in the field 
of education. It is therefore hoped that the present 
Edition will be found considerably more useful than its 
predecessors 

Dacca January^ 1894. K. P, BASU. 


PREFACE TO THE SIXTH EDITION 

In this Edition the book has been thoroughly revised 
and answers to the examples in all the exercises have been 
carefully vended, Some additions and alterations have also 
been occasionally made, but they do not deserve any special 
mention. I am indebted to several friends for their kind- 
ness in pointing "^out errors and misprints My special 
thafiks are due to Babu Bipinbihary Granguh, b a. Teacher, 
Jubilee School, Dacca and to Moulvie Abdullah Ehan, 
Teacher, D B. School, Dipalpur (Montgomery). 

Dacca . April, 1895. K P BASU. 
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PEEFACE TO THE SEYENTEENTH 
EDITION. 

The syllabuses for the compulsory and Additional 
Papers in Mathematics, prescribed for the Matriculation 
Examination, under the new regulations of the Calcutta 
University, respectively compnse the following subjects in 
Algebra — 

Conipxilsory Paper ; The Four Simple Rules i 
Proportion , Simple Equations , Greatest Common Mea- 
sure ; Least Common Multiple , Graphs of Simple 
Equations. 

AdditioncCl Paper Quadratic Equations with 
one unknown quantity , Extraction of' Square root , 
Graphs of Pure Quadratic Equations (exclndmg construc- 
■tions with difiEerent scales along two axes) , Anthmetical 
and Geometrical Progressions , The Elementary Laws of 
Indices.. 

With the addition of an appendix, containing Chapters 
on Graphs, and Arithmetical and Geometrical Progressions 
this treatise now contains alL that is included in the 
Algebraical Curriculum for the Matriculation Exammation. 
It is hoped, therefore, that in its present form, the book 
will completely serve the purpose of a “Matriculation 
Algebra.” 

Dacca ApnZ, 1908 


K P. BASU. 
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PEEFACE TO THE TWENTY-FOUETH 
EDITION. 

In thiB Edition, in place of old TJiuverBity Papers, 
recent np to-date Examination Papers of all the Indian 
XJmversities have been inserted, and to enhance the nsefnl- 
ness of the book the syllabnses of all the Universities have 
been added. A Chapter on Varxatxon has also been given, 
in the Appendix to complete the syllabus of the Bombay 
University The book in its present form satisfies the 
syllabuses of all the Indian Universities. 

Calcutta Janxmy^ 1916 
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-INTRODUCTION. 

1. How tilings are measured and represented 
liy number. This will be best explained by taking np 
•some particular instances familiar to the student 

(i) If we want to know the length of a piece of cloth 
we are satisfied when we find how often this length con- 
■tams a smaller length called a cubit (the distance between 
the elbow and the tip of the middle finger). 

(ii) ' If we want to know the distance between Dacca 
^nd -Calcutta we are satisfied when we are told how often 
'this distance contains a smaller distance called a mih. 

(lii) If we want to know the value of a sum of money 
we are satisfied when we are told how often this sum con- 
tains a smaller sum called a rupee. 

(iv) If we want to know the weight of a quantity of 
rice we are satisfied when we find how often this weight 
'Contains a smaller weight called a seer 

From the above instances it is clear that whenever we 
have to measure a thing we do so by finding how often it 
'Contains a smaller thing of the seme kind The “smaller 
thing” chosen for this purpose is called the unit, and the 
Clumber which shows how often this unit is contained in the 
thing measured is called the numerical measure (or simply, 
the measure) of the latter — thus in the first instance, the 
'unit of length is a cubit , in the second, the unit of distance 
is a mile , in the third, the unit of money is a rupee ; and in 
^he fourth instance, the wvU of weight is a seer. Again, if 
we know that the pie^ibf cloliriSi.10 cubits long, that the 
distance betweenJDatSca and Calcutta is 260 miles, that the 
anm of monej'is 500 rupees, and that .the weight of the 
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rice IS 2 j seers, then, 10 is the measure of the length, of the 
cloth, 260 IS the measure of the distance between Dacca 
and Calcutta, 500 is the measure of the snm of money, and 
25 is the measure of the weight of the rice 

- A thing IS said to be lepesented by the number which 
shows how often that thing contains the unit of its kind 
thus ID the above instances, the length of the piece of cloth 
IS represented by 10, the distance between the two places is 
represented by 260, and so on 

Note (1") Such expiessions as “a sum of money estimated in 
pounds = dO,” ‘a distance estimated in miles = 25 ” and the like, res- 
pectiiol^ mean “the numerical measure of a snm of money when a 
■e IS the unit, is 30 ” “the numerical measure of a distance when" tlio 
unit IS a mile, is 25,” Ac 

Note (2) It must bo cloaila understood that one and the- 
E tme llm g will bo lepicsented by different numbers when the units- 
are diffcient , thus taking a foot as the unit, a length of 10 feet is 
represented bj 10, hut if the unit be 2 feet, the same length is 
represented bi o 


ExainplG 1 If the 7emf of length be a foot, what will be 
the measure of 5 yards and 2 feet ? 


5 yards and 2 feet, being equivalent to 17 feet, evident- 
Jy contams the unit of length (?.e , a foot) 17 times 

Honce the reqmred measure is 17. 

SxE^pl6 2. If a minute and a half be represented bv 
80, what 13 the iinitof time ? r j 


A minute and a half is equivalent to 90 seconds 

Now, since 80 is the measure of 90 seconds, it is clear 
tliat the unit of time is contained 80 times in 90 seconds ' 

0*90 seconds, and^ 

IS theiefore equal to 8 seconds 


Esepcise ( i ). 

■n-i 3" measitre of a maimil and 25 seers 

a seer is the unit of Height? ? 

•RThS,' measure of the same weight 

When 6 seers is the unit ? 

3. If a distance of 800 miles be represented hv' on 
whatisthewnto/distaij^?--^’'-- " ^op^esentea by 25, 

the Iw, /? represented hj iO, what itt- 
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5. l£ a sum of 400 rupees be represented by 16, -what 
'roll be \h'd measure of Rs' 225 ? 

6. . If a length of 8 feet 4_inches be represented by 25, 
'what will be the measure of 4 feet ^ 

" 7. What must be the <unti of hme in ‘order that 2 hours 
and 15 minutes may.be represented by 8 ? 

B. If the umt of time be 15 seconds, what time will be 
represented by 60,? 

9. If the umt of weight be 7^ fts , what number will 
represent 24^ cwt ^ 

10. If 4 Square feet be the unit of area, what number 
will represent an area of 9 square inches, and what will re- 
present 9 square yards ? 

11. If an area of 125 sq ft be .represented by 8^, how 
many square yards are there in'S times the unit area ? 

12 What 18 the unit of money if a sum of £8. 7s. Qd, 
be represented by 9 ? 

13. If 7 s 8i::be the unit bf 'money, what will be the 
measure of £7 18s Ad. ? 

,14 IfRs 2 18ff 7;r. be the unit of money, what will 
be the measure of Rs' 25 10a Zp ? 

16. If 28 seers 5 chattacks be the unit of weight, what 

will be the measure of 16 maunds 12\ seers ^ 

- / 

"16. If Re 20. lOfl. be represented by 5^, what will bff 
the measure of Rs 45, supposing the new unit to be* 8 
times the former ? - - , 

" 17. If 278 be the measure of 19 cwt. 2 qrs , what num- 

ber will represent one ton, supposing the' new unit to be 
one sixteenth of the former ? 

18. If 84 be the measure of 89 yds 2 ft, what number 
will represent 75 yards, supposing the new unit to be 
three-seventeenths of the former ? 

19. ' If 26 days 10 hours and 26 minutes be represented 
by .^120, what number will represent a leap year, supposing 
the new unit to be, 47 minutes 18" seconds less than the 
former 

20. In the precedifig e^mple what would be the 

answer if the 'latjter’"’^unit exceeded the former by 6 hours 
■54 minutes 47 seconds.''^ ' " , . ' 
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2 Different uses of tlie word Quantity. 

(i) Any thing that can be represented by number is 
called a quanUty Thus time, weight, money, distance, &c , 
which all admit of numerical representation, as shown in 
the preceding article, are quantities. 

(ii) Quantity is also often used in the sense of 7iumber, 
jntegral oi traciional 

(ill) An Algebraical ezpiesston also is sometimes called 
u quantity (We shall refer to this again in its proper place J 

X Ji Qnaiititiei like weight, moiiC3, distnnco, aiei, Ac , are 
often spoken of as concrete quaHttiie<t, is distiuguislicd irom uumei ical 
rjiimilifiet whieh ine.in oiili Antlimeticil mimheis, integral or 
'traetional 

[Note Anj irJiole numbci is called an tiiteyei or ni mfcyral 
number ] 

3. What IS Algebra ^ Algebra, like Arithmetic is 
a science ot numbers with this distinction that the uumoera 
in Algebra are generally denoted by letters instead of by 
figures 

Hence, whenever concrete quantities come under the 
domain of Algebra, it is only their numeiical 7 neasure (i c, 
the abstract numbers which represent them) wnih which 
wo must concern ourselves 

4. Symbols The letters used to denote numbers, as 
well as the several signs that are used either for indicating 
the operations to be performed upon the numbers to which 
they are attached or as abbreviations, are called symbols 

The letters as distinguished from the signs, are called 
-symbols of quantity 


CHAPTER I 

DEFINITIONS AND EXPLANATION OP SIGNS. 

1,1 1 ??® Resign + isiead;i?«sand when 

' ^ indicates that the number is to be 

uddiU to what precedes it Thus a+b (which is read « 

thaD denoted by a , hence, -ifS denotes 5 and b denotes 8 
^ Again, fl!+ 6 -j-c means that the number de- 
noted by b is to be addt^d fo that denoted bwii, .md to th« 
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result, thus obtained, is to be added the number denoted 
by c , hence,' if or, b, c denote 6, 8, 2 respectively, a+5+<x 
denotes 10 ' * 

2. The Minus 'Sign The sign — is read m?iies and 

when placed before a number indicates that the number is 
to be subtracted from what precedes it Thus a—b (which 
is read a rmnus b) means that the number denoted by b is ta 
he subtracted from that denoted by a , hence, denotes 8 
and b denotes 8, a—b denotes 5. Again, 6— c means that 
the nninber denoted by b is to be subtracted from that de- 
noted by c, and from„the result, thus obtained, the number 
Jlenoted by c is to be subtracted , hence, if a/b,c denote 8, 
“S, 1 respectively, a—b—c denotes 4 ■ 

N B When any number of quantities are connected with one 
another bj the signs pZws and minus, the order of the operations is 
from lefi to right Thus q — i+c means that the number denoted by 
i IS to be subtracted from that denoted by a, and to the result, thus 
obtained, is to be added the number denoted by c 

3. The Sigm Plus or Minus. The sign ± is read 
plus of minus and when placed before a number indicates 
that the number is to be eitimr added to or Subtracted from. 
what precedes it Thus if « denote 7 and b denote 2, o ± 
(which 18 read a plus or minus b) denotes either 9 or 5. 

, 4.‘ The'Sig’n of difference.' The sign --when placed 
between two numbers indicates that the less of the two is^ 
to be subtracted from the greater. Thus, if a denote 6 and 
i denote 8, o -- 5 denote 8 

' 5. The Sign of Multiplication The sign x is 
read into and when placed between two'numbers _ indicates 
that the number on the right of it is texhe multiplied hy that 
on the left., 

Thus axb (which is read a into b) means that, the num- 
,ber denoted by J“is to be multiplied by that denoted by a ; 
hence, if a denote 5 and b denote B, axb .denotes 5 times 8, 
or, 15 ' - ^ ^ ' 

The sign of multiplication is generally omitted when its 
position IS between two numbers either (1) both of which 
are ~deimted by letters, or (2) the first of which is denoted 
hy figure and,the second by a letter. Thus ab is used for 
ox J, and 4a for 4x o - 

-ITote The reason yfliV 83 canuw be used for 8X3 is clear, 
'because m Arithmetio''83 has already been understood to mean 
80+-3 - ^ 
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Sometimes the sign X i*! replncoct bj a (lot ^ 1 4 res- 

■nechvelT mean the same as «XJ and 5x4 The dot so used w 
sl\n.”a plved sb shown in the sbo\o instances m order to dis^gamt 
it from *^he decimal point which is put a littlo higher up , thus o 4 
IS yead p e tnlof<Jur whereas 5 4 is rcidjfi e decimal four 

6 The Sign of Division The siga — is read By and 
Tvien placed between two numbers mdicatss that the nnmr , 
bei on the left of it is to be dipided by that on the right 
Thus (which IS TP id a by 5) means that the number 
■denoted by ct is to be divided by that denoted bj 5 , hence, 
if a denote 6 and 6 denoted, a— 5 denotes 2 Similarly, 
a — b—o means that the number denoted by a is to be divid-') 
■ed by that denoted by 5, and the result, thus obtained, is to 
be divided by the number denoted by r. 

jV If Vriien any number of qunntitic? are connected together 
])v the signs of mill tipb cation and ('niston, the order of the 
operations is always fi oni leH to nohl Thus a X b — c means that the 
number denoted by h is to be multiplied b\ that denoted b^ a, nncl 
the result thus obtamed, js to be (li\ idctl by the number denoted 
bye Similarly, «— 5 Xc means that the number denoted 1)3' rt 18 to 
he divided h] that denoted bi 5, und the result thua obtained, is 
to bo mnltipbed the munber denoted b} i 


27ote a daidcd by b is also often expressed as ~ , ibus~zncn»s 
the same aa a~b 

7. Espresslon , Term Any mtelliinble collection 
of letters, hgures, and sigtn of operaUon is called an Algebraic^ 
al Etpicmon Such a collection is also sometimes called an 
Algebrair<d Quinltly, or briefly, a Qmntdt/ 

[See Arh 2 Introduction J 
[JTote Signs like -1-, — , x, — wbicb indicate the operations to 
bo performed upon the numbers to which they are attached, am 
■called signs of operation ] 

The pai ts of an Algebraical Expression that are connected 
by the sign + or — are called its tei 


Thus od’^-ai—cxd—Soxf — ^is an algebraical expression 
of which the terms are 5ff, ad—c xd, 8c x f—q 

Expressions are either simple or compoaud, A swnufe 
■expression is one which has not parts connected by the sign 
+ or -, I e , which consists of only one term, as 3aJ, and is 
^0 called a Monomtal A compound expression consists of " 
two or mors terms , if it consistsjjf two terms as 2a4-55c(?, 
^ IS c^led-^a Binomial , if of thfee terms, as a-{-ic+8e/u, a 

or Tp *rV 
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, 8. Sign of EqLUality." The sign = is read “equals” 
or “is equal to” and wheu placed' between two expressions 
"indicates that they are equal to one another. Thus b+c = a 
( which IS read b pins c equals a ) means that the number 
denoted by b+c is equal to that denoted by a, 

examples. 

( 

X Ji (0 A ilisiinciioii miM bo obson ed botAvoon a—h A r and 
n~be The latter means that the uumbei denoted bi a is to be 
dn ided by that denoted b\ i/*, whereas the former moans that the 
number denoted bi n is to be divided In that denoted liy Ik and by 
the result, thus obt uned, is to bo multiplied the number denoted 
bj f That IS to 8a\ , when the si^n of multiplication is omitted 
betuceii nii> number of quantities, the result obtained by 
multijilj mg them together i« to be regarded as a siuole qitantitij 

X Ji (2) In finding the a aluo of any rxpren^tnit the a allies of 
tlicsoAcnl ifrmit Avluch it contains must be lirst dotcrmiiiod bv the 
process mentioned in the note of art fumtl nflertcnrtbt the \aluc of 
the whole cqn-ession is to be found by the, process jucntioned iii 
the note of art 2 Tims m finding the .lalue of the egression 
'r~dXr-ff‘X// wo must first of all find the Aalnes of the three 
ienas,mmch,<iXlKC-rdxe,andtXff, then subtract the Anlne of 
■the second term from that of tho first, and to the result thus 
•obtained, add the a aluo of tho third ' 

The above principles will be sufficiently illustrated by 
'the following examples 


-Example 1. 

If a = 2, J = 8, c = 5, find tho value of 


6(1 = 5X0 = 5x2 = 10, 

- 

Sb = 8x6 8x8 = 24 , 


7c = 7 X c S3 7x5 = 86. 

‘ 'Therefore, 

5C+86+7C = 10+24+85 
= 84+85 
= G9. 

JJxample 2. 

If o = 8, 6 = 6, r = 2, find the value of 


* * 

- 

6(? = 6xo=6x8 = 48; 

■f 

56 = 5x6 = 5x5 = 25; 

1 

4e = 4xc = 4x2 = 8. 

Therefore, 

* 6fl~56+4c = 48-26+8' 


^^. = 28+8 = 81 . 

Example 3. If m == 8, n = t p„= 4, find the 
value of 7*»4-2 ?i.X 
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As the order of the operations is from Ufl io rtpJif, we- 
mnst proceed as follows — Divide 7tn by 2?) , multiply 
by the result , and then divide the result, thus obtained, 
by Bv 


Now, (1) 7nt— 2« 


7m 

2« 


7x3 


8 


(2) Jx8/ 


(8) 8x4x9— 3i; = 


2x7 2 

s= Jx8x9 s= 8x4x9 , 
8x4x9 


3X4 


= 9 


Hence, the required value s= 9 
Example 4. If a = l, 6 = 2,<; = S, ^ = 6, <? = 5,/ « O,. 
find the value of abc—d—bxa+def+b—axc—cl-rhc 
The given expression consists of 5 terms, namely, abtr. 
d—bxa, rfe/i b—axe, and d—bc 

Now, (1) abc s= flxJxc = 1x2x8 = 0 { 

(2) ^7— Jxfl= 6— 2x1 = Sxl asS; 

(8) def = dxexf = 6x5x0 as 0 ? 

(4) J-r^XC as 2— 1x8 as 2X8 aa: 6 J 
d 6 


(5) d~bc = 


bo ~ 2x3 
Hence, the required value = 6— 3+0 + 6— 1 

=s3+G-l = 8 


= 1 . 


Exercise (2), 


If a — 2, J = 4, 6 as 8, find the numerical values of* 
the following expressions , — ■ 


1. 0 + &XC 

2. C’-axb, 3, 

e—bxa. 

4. c—ba. 

5. c— Sxfl 6. 

\ 

c— Sff 

7. c^^b^^ch 

8. a+c— 5. 9 

3c— 4&+2av. 

10 c— 5— a+c— 5. 

11, c— 6-r2xa, 12. 

c— J— 2a. 

13 6C-2& 

14. 5X0— 2 xb. 



15. 4fl5-c— 4Xfl+J— 2ff.^ 

16. 80— 5xca+80-&c<a, 

17. 64-rcx5xa-64— c5u. 
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18. 8&C— 16ff+5f-rl6x«-c-r2&xJ-r«x4 

19. 10c--a&x2+82J-r2flC+16c— 35Xf*r5 

20. 48c-f-J-rflX6— 4J— 8c— 26— 4x8-f-flX8 

+ 6«— c~2x6— 8x6. 

If m = 2, fl — 8, 1 ? = 4, g = 0, r = 7, s s= 10, find the 
Tinmencal Talues of the following expressions — 

21. 8w— 8^-r»M«+^x8r+5s-r2xjJ 

22. sxG— 5mx8p— ICw 23. 24— 3px4s— 6rxl4»? 

24. wnr+Sffs— 8s— Jtt— 5«+4r— 8px6m 

25. 8xr— 6x8— 7xp— Srs-rJn-f-Sxn- 7p+5m— 2rx7 

9. PactoF. If nny number be equal to the product 
of two or more numbers, each of the latter is called a factor 
of the former 

[Note Tlio product of two or more Humboris is the result 
obtained b\ multiplnng them together ] 

Thus 8, 6, and 7 are the factors of 105, because 105 =* 
8x5x7 ? 

similarly, 3, h and a; are the 'factors of 8g6r, because 
^alx = 3xoxix2’. 

10. Co-efficient. The number expressed in figures 
or symbols, which stands before an algebraical quantity as 
a multiplier, is called its co-ffpei&oh Thus, in 5r/6c, 5 is the 
co-efficient of eje, 5a is the co-elficient of 6c, and 5fl5 is the^ 
co-efficient of c. 

A co-efficient which is a purely numerical quantitj^ iff 
called a mmerical co-rfxcwtl ; thus, in Sale, the co-efficient 
of ale is numerical. 

A co-efficient xvhich is not wholly numerical is called a- 
literal co-efficient ; thus, in 5a6c, co-efficients of 6c and c are 
literal, 

[Note 'V^on no 'irithmetical nmnber stinds before a qumtitr 
the number 1 is understood thus a le uuderetood to mem la ] 

11. Power ; Index ; Exponent. If a quantity be 
multiplied by itself any number of times, the product is 
called a jjoiocr of that ^Quantity. Thus ax a, ax ax a, 
cr X a X u X a, Ac , are poyrefs of 

a X a is called-the'scccwd power or sg^uare of a and is- 
written 
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axoxfl istjalled the //tiriZ or cuie o£ a and is 

■written c® , 

axaxaxa is called the fourth power o£ a and is 
’written a* , 

axaxaxaxox&c ton factors is called the n“ -poipir 
-of a and is wntten a" 

The small fignre or letter placed above a quantity and 
to the right of it to express its power is called the Index 
or exponent of that power Thus 2, S, 5, ?» are respect- 
ively the indices or exponents of a®, a®, a®, a” 

[Note a' IS usuall3 read “a squared” , a® is read“o eiihed" , a* 
IS read 'a to the fourth" or simplj', “a fourth" , and so on Thus a* 
IS lead a to the tifit" or "a )it^" 

The quantitj a itself is called the frst power of a and thus a is 
■understood to mean o' ] 


^Ixample 1. 

Esamples. 

•“v 

If a = 8, find the numerical value of 

a® — 5a 


"We have 

a® = axcxaxoxa 

and 

= 8x8xSx8x8 = 248 , 

5a = 5xa 

Hence, the 

= 5x8 = 15 

given expression = 248—15 = 228 . 

Example 2. 

If a = 4, find the numerical "value of 

2a® --5a® 


We have 

2a'* = 2xaxaxaxaxa 


«= 2x4X4x4x4x4 

= 2048 , 

and 

6a® = 5xaxa 

= 5x4x^ = 80 

Hence, the given exp^ion = 5048—80 
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' Example 3. If « = 2, & = 8, c — 4t, d = X>, find the 
-aiumencal value of — = — . 


■The given expression — 


gXgxgXflxgxSxZix&x^ 

cxc " 

2x2x2x2x2x8xS><:8x5 


4X4 

I - 

='2x8x8x8x5 ='270. 


Exepcise <3). , 


If g = 2, & = 8, c = 4, J» = 6, « = 7, ® = 8, y = 12, 
•find the valne of , — , 

1. "8fl^. 2 . 7®=— y’ ^ 3. '2g^— 7«i“. 

4. - 86®c--gl^a:. • 5. 5c®— 8x®. 6. .7a®6"^— 

7. a“— c* ' , 8. 9c^a®y®^— 8g®J®m®— 

9. 2g'y>r«V IQ- ‘ « ' 

'JL l._ Find the value of -40+66a5°— 21x+x® — 65**, T^hen 
® = 8 

12.' Find the value of 8**+6*®+ll®*+18®+29, "when 
® = 75 

Z13. Find the value of 85w®— 47n**+7»i+15ni®.— 84»2*— 8, 
•when m — 

3.4. ^Find the value of. 25«®— 27-i-20«+787i® — 199«®-, 

■when « = 2 6. - ' 

3.5. Find the value of 50y^— 5Iy*<+35y— 568y® — 19, 

•when y = 8 4. . 

3.6. Find the value of 64/c^®— 65A*+32ft® — 121^;®+64^;* 
—47c® +79, when ft = 1*875 

Find the Valne of g®+5®+c®— 3gJc — 

17. When g = 24, J = 27, c — 29. 

18. Whong^ae^, . 5^4 625,' c = 5 625. 

19. When a ='44|, " ,'h ="61^,^ c = 58^. 

:20. When g ='-1659, 5 = 166^V c = 1674, 



12 


ALGEBRA. MADE EABT. 




12. Boots. That quantity, -whose square (or second 
power) IS equal to any given quantity a, is called the square- 
root of o, and is denoted by the symbol \Ja^ or, more- 
simply, by Ja , thus 3 = JQ, because S’* = 9. 

That quantity, whose cube (or third power) is equal to 
any given quantity a, is called the cube root of a, and is de- 
noted by the symbol ya , thus 2 = because 2® = 8 

Generally, that quantity, whose n"‘ power, where n is 
any whole number, is equal to any given quantity or, is 
called the w'* root of a, and is denoted by the symbol 
Thus 2 = because 2® = 82 , 8 = yBT, because 8* 
= 81 , and so on 

The sign J is often called the JRadieal Stffn It is said' 
to be a corruption of the letter r, the first letter of the 
-word radix 

Note V<i, ■wlncli means the square i oot of rf, is often read 
simply as “root a " 

13. Brackets Each of the symbols ( ) ( }, and [ 3 
IS called a pair of braeJMs ,When an algebraical expression 
is enclosed within brackets it is to be regarded as a single 
quantity by itself Thus (a+V)x means that the number 
denoted by x is to be multiplied by that denoted by * 
whereas o + J* means that ® IS to be multiplied by b and 
the product added to a 

Hence, the expression fl’4-(a+&')® must be regarded as a 
htmmiaJ, the two terms being d and (or +&)r Similarly^ 
r--{tf+(fl+ft)j| also must be regarded as a binomial, the 
terms being e and {<?+(<*+ J)9*} whereas, if the brackets be 
taken off, c—d+c+j® IS a multiHomial consisting of four- 
terms, namely, c, d, a and bx 

Sometimes instead of enclosing an expression within a 
pair of brackets a line called a Vinculum is drawn over it 

Thus a—b—c and a—{b—c) have the same meaning 

N B Fr om the above it ip easj to understand the distinction be- 
tween V or V(a+J) and ^n+6 either of tlio first two e-ipres- 
sions meaus the squaia root of the number denoted bj a+i, wheroax 
the last meai^ tlmt i is to be added to the squoie root of'a^ 
Similnriy, '/ah or V(a&), means the square root of the number 
denoted by ah, whereas Vah^ja^axiB the product of h and the square 
root of a V ~ ' 

Note The three different kinds of brackets, (),{},[], are often- 
called respectively parenthesee, hraces and cfoichd<> 
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Examples. 

Example 1. If c = 2, J = 4, <j = 9, find the valaea of 

*/c&+ and ^/25^- ^Aa 

(i) >yc&+ V^+6 =V«x4+^/‘l + 5 

= 8x4+24-6 
= 12+2+6 = 19. 

- (li) fJcbAr >J(b-{-5) = 's/9x4+ ^/^4 + 6) 

— +79 

= C + 8 = 9 

(lii) l/To+ J4.a =7ix4+74x2 

i= 78+2x2 
= 2+4=6 

Example 2. If a = 8, h — 6, c = 8, <? = 12, e = 20, 
find the' dillerence between the nnmerical valnes of 
u[&'^b^ '-a{(i-‘(l)} and a\c-\rb* —a\c—d)}.~ 

The first expression = 8x{8+6®— 8x(20 — 12)} 

= 3_X {8+26-8x8} 

= 8X {8+25-24} 

= 8x9 = 27 , 

and the second expression = 3 x {8+(5* — 8) x (20—12)} 

= 8x{8+22x8} 

= 3x{8 + 17G} ' 

* ‘ " -> = 3 X 184 = 662. 

- " Thus the required difference = 552—27 = 525. 

Example 3.' If w = 10, » = 8, = 2, q = 12, r = 15, 

'find the difference between the numerical values of the ex- 
pressions [{rm—2q^n{pq—m)}—p'] x {r—m—p) and 

_ \^rm—%q—nipq— m)}—p’^ x r—m —p 
The first expression - 

•=i-[{l6xl0-'2 5<12-8x 2xl2-\o;}-r2;ix'15 -10-2) 
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= [{150-24-8 xT4}-2]x 8 

= [{126-n2}-2]x8 

= [14-2]X3 = 7x8 = 21 
and the second expression 

= [{15xl0-2x(12-8)(2xl2-10)}-2]xl5-(10-2>‘ 
= [{150-2x4xU}-23xl5-8 
= f{150-ll2}-2]xl5-8 
= [88-23x15-8 
= 19x15-8 = 285-8 = 277 

Thns the required difference = 277—21 = 256 


Exercise (4). 

If fl = 5, J = 2, (5 = 1, = 4, £ » 9, / = 0, m =s 7;. 

72 = 3, JJ — 8, find the Talues of — 

1. Vbdp 2. , 3. Vpn 4. G 

5. aVU 6. 7. 2^4^. 8. 

9 10 0+5 -/e 11, Z 12. 3«yc+?? 

13. VZ[c+p) 14. zyZ[n+Zp) 15. 3X/8(n+8jo). * 

16. 17. fJnT^. 18. 3c-(2f7-5}.. ' 

19. 3c-2(tf-5) 20. 3{c-2£7)-5 21. (3fi-2)rf-5. 

22 (3c-2}<7-5 23. 8{e-(2r?-5)} 24. 8(c-2)((7-5).. 

25. 7?7-(m®-52} 26. (7p-«)»-53. 27. 7p--0i»-5)='‘ 

28. 7( ?;-«)°-5g . 29. {7;:-(«“-5)}^ 

30 . Vy +3c+4rf (c+w)3 31 . Vp+8c+4<f(c+«)®* 

32 . ViP+8c+4<?^c+«)3 33 . Vio+(8c+4rf)c+n’. 

34. Vi'+3{(<;+4)f7c+223}. _ - 

If z =-2, y = S, s = 4rc = 6, = 8, c = 5, « = 9.- 

= 1, find the values of.-, — 

35. a(z+y)3(a-'^)3. ' „ 

36. ^n—a{d—a-^p)} 4{2j — o((7— o)+^}. 
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37. 

38. ' \x-\‘y^ap~-z{c—a—x)}'\ - [* + y* {{ap—zy— a] 

14. Like and XTnlike Terms. Terms or simple- 

cxpressions are said to lie like "^rhen they do not differ at all 
or differ only in Iheir numerical co-eWicients , otherwise 
they are called tinhJu. Thus and Mx-i/* are like 

terms, whereas and bax^y* are ttnlike , similarly 

ale, Oaxbd, 7a^b^ and are all 'imhke 

15. Special meaning’ of the word Sign , Like- 
and Unlike Signs. The word sigrt is often used to de- 
note exclusively the signs -f- and — Thus when we spealc 
of the styu of a term we mean thO;p/Ms or sign which 
stands b^ore it 

Two signs are called when they are lo/k -1- or lof/i — , 
otherwise thev are called tinltle Thus in the expression 
ax”+bx—ey+d^—/, the signs of the Srd and 5tli terms are 
like as also those of the 2nd and 4th, w'heie^ the signs of 
the 2nd and Srd terms as well as those of the 4th and 5th 
are unhle, 

16. Dimensions and Degree of a Product Each 
of the letters which occur as factors of an algebraical 
product IS called a dimmsion of the product, and the num- 
ber of the letters is called the degree of thh product Thua 

which is equivalent to ffxaxaxaixaixaixajxy, is- 
said to be of eight dimensions, or of the eighth degree ; simi- 
larly db^&^d^ IS said to be of tvelve dimensions oi of the 
iweljth degree 

A numerical co-efficient is not counted Thus bab^c"^ 
and ab~c^ are both' said to be of six dimensions or o£ the 
sixth degree 

When an algebraical expression contains terms of differ- 
ent dimensions, the degree of the term which is of the 
highest dimensions is also called the degree of the expression^ 

17. Homogeneous Expression. An algebraical ex- 

pression IS said to be homogeneous when all its terms, are of 
the same dimensions Thus the expression 7c®5<5-l- 

IS homogeneous, for each of its terms is of four 
dimensions. ^ 

18. Functions^ 'Variables. ‘ Any expression in- 

vUlving a -letter'" IS called a of that letter Thu& 



16 ALGEBRA. MADE EAST [OHAP. 

«®+5j 4-8 IS a fanction of a , is a function of a 

and h , u®+i^+c®+2a&c is a function of a, h and c , and 
BO on 

The letters of which a function consists are called its 
variables Thus ®®+6i:y+y* is a function of which the 
Tariables are x and y, 

19. The signs >, <, * " and • 

The sign > when placed between two quantities indi- 
cates that the quantity on the left of it is greater than that 
•on the right Thus a+h> e+d means that is greater 
than c+rf 

The sign < when placed between two quantities indi- 
■cates that the quantity on the left of it is lese than that on 
the right Thus a+x < b+y means that a+x is less than 
J+y. 

The sign is used as an abbreviation for the 'word 
because or since 

The sign is used as an abbreviation for the word 
fherefoi e or hence 


CHAPTEE II 

POSITIVE AND NEGATIVE QUANTITIES. 

1. Quantities of the Same Class but of Oppo- 
site Character. When we speak of a quantity of m^y, “ 
it may be either a qain or a loss, a receipt or a payment! 
Now It IS quite clear that rwhilst a gam adds to our stock a 
loss lessens it , moreover, gain and loss are so related that 
jf we gam as much as we lose the effect on our stock is no- 
thing Hence a quantity of money which forms a gain is 
.said to be opposite tn character to a quantity which forms a 
loss. 

When we speak of a distance measured from a point, it 
may be in either of two opposite directions, either towards 
,the north or towards the south of the point, either towards ‘ 
'the east or towards the west of the point, either towards the 
north-east or towards thesoUtB^west of the pomt, and so on 
It IS also clear that distances measdredjowards the east are 
<eo related to ' those -measured towards the' west that if w* 
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•first ■walk any distance towards the east and then walk an 
•eqnal distance towards the west there will be no change in 
nnr position with respect to'the starting point Hence, a 
•distance measured in any direction is said to opposite tn 
eharactei to that measured in the opposite direction 

Thus, in the first illustration, in so far as a gain and a 
loss ^are both looked upon as portions of money, they are 
■said to be quantities of the same class, but as they affect 
our stock in^directly opposite ways (a gam increasing and a 
loss diminishing it) they are said to be of opposite character. 
In the second illustration, a distance measured towards the 
^outh of the point as well as one measured towards the 
north may both b^e styled distance^ and thus far they are said 
40 be quantities 6f the same class but when we consider the 
•diiections in which they are measured they must be re- 
■garded as opposite in character. 

2. The Signs Plus and Minus under a ne-w 
-aspect.- Jt has been shown in the Introduction how con- 
'Crete quantities aie represented by numbers. It- now re- 
mains to be seen how quantities of the same class but of 
opposite character aie distinguished in their numerical re- 
presentation 

■When we consider any pair of such quantities, we prefix ' 
the sign '+ before the numerical measures of one, and the 
sign -- before those of the other It is quite immaterial 
which of the two .quantities we select for representation by 
numbers preceded by the sign +, but when we have once 
made our choice, we must stick to it throughout any con- 
nected series of operations The follo'wing examples will 
illustrate the pnnciple — r ' 

(i) Income and debt are evidently quantities of opposite 
•character If then we choose to represent incomes by num- 
' bers preceded by the sign +, we must represent debts by 
numbers preceded by the sign—, and vice versa 

: Hence, if in any problem we choose the sign + for in- 
comes and the sign — for debts, + 30, +45, +90 will res- 
'pectively represent incomes of £30, £45, and £90, whereas 
—30, — 45, —90 will represent^ debts of £30, £45 and £90 
respectively, a £ being the umt But if the' contrary choice 
be'made +10i +26, +86 will-resp^sctively represent debts 
of £10, £25, and £36, and —10, —25, —86 ■will represent 
^■incomes of £10,’*£25,iand £86 respecVvely. 
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Hence, generally, if a represent a portion of any qnanti 
ty, —a •will represent an equal portion of the quantity 
opposite in character to it. 

(ii) A D 0 0 B 

Suppose AB IS a road If a person starting from any 
point 0 on it travels toiiards B to any point 0 and then 
itai'eh lack to 0, it is endenttbat his position on the road 
IS 3 ust the same at the end of his journey as at the com- 
mencement Thus it IS clear that distances measured along 
the road from left to nqht are opposite in character to those 
measured from right to left Accordingly, if distances meas- 
ured from left to right be represented by numbers preceded 
by the sign +, those measured from right to left must be 
represented by numbers preceded by the sign and vice 
versa 

Hence, if we choose the sign -J- for distances measured 
fiom right to left, a distance of —8 miles from any point O 
will mean a distance of 3 miles measnred from 0 toioaids 
the right , again, if a mile be the unit of distance, imd if 0 
and I) be two points on opposite sides of 0 at distances' of 
5 miles and 4 miles respectively then the distances OB, 
OC, CD and DO will be respectively represented by -}-4, 
— 5, +<1 and —9 


From the above instances it is quite clear that the signs> 
-h and — , besides being used as signs of the operations 'of 
addition and subtraction, are also used as signs of distinction 
between quantities of opposite charactfr The signs when 
used in this sense are often called signs of affection 


B Wheu no sign is prefixed to a number, the sign + is 
nuderstood , thus a and -f-n ha^ e the same meaning ' 

3. Positive and Negative Quantities. NumTiers 
or symbols preceded by the siga + or ho sign are calledi 
positive quantities, whilst those preceded by the sign — are 
called negative quantities Thus each of the expressions <4, 
+ 6, a, +J, +c IBS, positive quantity, whilst each of —4, —6, 
—a, —If, —c IS a negative quantity 


Hence, the signs -f- and — are often respectively called 
positive s3iA.negotiV6 signs 

^ j “Posdn e and^aiogntive quantities" the Word 
quantity IB used in the selSise ot number Theie is no difficulty 
imderstandmg t negative nimlfer, yheu the explauatiou 
gn emu Art 2 is i-emembered. ^ ^ > 
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Note 2 Tbo nl’^olule ralue of n positive or a negatne quantity 
IS. ita 1 line considered ^part from its sign- Thus if a stands for 5 anoL 
b for 3, +(<!&) and —(ab) hai e the game ahsoluic value, nameh , 15 

N Ji It IB important to bear in mind the meanings of such ex- 
pressions as “a (}fi{n of —£'20,” “a risr of —8 inches,'’ “a distance of 
—5 miles to the woj/// Ac, The expressions rcspectuelj mean ‘’afo** 
of 'jC 20,” “a fall of 8 inches, “a distance of 5 iniJes to the south'' &.c 

Exercise (5). 

1. -If £2 be the unit, "what is meant by “A’s gain =s 
-50” ? 

2. If a trader’s loss of £60 be represented by 60, wbat 
•will represent a gain of £70 ? 

3. If an income of £80 be represented by 20, •what 
will represent j. debt of £100 ? 

4. If a debt of £200 be represented by 25, what •will 
represent an income of £800 ’ 

5 If a distance of 90 miles to the north of a point be 
represented - by 18, what will represent a distance of 150 
miles to the south of it ? - 

6. If a river level rises 8 Inches on any day, falls 6 
inches the next day, and again rises 10 inches on the third, 
how "would ^you represent the nses on successive days, 
taking 2 inches as the unit of length ? 

7. A -man gams Rs 80 in one year, loses Rs 20 in the 
second year, loses Rs 40 in the third year, and gams Rs. 60 
in the fourth year ’ how would you represent his fffftns in 
the'snccessive years, taking Es 2 m the unit ? 

8. In the preceding question, how would the man’s 
losses be represented ? 


CFAPTER ni. 

ADDITION. 

1. Dofinltion, "When two on more quantities are 
united together, the result is called their stm and the 
process of finding the result is called addition. 

Noth. AB iiegatne numberfiare not recognised in Anth'motic 
tbere IS clcarlj a difference-.*- between the Arithmetical and the 
Algebraical significance of, the woid oddtiion Hence, when -we 
B^ak of an Algt-hratc c mean that quantities added together are 

not necessarily all 't)ositi>o _ 
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2 TliG result wlieu one positive quantity is 
added to anotlier. Suppose B'B is a road and that d.is- ' 

B'- T 0 2 ^ 

tances measured from left to right are reckoned positive 
whilst those measured in the opposite direction, negative. 

Suppose, 0, A and B are three points on the road such 
that OA IS 2 miles and AB is 8 miles , then if a mile be the 
unit of distance and if A and B be situated as shown in the 
figure, OA and AB will be respectively represented by- 
+ 2 and +8 

If then a man starting from 0 travels to A in the first 
hour and from ^ to jB in the second hour, his distance from ' 
O at the end of two hours is evidently OB and will there- 
fore be represented by +5 

Hence, since (the distance travelled in the 1st hour)+ 
(the distance travelled m the 2nd. hour) = (the distance 
travelled tn iii'o hours), we have (+2)+(+S) = +6. 

Hence, generally speakmg, (+ff) +(+J) =* 
more simply [a)+(b) = (o+J) " ' 

Thus, whejt two positive quantities are added together, the 
sum is a positive quantity whose absolute value is equal to the 
anthmetical sum of the absolute values of those quantities, 

3 The result wlien one negative quantity is 
added to another Suppose in the above figure OA^=: 2 
miles and A'B' — 3 miles, and that A' is on the left of 0 
and B' on the left of A', as shown in the figure Then the 
distances OA' and A‘B' are respectively represented by —2 
and -8 

If a man starting from,0 travels to A' in the first hour 
and from A' to S' in the second hour, his distance from 0 
«Lt the end of the second hour, will evidently be OB' and 
will therefore be represented by —6 

Hence, since (the distance travelled in the first honr)+ 
(the distance travelled in the 2nd hour) = (the distance, 
travelled m two hours), we have (— 2)+(— 8) = —6,~ 

- , Hence, generally speaking, (_a)+(- 5 ) =-.( 0 + 5 ). 

Thus, when two negative^quanUties are added together, the 

> sum IS a negative quanhtg whose absolute value ts equal to the 

■^arithmetical sum of the absolute values of -those quantities 
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Gzample 1. Emdthe sum of' - a, —be, ■when 

« = 2, > = 8, c = 5 

- We have a = 2, = 8 x 5 = 15, == 2® x 8 = 12. 

' ^ Hence, (;~fl()+(~^c)+(-a’'&) == (~2)+(-15)+(-12) 

- ' ' ' ' = -(2+15+12) 

- . ■ ' , ' = -29. 

Example. 2. Fmd the value of (-i8c)+(— o®i)+(J+/ ■\-g)t 
■when a..= 3, 5 = —2, 6 = 4, 5,/ = —6, g = —8. 

We have 5+/+<7 = (:-2)+(— C)+(— 8) 

- •- = -(2+C + 8) = -16 ; 

' also, _ 3c = 12,' 

and * aM = 8®x5 = 27x5 =: 135." 

Hence, the ^ven expression 

= (-12)+(-185)+(-16) 

. , . ' ' -(12+185+16) 

= -f63 

Exercise (6) 

•w “ 

1. Find the sum of —8, —7 and —12. 

2. Find the sum of a, —5 and —5c, "when a =— 5, 6 = 8,. 

_ - c = 2. 

^ / 

3. Find the Sum of —5, a and 5, and find the result of 

adding it to — 10, when a = — 6 and 5 s= — 20 

t >. 

4 Find the value of — a+(6+c), when a = 5, J= —8, 

c f= -6’ 

5. Find the value of (— a*5®)+(— &^c®)+{— (a®— J®)}, 
when a = 4, 5 = 2, c s= 8 

8. Find the sum of —8a®i®, <?, >,— 20c®and (<?+c), when 
a = 1', 5 = 2, c = S, —4, c = — 6 
7. Find the sum of — a*(5— c), — 5*(c— a) and — c^(5— a),, 
■when a = '2,'}!'=£ 5, c s= 4 ' ' ^ 
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3. Find the value of {— (®°— y®)} + {-"C®®*"?/®)} + 
{-(a*-y*)}, when x =5, y = 3 

9. Find the surii of — s®), — a®) and 
— s®fy®— when a = 8, y = 6, « =5. 

10. Find the sum of — {«*— J*— c*}, — (i*— c*)}, 

-{o*-6*xc^}and 

, when a = 60, h = i, c = 2. 

4. The result when a Negative Quantity is 
added to a Positive Quantity. In the figure of Art 2 
suppose a man starting from 0 travels to B in the first hour 
and from ^ to A in the second hour , then the distances 
travelled in the first and second hours will be respectively 
represented by +5 and —8, and therefore the distance 
from 0 at the end of the second hour will be represented 
t>y (+5)+(— 8) But the distance of the man from 0 at 
the end of the second hour (t c , OA) is also evidently 
represented by +2. Hence we have (+6)+(— 8) = +2, 
that IS = +(5—8) 

Agam, if the man starting from 0 travels to B m the 
1st hour and from B to A' in the second hour, then the 
■distances travelled by him in tlie first and 2nd hours will 
be respectively represented by +5 and -7, and therefore 
his distance from 0 at the end of the second hour will be 
represented by (+5) +(— 7) But his distance froni 0 at 
the end of the second hour (i e , OA') is also represented by 
—2 Hence we have (+5)+(-7) =-2,thati8 =-(7-5) 

Thus, generally speaking, we have (+a)+(— 5) = 
+(a— 6) or, —(b—a) according as 6 is less or greater than a - 
In other words, tf a positive and a neffahve quantity to added 
together, the sign of the result ts positive or yieqative accoiding hs 
the absolute value of the negative quantity is less or greater than 
'that of the positive quantity and the absolute value of the resiUt 
«$ aluays equal to the difference between the absolute values of 
ihe quantities 

CoVm jt. Since a+(— 6) = — {b—a) when b is greater 
than a, putting a = 0, wo.have +(-J) = >-5 , that is, to 
■add a negative quantity the same as to subtract its absolute 
value, and conversely, to subtract a positive quantity is iKe sa ne 
^is to add a negative quantity having the same absolute value. 
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Note Hence there is no dilBcultj in finding flleirtluo of a—Ti 
when h is greater than a ^ for a—lt can ahcni/t be taken to be oqui- 
\aloiit to /r4-(*— /i), and this latter is equal to —(A— n) when & is 
jn'catcr'tlmn o Thns" 5—8 = 5+( — 8) =—(8—5) =— 5 

Cor. 2. From Cor 1, it is evident that the sum of any 
number of quantities can be expressed by writing down 
the quantities one after the other with their respective signs 

Thus a—b+c-‘d means the same as «+(— A)+<;+(— <7) 

1 

Ezaiuple 1. Find the value of «— 8&+2c— 7rf, when 
= 2, 6 = 4, c = 3, r/ = 1 

a-3J+2c-7^? = ff+(-8&)+2c+(-7i?) 

' = 2+(-12)+6 + (-7) 
=-10+6+(-7) 

= -4+(-7) =-ll. 

Bzample 2. Find the value of tt^b—h^e+c^tl—d^a—ic^t 
'when a = l, Js=2, 6 = 8, ((? = 4 
Tlie given expression 

= U=x2)-l22x3)4'(3»x4)-(4»xl)-(2x3») 

= 2-J2+36-16-18 
= -10+36-1G-18 
= 2C-1C-18 = 10-18 =-8 

Exercise (7). 

1, Find the sum of 7 and —4' 

*2, Find the sum of 8 and — 13. 

t 

^3. Find the value of i— 6+fl^, when 5 = 18, c = 25, <f=8. 
•4. Find the sum of 8a, —65, c, d and 4e, when o = 2, 
T) ^ Z, c = 4r, d =— 7, c = 8 ' 

5. Find the value of 3»i— 57? + Cgr+^, when m — 4, 

nj=. 6, $ = 2, r = — 8 

6. Find the value of 2®®y— By*®— 6a:“y°+a:®y*, when 

« = y == 2. , t ^ 

Find the sum of — a-c, bd^, —cb^ and —a-d-, when 
a = 2, 5 = 5, 6 = 8, <? = 6. 


■ 7 . 
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f 

8. Find the value of a3-Sc“6+8fl6®-5^ -when a = 8 

and b = 5 

9. Find the value of 

when m = 2 and n = 4e 

10. Find the value of a®— 5^^y+10^^y®-•10a!®y3 4• 

6^y* — y®, when a = 5 and y — 7 

5. When any ntunher of quantities are added! 
together, the result will he the same in whatever-' ' 
order the quantities may he taken. 

Suppose a man starling from a place travels 6 miles to 
the north and then travels back along the same path 8 miles 
to the south Then his position at the end of the lourney 
is 2 miles to the south of that place. 

Again, if the man first travels 8 miles to the south and 
then travels 6 miles to the north, then also at the end of 
the journey he is still 2 miles to the south of the place 

Thus, we have 6+(— 8) = (— 8)+6, each being equal' 
to — 2, or, more briefly, we have C— 8 = --8+6, and a. 
similar result in every other case - ' 

Hence, generally, c— J=— J+u ' 

Again, since 2—10+6 =—8+6 = —2, 
and also —10+ 6+2 =—4+2 = —2, 
we have 2—10+6 =—10+6+2, and a similar- 
result in every other case , 

hence, generally, o-J+r =—J+c+u. 

Similarly, it may be shown that - , 

a— ft + c— ^7+c— /= a+c+e-b—d-^f 
— —i^e—d—Z+e+a 

= «S,C &C &C _ r 

6. "Wlien any number of quantities are added 
together, they can be divided into groups and tli& 
result expressed as the sum of those groups. 

We have 3— 7— 8+6— 4+2‘ 

= -4-8+C-4+2 
= -12 + 6-4+2 
= -fe-4+2 = -10+2 = -8"; 
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(3~7)+(-8+('.)+(-4+2) 

==-4+(-2)+(-2) == -8 ; 
8+(-7~8+G)+(-4+2) - ^ 

= S+(-9J +(- 2 ) = -8 , 
8+(~7-8)+(C~4)+2 

— 8H-15)+2+2 = -8 
Thus we have 8— 7— 8 + 6— 4+2 

= (8-7)+(-8+G)+(-4+2) 

= 3+(-7-8+C)+(-4+2) 

= 8+“(-7-8)+(C-4)+2, 
and similar results in 'all other cases. 

Hence, general ly, the expression fl+J-w.c~£?+c — /+ ^ 
can bejpnt in any one of the following forms — 

, -(2) «+(ft-cJ-rf+(c-/+i7) . 

(8) (o+i-c)+(-«£?+e-/‘)+^ 
r (4) fl + (6 — C — ^) + (?+(— ^+^) 

(5) (fl+5-c-d)+(fi-/+/7) 

4;c &c. £,c 

-CoJ*. X. Conversely, we have (a+l>)+(^c~-d)-i-r+ 
(“"/+^) = «+5— c— rf+e— /+ff Hence the following, 
vnle;— Th eirfrf iogcUm two or more algclraical expiessxons- 
icnie Aoiun the terms tn succession with their jiroper signs 

^or 2. Since a— 5+c— r?+c— / = a^c+e-l-^d—r 
[Art 5] = («+c+c)+(— &— o'— /), we have the following 
rule — 

When any mmler of guantities aie to he added some of 
u'hidi ate positive and ofhets negative, collect the positive tarns 
m one group and the negative terms in another^ and exptess the 
result as the sum of these tiro groups Thus 8— 7+8— 9 + 

5-6 = (8+8+5)+(-7-9-6) = 16+(-S2) = -6 

1 

Example 1, Simplify 6a— 8&+2c— 4a+2i — 7c 
The given expression 

= 6fl— 4fl— 36+2J+2C— 7c [Art. 6] 

— (5a-4a)+(-86+26y + t2c-7c) [Art 6.1 

= a+(— J)+(— 6c) 

= J— 6c, 
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■Example 2. Simplify 8fl*&+5&“c— 6e*fl— 10o®i-75*c+ 


The given expression 

= 3a®S-10fl*i+4fl®6 + 5&®c-7J=c-&®c 

— 6c*<i+8c®«+c*(i 


' +(_6c®a+8c®a+<;*a) 
= (-7fl®&4-4«®i)+(-26®c-&®c)+(2c*c+c^«) 
== (-3fl*i)+(-8&®c)+(36*a) 

= _8a2j_8J2^+8c®/7 


Note In the process abo^ e, it must bo noticed that when like 
trains lie nddod together, the lesnlt is obtained bi nnnexiofi! 
common letters to the sum of the numerical co-oflioionts *or 
instance, ive find that bh'c-Wc-h^c = -%»c, and oMdcntly -His 
the sum of the co-efiicients 5, — 7 and —1 


ExsimplQ 3. Add together 8fl!— 2&+c and — 5<?-l-Ge— /, 
and find the numerical value of the sum, when a — 

A s= 1, c = 8, = 4, e = 7,/ = 6 

We have f3fl-2J+c)+f-5f7+6e-/) 
ss 8a— 2fc+c— 8d+Ge— / 

= 6-2 + 3-20+42-5 

= (6+3 +42)+(-2-20-5)=51 + (-27)=24. 


Exercise (8) , ^ 

Simplify the following — 

1. 0+5— e— 2a— 8&+4C 

2. 5a®-75*+8c®+55®-7c®-Ga® 

3. 8a— o5— 7a+6c— 3a+5a5 

4 bmnp* — 6a5r — 7c® — %mnp^ + 9c® + 4a5r — 5c® 

5 -7a®5-65=c® + l0a®5-85»c®+3rf/-a85-5=c®-6d/'. 

6 5xyz —17x*y+ 20xry^ — 2xys — 85a:®y ® + 8aj*y 

— 4*y2+5i®y® 

"7 — 18a®5c+15a6®c— 27a5c®— 5a®5c+13a5c®— 28a5®c 

+ 7a®5c+ 6a5c® +13a5®<r 

S, 20j:®»ik— 28ni®w®+14«®a:»i— 87®®»m— 47n*®}n+54r»®n- 
•^Sx^mn+lSn^xm -16»t®«aJ+20«®ai>i ' 
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"If ft = 2, J - 8. c = 4 rf = 5, c = G, /'=7, /7=8, 7f=9, 

- m = 10, H — 12, find the nnmerical value of the sum of • — 

g ~.fl+S6+5ff and 5!7-“1 c—G/. 

10 5J-2/; -7»i-8m and 8/f+c-107. 

11. ->6&=-i-7c^ — 2c+5n2-?? and 10^f-7^ 

12. — 2ff+3&— 4«, — /7— e^+G/ and — 8 ot+5». 

13. —al-^qkf and Gcc— 5/' 

— 7e+a&c. 

14 a^i—cdeyPni—ahn—c'd, —mg-^ZlJ'^—21t*d and 5c’ 
—Idmq+^aH—Zm^d 

15. S5^m-5/.®c-4»iV. -13B’»»+4^7®d-7f72c, -Sk’c 

- +8/‘/7i“ + 9d’ and S^r’T.— 7m®n— 4o'’nz+Scc?Z' 

7..'T3ie ordinary Rule for adding together 
'compound expressions. Pot the expressions under one 
another so that the different seta of lik-e terras may stand 
in vertical columns and draw a line below the last expres- 
'sion , then add op each vertical colnmn and pnt the result 
belovr it The following examples will illnstrate the 
method — 

r* 

Example^l Add together Su — 55+7c— 9<f, — 8c+5ff 
— 3d+75, 4d+2c—rt and 2J— 8c+6f7 

The first expression =; 3a^dh+7c-~9d 

The 2nd expression = "j«+7J— 8c— Sd [Art. 5 ] 

1 The 3rd expression = —a +2c+4rf 
The 4th expression = 26— 3c+6d 

*, The sum = 7fl+46— 2c— 2<? 

Example 2. Find the numerical value of the sum of 
20a’63~2563c*+d\ -22cr’6® + 196»c*-8d^ and 2a’6 
'4-76 ®c^— 2d^ when a = 498, 6 = 8, c = 2, d = 19. 

The first expression = - 20ff’6®— 256-c*+d" 

The 2nd expression =— 22a®6®+196®c^— 8d^ 

TheSrd expression = , 2a^h^+~7b^c*+2d' 

= . W 

= 3/x2‘^ = 27x16 = 432. 


* The sum 
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Add together — 

1. c— 2&+5C and — 7fl+3&— 8c 

2. -8®+5y-92, 6aj-8y+7saiid -2y+s 

3. a3+8a!®— 6a!+4, 2®® — 62 ® +7®— 8 , — *®+'7®’‘ 

—2® +9 and 5®®+2 

4 8a— 2&+7c— 8d, 2c+6d— 5ff, 8J+flt— 10c, c— 4&+rt 

• - _ - j 

and — 7d+5& , - 

5 »®+2®2/+8y*— ®+y+2, — 5®®+j/“+2®— 6, 

-8®^^-7y®+3i> + l and 6®®+®y-®-4y+2 

6 2®»-5®y+y®, 4y*-7®®-5®+2y, 3®y-5+y-6y» 
and 8 — 4y+82 

7. a6c+o®6-b*c®, 5a»6-m®63-8ok, 

+2«&c and 2a®A+5&*c® 

a JM®«®-Sm»i?+2wi®n®+6OT®«“, 7jw?/p-10w»«.»- 

2»i*«®— 5»JW/7+8»t®n® and — 7»2®n® 

+m*7z®— 4»i®«® 

9. 12o®i=®— 29J®®*a 4- 87®®a*&+45fl®i*®®, 25&®®*a' 

-lGa®&®®®-18a®ft®®-5i®a=&,82a®&®®*-28®®a®&+2Ga®&“a7 
-286»®®aand -9a»a®^-14a®i®®-60a®6»®® + 82Wrf ^ 

r 

10. -15a‘i*c* + 7c*a®F'-24i*c3o«+27a*6®&% lOc^a’A® 

- 16a‘fi®c« + 2Sa*6*c* - 86*c®a®, 296*c®d® + 11a* b*c^ 

— 9a*6®c®— 16c*o®6® and — 8a*fc®c®— 10c*a®^®4-3ft*c®a®'- 

-18a*^*c* - 1 

11. 25a®&®-8&®c®-23c®o® +19a®6®c®, 16c®a®-14a®6®c®- 

- 19o® 5® - 126®c®, 27aHH^ + + 17c®a® -20'&®c»,. 

29fc®c® — 6a®6®c®— 21a®A®— 18c®a® and I0J®c®+3a®J®‘ 
+4c®o®-27o®&®c® 

12 5a®-m®-53c®-26aJc,. 88c®-87a®-7aJc+2S6®/ 

26aic-17c® + llJ®+48a®,- •186®-18a6c+4a®+nc® and' 
— 14a® + 12c® + 21fltftr-«^4i® 
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If a == 6, & = 4, a = 8, 3 ^ = 7, find the numerical - 
^alue of" — ' 

13. - (3x^ + 63^'*-20fl» + 49&®) + (17a=-27&3-23a;3) 
^(-_^+3J3_3aaj^(_28P-4y®+7fl»+20j3) 

14. {10ff«^-,26a;«3/* + SOzH^ + 17flV‘) + (SSz^i/* 

+16a^ff' - 304 aa - 9 a;« 3 ^* -- 7xH^) 

+( 5^355 -r55a®y^ + 289a*y 

15. (2o2-7fi= + 9«3_i3y3^.T5fl5_2ia.y)+(5y2 + gfi* 

+ 17ay- Ga= -8fl6- 20z33 +(18»2 -20a6+ 5a* - 16zy- IQy- 
■-26=)+(18a6-22* +3&= +23a:y-a*+183r=). 


16. (29a&2— 896®^ + 49x3/a— 59ya&) + (295s3^+49ya5 
— 19a52— SDaya) + (2aZ«— 122 ^a + 3lxy+2iydb) + {Zxya + ibxy 
-IZalx-^lAydb), , ~ _ 


17. (lso*5* - 485=2= + G22=y* - 28c52y) + (89a52y 
+28.5=2= -25fl=5=-422=y=) + (195=2= + 87a=5= - 25fl52y 
+852=3^=) + (9a52y-- 29a= 5= - 552=^= ~ 45=2=), 

' 18,. (46a*+385*-87a52* - 105y*) + (47ato= + Bby* 
— 5Ga^-^585^) +.(57y*+755*+23a* + 63o5.2=) + (-885* 
+ By* — 27«52= — 892*3 + (26«* — 45y * — 225 * + 5a52=) 

"19 (352y*+207a5*— 9852*— 62yat— 83a52=^3+(6852* 

'+102ya*— 652y* — 87a5* + 58a52=y) + (26a52=y — 75a5* 
— 25^c*+4852*+532y*3 + (28ira*— 292^*— 65a52®y+46a5* 
-^2652*) +(— 89a5* — 43ya* + 69a52=y + 62y* — 3952*3. 

20. (572*52 + 255*2^-1482*2^2 +87y *25-2532=5=2=3 
+ (682*^^2-92^*25 -632*52 + 73a=5=2=-85552y) + (85y*a5 
+ 1325*2^ + 822=5=2= + 362*^2 + 962*523 + (-502=5=2= 
—782*52 + 27y*a5- 172*^2-525*2^3 + (Gl2*y2 - 205*2y 
+ 1482=5*2=— 7y *25 —12a* 52) - 



OHAPTEB ly. 

SUBTRACTION -REMOVAL OF BRACKETS. 


1. Definition Any qnantity I is said to be subtract- - 
ed from any other quantity a when a third quantity o is 
found such that the sum of b and c is equal'to a In other 
woids, c = a—b when c\b such, that J+c = a 

The quantity from which another quantity is subtracted' 
IS called the minuend and the guanhty subtracted is called the - 
subiitthcnd The result is called the diference or tlie re- 
mamdci Thus if a— 6 =r c, a \b the minuend, b the subtra- 
hend, and c the remainder . - - 


2 To subtract a positive quantity is the same 
as to add a negative quantity having: the same 
absolute value, and to subtract a negative quan- 
tity is the same as to add a positive quantity 
having the same absolute value. ' - 


Since 3-b4 =: 7, we have 7—8 = 4- = 7-l-(— S) , 
again, since 6-b(— 2) = 4, we have 4—0 = — 2 = 4-l-(— G)". 


Hence, generally a-b = o-h(-5) , ie,-to subtract a' 
positive quantity is the same as to add a negative quantity having , 
the same absolute value [See Art 4, Cor 1 Note, Chap Illji 

Since (-8)+5 = 2, we have 2-(-8) = 5 F by defini- 
tion] = 2-fS , ^ 


similarly, since (-6)+(-4) = ~io, ' \ 

'wehave (-10)-(-6) = -4 = (-10)-l-6 ' 

fT generally, since (— have- 

j i e , to suit) act a negative quantity is the same 
as to add a positive quantity having Jhe same absolute value. 

Note One quintiU o is said to be greater than mother b when 

ITisI -4/^greater tU 3 

&c each munber IS less than the one before it 
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3. IllllSfcratioiL. Suppose iiz> is a Railway Imerun- 
A 0 ' B C D ^ 

•f ■ - . — ■ — _ . _ _ .. _ . ... . . 

ning from west to east, and A, 0,B, C, D, are stations on it 
such that A0= OB = 20 miles, BC = 30 miles and CD = 
10 miles. Suppose a man. travels from 0 to (7 in two days. 

Then evidently, (the distance travelled on the first day) 
+( the distance travelled on the second day) = 50 miles ^ 
and hence, by definition, 50 miles— (the distance travelled 
on the first day) = the distance travelled on the second day. 

Kow', (i) if on the first day the man travels from 0 to 
Bt%t, travels 20 miles towards the east of 0, then on the 
second day he has to travel from J? to £7, a distance of 30 
miles more towards the east , thus we have (50 miles) — 
(20 miles) = 80 miles. 

(ii) If op the first day the man travels from 0 to Ay 
i e , travels a distance of 20 miles towards the ticsf, then on 
the second day he must travel from .4 to £7, a distance of 70 
miles towards the east , thus we have (50 miles)— (—20 
miles) s= 70 miles 

(ill) Again, if on the first day the man travels from 0 
to 7j, !.<?., a distance of 60 miles towards the east, then on 
the second day he must travel from 77 to £7 1 c , a distance 
of 10 miles i4iwards the Hest ; thus we have (50 miles)— (60- 
miles)^s= — 10 miles 

Hence, taking a mile as the unit of distance we get the 
follow mg results — 

50- 20 == 30 ' 

50-.(-.20) = 70 . 

fiO- 60^ -10 

J 

Example 1. Find the value of o— J+r, when « == 5, 
5s=— 2, c=:— 3 • 

o— J+c = 5— (— 2)+(— 8) 

= 5+2-8 = 4. 

Example 2 Find the value of — «— (— 5)+f, whem 
a =— 2, 5 = —3, c=— 4 

The given expression =— a+h+c 

=-(-2)+(-8)+(-4) ~ 
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Exercise (10). 

If a = 8, 6 =-5, c = —6, d = —8, find the value of 
1 —a-\-l}—D + d 2. a—b-\-c-\-d 3. c^d—(-~b)—a 

4. c—(—dj+b--a. 5. — (— ff)+J— (— c)— <7 

If J Ml = —47, tt = 50, a = —154, y = —284; find the 
value of — 

6. w-w-(-a)+y 7. —(—JM)+y— (-«)-». 

8. —(-x)+m-i/-(-n). 9. 

10 . -(-7n-y-(-a)-w 

4. To prove that a- (6+ c) = a— 6— c, . - 

and a—(b—e) = a—b+c. 

Since (J+c)+(fl— &— o) = ff, i " 

. by definition, a 

Again, since (&-c)+(a— J+c) = a, ^ 

c— (J— c) = c— J+c * t 

Thus we arrive at the following rule for subtract- 
ing one algebraical expression from another — Change ike ' 
mgn of eveiy term of the subtrahend from + to — or f tom ^ lo 
-f, as the case may Je, and then tonte down those terms in suc- 
cession after the minuend Thus the result of subtracting 
2a+86— 5c fiom a— 2J+c = a— 2&+c— 2a— 35-H 6c 
— a— 5J+6c 

Ezample 1. Subtract — 8o+2&— 6c from 2a 8c ' - ' 
The required result = 2a+6— 8c-H8o— 2;^+5c 

> = (2a-f-8a)+(&-2&)+(-8cH-6c) 

= 5a+(— 8c) 

= 5a+(— J)+(— 8c) 

5a"“5— Sc 


* When a, h, c are all positive quantities and a is greater than 
7 >, and 1 18 greatSr than c,'tlie following proof 18 generany given of 
this result in most treatises on Algebra — 

If we subtract h from a, we get a—b , but we thus subtract 
too much from o, for we have to subtract not b but a quantity which 

IS less 'thtin b by C Tnrrof "Vt+rt +li a /■!. A 

= a—b+L 
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EsaitiplB 2. Subtract 2ff“ + 3ff6— fronii — 3a®+2a&—46°, 
The required result s=: —8a^ +2fl6— 46® — '2a’* — SflJ +6J- 

. =(-3a®-2a®)+(2a5-8ff6)+(-46®+56®) 
= — So* — a6 + 6®. 


Exercise (11'. 


"Subtract 

. — 



1. 

a—b+c 

from 

2a'4-36— c. 

. 2. 

2a— 56+4c rr 

from 

— a— 26+8c. 

3. 

-z+y-s^ 

from 

2®+Sy— 4s.- 

4, 

— 8m®+2nj7J+5 

from 

— 5m®— fn77+4 

5. 

^=-2y=+8^®. 

from 

8®®-y®+23=. 

6. 

So®— 4®y+5y® 

from 

2a®+ay— 6y®. 

7. 

-8a»+2a6-76® 

from 

a=-5c6-86®. 

8. 

— 26c4'6(;®— 8®y 

from 

5Jc— c®+2®y. 

, 9. 

2®®— ^4®® +7® -4- 6 

from 

a®— 8®® + 6a+7 

10. 

a*^-2®®y— 3®®y®+6®y®— y® 

- 


from 2a* 

— 2®®y— 

•3®®^®+^®^®— y® 

11. 

8m*— 7jn ® 77 + 8 w77 ® — 

1377* 



from 2m*— I3»t®??+15»7?j®— 8771*. 

_ 12. 8/7*-727®?+10/7®2®-18;7?®+52* 

' from Sjp*— 12jt?®j+7^®g'®— 23;j^?®+8j*, 

13. -7»*^+6z*y-8a®y=-18*®y®+9y’ 

from 3aj®— 5a*y+2«®y*— 7a®y®+6y*. 

14. Zm^nx— Idn^xm + 14a®7a« — 20m®77®aj — 277i®as®7n *■ 
-from 6w®«a:— 17a®a:m+26a5®wn— 18m®7i®{5— 19«®a;®«i. 

15. 37a:« - 28z»^ +43**y ® - - 67«®27* + Zixy '• 

~93y“ 

from 48®® — Z\x^y—lz*y ^ — — 41®®y * 4- G5®y ® — 53y ®. 

6. The Ordinary Rnle for snbtractingr one 
oomponnd Expression from another. Put the sub- 
. trahend below the minuend in such a way that the different 
sets of like termamiay stand in Terhcal columns and draw 
a line below the subtrahend ; then supposing the sign of 
every term of the subtrahend to be changed, write down 
ilie sum of each vertical column underneath it. 

3-3 - 
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Example 1. Subtract -2:83+ 8!ry-y=» from a:® -2a^ +8^3,. 
The minuend = a®— 23’^+8y“ 

The subtrahend =— 2a® + 83'y— 


• The remainder =± 8a*— 67^+4^® 

Note It must be uoticed that tlic sigrns of the terms of thfr 
subtrihend are not actually altered lu the process, but they are- 
wppn^iecl to be altered and the opemtion of combining each pair of 
like terms is performed mentally 

Example 2. Subtract a*- 3a5 + 5»3— y* 

from 8*®+2y3— 7a=^ 
The minuend = Sz- + 2y-—7a^ 

The sub trahend = Sa*— y®+ a-—?ah 


.* The remainder =— 2a;* + 82 /®— fia^ + SffJ 


Exercise (12). 

Subtract — 

1 8fl!— 4J+5c from 2fl!+8&— 5c 

2. — 8m+5w— 7r from 7 mi— 2M+5r ' 

3. —z^+xy—y^ from 2x-—^xy+iy°.'~ 

4. x^—2z’^ + 5x+G from 2a:3 + 8aj3— 3®+5., - 

5. a^-5fl&+2i*+7&c from 2a*-8a&+8&c 

6. — 5®3 + G®*y— 4a:y*+7y3 

from Saj“ - 2®®y + 87 ^®— IjyK 

7. -2+87—5^3+7®® from 4—67+7®® — 9®®. 

8. ®*— 7®® + 9 from 3®*— 2®®— 8®® +7. 

9. -67^ + 2®*- ®® + 6®3 + 9a!+8 

' from 7® — 6®* — 4®® +5 

10. 2A»-8®®a^+772/®-8y® + a3-8ff& 

from ®®-4®®y-8®y®-6fl& 

11* 3®y3®-2aV-7®®^g-2®V 

from 12®^y— 5®®^®+8®^0®— 9®®2/^ “ 
12i 25c-8t® + flfc + 6a=-463_7aJ 
> from 2«® - 8&® + 5c® - Gah +7lc-8aci 

13. — 5®— 8a® + 12 + 27y--7y+4y» _ , ' 

from 2®2-3®y+ 6y® - 6®-8y+ ^ 
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- 14. -5fl(?+2a3+4S»-7fl5»-2fl*J-7J» + 5a5 
I _ from — 9J® + 8a®— 2aJ+J®. 

15. — 2y«&c®+4y2®Stf— 2flaj*-- 9y®sJtf+8fl*a;® 

from Saz*' — 6a“a;® + Gi/zhc^ — ly^zbc + ZyzHc 

, '16. 19«®2®y-16a:®^®2+27+lla:^g*-12«*y25!®-19ay®3® 

from 25 — 1 62 ®^®s— 17{C^®2“ + 21 ®® 2 ®y — + 8 «y 2 *. 

17. '48a!®y‘‘2® --28a®y®2* +25a^y®2® — 66*®y^2® 

- +262®y®2*''+85f*y®2® from 29f*y®2® — 87®®y*2“+54a;®y®2* 
— 46a®y®2^ — 67®*y®2® + 892®y^2® 

18. --292*y®2“+765B®i^^2®+18a;®y®2* + 53a!®y^2® 

— 94a!®y®2*-786a^y®2®'from 41a:®y*2®— 87a:®y®2*— 28aj'‘y'*2® 
+ ®2® — 55*“y ®2^ + 87«®^*2®. 

19. "What most be added to 8®*— 5a!y+6y®+7y2 m 
ordei that the sum may be —a® — y® —yi ? 

" 20. What must be added to — 5»® + 18®®y®— a®5a 
+5i/y® + 7ayflft in order that the sum may be «®+»®y® 
^aHx-^bry^ — %tya\ ? 

21. What must be added to 5®* — 6®®7/+7a®y®--8®y® 
— 19y* in order, that the sum may be 8®*+5®®y® — 12y* ? 

, 22. What must be added to — 5®®— 8®*y+6®®y® + 
17®®y®+18®y* —21^® in' order that'the sum may be —7®® 
-4®®y® + i3®®y®+29y» ? 

23. What must be subtracted from 2fl®+6o5— 65® in 

order that the remainder may be a® +25® ? " 

24, What must be subtracted from 5®® — 6®.y + 4y ® — 8® 
—10y+ 15 in order that the remainder may be a®+2®y+ 
3y®+4®+5y^-6 ? 

26. What must be subtracted from 3a®— 4a®5+6a5® 
—85® in order that the remainder may be a®— 2a5® +75® ? 

26. What must be subtracted from — 8®®y+4®®y® 

— llay® +12®®— 18y+ 27 m order that the remainder may 
be 4®®y-82®y^-ll®y3+^0®®-3'0y+56 ? 

27. From •what expression must 8a® — 7a5— 85c— 95® 
be subtracted inorder that the remainder maybe 2c!® + 3a5 
+85C+25® ?. 

28. From -what expression must — 8®® + 5y® — 7®y + 8® 
—9 be subtracted In order "that the remainder may be 
a®— 8y®+2®y— 13® + 7 ? 
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29 . From what expression must — 7fl®--86®c— 18ac® 
+8J® be subtracted in order that the remainder may be 

*4o*»-86*'c+7fitc“-8&3 ? - - 

30 . From what expression must 21®® — 37a’y®+42^® 
—18®®+19®y— 89 be subtracted in order that the remain- 
•der may be — 25®®+15®y®— 87y®+7®“— 48®y +24 ? 

6. Removal of Brackets. The laws for the re- 
moval of brackets are — 

(1) If any number of terms' be enclosed within a pair, 
•of brackets preceded by the sign +, the brackets may be 
struck out as of no value 

(2) If any number of terms be enclosed within a pair 
■of brackets preceded by the sign — ,lhe brackets' may be 
removed provided that the sign of every, term within the 
brackets be changed, namely, + to — and — to 

The reason is obvious, for, any expression, included 
within brackets preceded by the sign +, has to be” added 
to, whilst one, enclosed within brackets preceded by the 
sign — , has to be subtracted from what goes before. 

Thus fl— + d+c) = a— & + C— rf+p, 

whilst, a— J— (c— = a—'b—c-\-d—e 
Conversely, 

(i) Any number of terms in 'an expression may be en- 
closed wiChin a pair of brackets, with the sign + prefixed ; 

(ii) Any number of terms in an expression may be en- 
closed within a pair of brabkets with,the sign— prefixed, if 
the sign of every term put within the brackets be altered. 

Thus a— 6+c— d+fl— / = a— &— (— c+d— e+/) 

Note We often find brackets within brackets as in the ex- 
pression 2a— [3I!»— {4c— (6f?— Ge)}] ,here it is meant that the expression 
within the braces { } is to be subtracted from 36 and the result thutr 
obtained is to be subtracted from 2o , whilst the expression within 
the braces is to be found by subtracting the expression within the 
parentheses ( ) from 4c ' - 

When an expression of this kind is to be cleared of brackets, it 
18 best for a beginner to remove first the innermost pair, then the 
innermost of those that remain, and so on , and lastly the outermost 
pair 

Example 1 -Simplify a_— {6— (c— di}. 

' ' (c— = a—{b—c-\-d} 
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Example 2. Simplify a— [&—{c— (<?-«)}-/]. 

«— [5— {c— {rf— c)}— /] = ff— i?+_c}— /] 

= a— [&— c+tf— e— /] 

5=" fl— 5+c— (?+j5+/’ 

Example 3. Simplify a+f— J— {c— (<J!— e— 7i2» 
«!+[- ft] 

= a+[-.J-c4.f7-g+/+^-A] 

= a— J— <j+rf— <5+/+y— 7i ^ 

Example 4. Simplify 2 fl— [8a+{4l&— (2a— ft)+5ff}— 7&]. , 
The given expression s= 2a— [8a+{46— 2a+5+6a}— 7J] 

= 2a-[8a+i5ft+8fl)-7ft] 

. =2a-C8c+56+Sa~7J] 

== 2a— [6a— 2&] - 
' - =: 2a— 6a+26 = -— 4a+2& 

- ^ V 

Examples. Simplify' ^-.[-.j-fc-Osf-e-/)}], first 
removing [ ■], then { }, then ( ), and last of all the 
vincnlom. 

a-[-5-{6-(<7-e-/)13 
' a+j+{c-(<7-.o_/)}’ 

" = a+J+c— (d— c— /) 

- “ a*l*6 ^•c— d-j-e— y 

=s a+ft+c— d+e— / 

Note The ex press ion within [ 3 consists of two terms, namely, 
— h and — {c— (d— c— f )} , hence, when this pair of brackets, •whi ch 
is preceded by the sign — , is removed we get 64-{c— (d— c— /)} 

A similar reasoinug applies to-the removal of the other brackets 
It must be noticed carefullj that only one pan of brackets ts to be 
Temoied at a time ■ , 

f » 

Example 6. Simplify ■ - 

[a- {J— (c— d;}] — [2a— {S5+(2c— 4d)}3. 
Wo have a-^{J—(c—d)} = a— {&— c+d} 

' 5= a— 5+c— d , 
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and 2a— {3&+(2c— 4d;} = 2a— {8&+2c— 4t?}. 

' = 2a— 3&— 2c+4d, 

Hence the given expression 

= [a— J+c— dj— [2a— S&— 2c+4<?] 

= a— 6+c— d— 2a+86+2c— 4d 
= — a+2&+8c— 5(f. 

Example 7. Of the expression a+5-"C+^—«--/encJose 
the first three terms within a pair of brackets and the last 
three in another, each preceded by the sign — , and then“ 
put the last two terms of each of these bracketed expres- 
sions within an inner pair of brackets preceded by the 
sign - 

According to the given directions, 
a+i—c+d^e—J = — {— a— 

Exercise (13). 


Simplify — 

1. 2a-86-(4a-66)+(-2a+5&). 

2. iB+(-y+4a!)— (— 2®+8y\ 

3. — (6®-y)+(— 3®+y)— (2y-6®). 

4. 8a— {6a— (2& — a)} 5. — a— {2&— (6a-l-4&)}, 

6 2a-{5&-7ft-2a} ' ' 7. S-{6-(6-7^}. 

a -2-[-3-{-4-(-5-6)}3 

9 -a-[-86-{-2a-(-a-4&)}] 

10 a— [2&— {8c— (a— 26— 8c)}] 

11. 8®- [6y— {10s— (5®— lOy— 8a)}] 

12 -a-[— 6-{-c-(-a-6^-c)}]. 

Simplify the following expressions removing the 
brackets in the reverse order, t e ,'the outermost first and the 
innermost last — 

13. 2®-[5y-{9®-(10y-4®)}] 

14. — 5a— [86— {6o— (56’^7a)}]‘- 

15. — 7»i-[3«— {8W— (4n— 10m)}]. 
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16. -2ff-[*-46-{-6c-(-8a a06-12<j)}]. 

17. ~3g-[~5y~{~7s-(~9a-- ~lly--18 s)}3. 

- 18. -2»-[~4y-{— 62-(— 8» 6y--72)}]. 

19. ~«-[|-8y+{— 62-(— 2a;+--4y— 62)}]. 

20. ~2rt+[--55-{-8c+(~8fl--66+9<J)}]. 

21. -a;+[-'5y-{-92+(-8a — -7y+ll2l]. 

■Simplify — 

'22. {2<t-(8J-5c))-fa-{2J--((5-4fl)}-7c]. 

*23. -Ca!-{y-(2-aj)}~(y--2)l-[2-{a!-(y-2)}] 

*24. [2a-(&~c)-{86-(2fl~c)}-{-2tt+(c-46)}3 

-[~8J-(2a-4c)+{6c-(2&-8fl)}-{--5c+(6a-7&:}]. 
In tbe expression «+y— 2 — 

25. Include the 2nd, 8rd and 4th terms in a pair of 
^brackets preceded by the sign — , and the 6th, 6th and 7th 
un a pair of brackets preceded by the sign +. 

■26. Include all the terras after the 1st, in a pair of 
brackets preceded by the sign —, and of the expression 
thus enclosed put the last four terms ■within a pair of 
brackets preceded by the sign +. 

27. Enclose the first five terms within a pair of brackets 
preceded by no sign and the last four within a pair of 
iirackets preceded by the sign — , and then put the last three 
terms of each of these bracketed expressions within a pair 
-of brackets preceded by the sign — . 

28. Enclose every three terms from the first in a pair 
of brackets preceded by the sign — , and^thenput the last 
two terms of each of these bracketed expressions in a pair 
■of brackets preceded by the sign — 


Miscellaneous Exercises (I). 

} 

I. 

1. What number will represent an interval of 6 hours 

li) if the unit of time be half an hour , (ii) if the unit of 
Sime be 10 hours ? i ‘ 

2. If a stands for 17 and y for 25 what does denote ? 
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3 . Define “Oo-efficient ” Distingnish between a «u- 
m&rical co-efficient and a hUral co-efficient 

What are the co-efficienta of a® in 16»® , 7db^x^ 
and ? 

4. Distangoish between A^fl^-and Jah Find the valne? 

of Jal, when a = 9, 5 = 4. - 

5. If a distance of half a mile to the north of a place- 
bo represented by 40, what will represent a distance of 11 
yards to the south of it ^ 

6. State the result when a negative quantity is added 
to a positive quantity Hence deduce that_-f (—5) =— 5 

7. Define swWrflchow. Hence deduce that 4 — 6 =— 2 

and that 6 — (— 3) = 8 - - 

8. Arrange the following numbers in deScending-order 
of magmtude —2, 6, —8, 7, —8, —1, 9, —4, —12 

II* 

1. If a = 4, 5 s= 5, find the value of — 

(i) ai—axl, (ii) 74— 7a , 

(ill) 45-a6 , (iv) 8fi-8&. 

2 . What does o" mean ? Distinguish between a" and 
w“ Find the value of a*— 4a&®-l-i*i when 
a = 7, J = 6 

3 . What IS the relation between a and each of the 

following — %Ja, «/a, %Ja, and , - 

Find the value of ^/a» — 3d x \}b^—C^—2e; when 
«s=8, J = 7, <5 = 6, d=5 and 0 = 1. 

4. What IS meant by the alsohiie value of a positive or 
a negative quantity ? Illustrate this by an example 

5. Add together 3®®y, — 8i8“y, — 19r®y and 17a5®y ,'and 
find the numerical value of the sum, when a = 4, y = 6 

6. Write down the sum of 16aS —Say®, 24a®y®, y* and 
— 82a®y , and find its numerical value, when a = 4, y = 6. 

7. Subtract 4flr— 13S— 25c from 17J— 12c— 19a. . 

, 8, Simplify 8*- C4y-l-(2?--(i5-0^+8g)}] -(8a-7y7. ' 



IV.] 


MISCELLANBOirS BXBROZSBS. 


41 


in. 

1 . Express algebraically the following statements — 

(i) The result of multiplying the sum of a and b 
bye is the same as the result of dividing z by the product 
of y and s. 

(ii) The square of the sum of z and y is the same 
as the result of adding together the square of z, the square 
of y, and twice the product of z and y 

(ill) If the cube root of the result of subtracting 
n from m be divided by the product of the cubes of m 
and «, we get a quantity which is less than the sum of the 
square roots of z and y 

(iv) Since a is greater than b, therefore three times 
a is greater than three times b 

2 A, B, G, D, E, F, 6, are a number of successive 
points on a straight line such that the distances AB, BC, CJD 
DE, EF, FG ate respectively 8, 4, 6, 8, .5 and 7 inches If DC 
be represented by 8, what numbers will represent DBt DE^ 
J)F^ DA and DQ respectively ? 

‘ 3 State the result when one negative quantity is added' 

to another Find the sum of —c®, —Za^b^ —SeJ®, — 
when a s= 6, 5 = 4. 

4. Shew by a numerical e\ample_that when any num- 
ber of quantities are added together, the result is the same 
in whatever order the quantities may be tahen. 

5 If a = 16, & = 10, c = 5, = 1 , find the value of 

(o— 1>)(5 Vfl— 6)+ Vtfl— 

' 6 If a = 5 = prove^that 

• —7 -7- = a-»-fl36+a»6*--a63 + 5^ 

7. Add together 3c®+45c— j;“ + 10, 2j:*--6a® —16 + 
and 21— Oic— 4o“ — lOx’. 

8 Simplify rt-[6&-{a~(8c-85)+2c-(a-26-e)}] 

, . IV ' 

< 1 . If a = 0, find the value of • — ' ^ 

(i) \/49— ^4a; - ^ (ii) JiZ— 
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2 Shew by a numerical example that when any num- 
ber of quantites are added together, they can be divided 
into groups and the result expressed as the sum of these 
groups 

- 3 If a = 2, 6 = 8, c = 4, find the value of 
g— ft+ c , c4c c— fl+5 
g+6— c'^d+c— g*^c + g— d 

4 Define an Aigolraical Ecpression Distinguish be- 
tween a simple expiession and a compound expression 

Is 42fl6*“ a simple or a compound expression ? Give the 
names with illustrations of thee different classes of com- 
pqund expressions 

5 If a = 2, y = 3, g = 6, J = 5, find the value of 

2/A(a-|-y)‘+ ^(«+g)(6— 2a;)+ Xjx\j!)—y)*‘ 

6 A certain sum is divided between A, B and 0 , B 
receives a pounds more than A, and G receives h pounds 
more than B , if A receives x pounds, find an expression 
for the whole sum divided 

7 Add together g=-8g5-|i&», 
and 

8. Beduce to its simplest form 

-(y* - (i*’ -y®;} + {2y“ - (Sry-®*)}. 

V 

1 What IS meant by the dimensions and degree of a 
product ? What is a Homogeneous Expression ? Write down 
two trinomial homogeneous expressions, one of six-dimen- 
-sions and the other of seven 

2. If YOU were asked to find the value of the expression 
■a X l—c—dxe+f—gJi, how would you proceed ? 

3 Define faefot , What are the simple factors of 2g6(g + J) ? 

4 Slate the proposition from the converse of which is 
deduced the following rule — To add iogeiher two or more al~ 
:gelraieal expressions, lorite down the terms \n succession mth 
their proper signs 

5. IE g = 4 and <5 = 2, find the numeiical value of 

2g!5° 6 . 29a!° * ' 

(g— <5)* g3 ^/2g+4^ 64g ' 
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6. .Fmd 'the -value of (a®— 7®® + 6a5+6)+(— 8aj+2»® 
+4+6a8) + (-ll~4a®+2a-7a®J + (9a2+2+6a®~4®),when 
a — 6. 

7. Prove that rt—(J—c) = a— J+c, How is this gener- 
ally proved, -when a, &, c are all positive quantities and a is 
greater than h and b is greater than c ? 

8 Simplify 2a-[(8a!-0y)-{/2a-8y)-(a+5y)}]. 

VI 

1 . Define the potver of a number and the tndez of the 
power , and illustrate them by a numerical example 

2. If a = 16, h — 10, X — 5, p =s 1 , find the numencal 

value of, (a-y) Jzibx+z^ + >J{a-x){b+y) 

3. Shew that a® + +c® —Zabc 

* s= (fl4-5+c)(fl®+i*+c®— aJ— flc— 5c), 

(i) . when a^8, 5 = 4, c=5, 

(ii) when a « f, 5 = |^,- c = ' 

' 4. State the propositions from which the following 
Tesult may be deduced •— 

fl— 5+c— <f+e— / = (a+c4-e)+(— 5— rf— /). y 

5. Illustrate clearly by an example that 

40-(-15) = 56 

6 ^ Find the numerical ,yalue of the sum of 
7®*— 25‘^/y24-s% 19 8s*— 12®® and 2s*+5®® + 7 */ys, 

when ® = 17, y = 16, s = 16 ’ 

7., State the' operations indicated by the expression 
5® -- [45 — {8c — (2d— 7e)}] . 

~ 8 Find the value of ^ 

- C(a® + 5®+c®+d®){®+5— (c— a,} + ®®5— c®d] X 

{o*— (5*+c**)+d®J, when a= 4, 5'= 3, c = 2,d=l, 

VII 

1 ' Distinguish between — ■- (i) a— 5c and a — 5xc ; 
(ii) a* and 4a, , ^(ni) Sjaa.n6.ya, 

<iv) j- Ja^b and'ya+b , (v) Jab a,nd Jab, 
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- 2 . If a = 1, & = 2, c s= 8, J = 0, find the-valne of — 

- . aH-{-l^c+c'^d+d-a 

, (u) VMp-a)- VZ{ZaJfbb-\-Zc-Wu 

3 Show that the expressions 
(«+J+c)®+a»+53+c®, (fl+J)»+(J+c)® + (<J4-«)® + 6fl6cand' 
2o3 +86®(a+c)+2b3 +8c»(a+b)+2c3 gojc are 

equal to one another, (i) when fl=2, b = 8, c = 4, 

(iij when a = 7, b = 4, c == 1 

4. Simplify — ^ * 

(1) i-[i-{i_(i_i+^)}]. 

(ii) 86— (b— 2c)— {a+c— (8«— b— 2c)}— (2a— 3b+4c), 

5 Express algebraically the following statements — 

(i) That the product of the sum' of two numbers- 
multiplied by their difference is equal to the difference ofi' 
‘the squares of the numbers 

(ii) That the square of the sum of two numbers, 
exceeds the sum of their squares by twice their product. 

6. Eind the value of - ' 

17a— fib— [7a— 8b— {4(a— b)— (2a4-8b)}], wbem 

a = 89, i = 62. 

7 . If F= 6a+4b— 6c, X=— 8a— 9b+7c, 

Y = 20a+7b-6f, Z= 13a-5b+9c, 
calculate the value of F— {’X+ T) 

(Madras Unncrsily Matnculatiou Paper, 1883)^ 

8 From the sum of a— |b+Jc— - |c+^a— Jb+tf, 

^6+c— a, ^a- 9i+6— |c and 8a— Gb+3c-4d subtract 
-Va— VV-HIc— _ • 
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MULTIPLICATION. 

i 

1. Defizution. One number is said to be multiplied 
ibj another, when we do to the former what is done to unity 
to obtam the latter 


^ Thus, since " 4 :=^1 + 1+1+J, we must have 
or 4® = aj-j-r+as+aj 


Similarly, 4x5 =54-5 + 5 + 5 - =201 

3x6 =6 + 6+6 ==18L.. 

5x8- =3+_3+8 + 8+8 =15] 

8x(-5)=(-5)+(-5)+(-5) =-15 

4x(-3)=(-3)+('-3)+(-3)+(-8) =-12 . 

;5^(~4)>=i(-4)+(-4)+(~4)+(-.4)+(-4) = -20 

Again, “since —4 = —1—1— 1—1, we must have 

( — 4) X a: = -*- arr* ar — a; — ir 


.. I 

II 


.Similarly, (— 4)x 5 = — 5— 5— 5— 6 
(-8)x6 = -6-6-6 
(-5)X3 = -S-8-8-8-8 

-also, 

(_31x(-5)= -(-5)-(-5)-(-6) 


- 20 ' 
-18 . 
-15 




III 


H 


= 5+5+5 ^ = 15' 

(-4)x(-3)= -(-3)-(-8)-(-8)-(-8) 

= 8'+8+3 + 8 = 12 

-(-5)x(-4)= -(-.4)-(-4)-(-4)-(-4)-(-4)' 
= 4+4+4+4+4 - = 20 


IV 


The number mulbplied is called “the muliipltcandf and 
the number by which it is multiplied is called the mtilU- 
vher . the result is called the pro§,mt ' 
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Exercise (14). 

From the dafimtion o£ mnltiphcatioii deduce the- 
resulb — 


1. 

When 

6 IS multiplied 

by 

5 

2. 

When 

7 IS multiplied 

by 

4 

3. 

When 

12 IS multiplied 

by 

8 

4. 

When 

— 8 IS multiplied 

by 

4 

5. 

When 

— 9 IS multiplied 

by 

5 

6. 

When 

— 18 IS multiplied 

by 

G 

7 

When 

8 IS multiplied 

by 

-8. 

8. 

When 

14 IS multiplied 

by 

-5 

9. 

When 

15 IS multiplied 

by 

-3. 


10. When — 9 is multiplied by —4 

11 . When —12 IS multiplied by —6 

12. When —16 is multiplied by —4 

2. Tlie Law of Signs. From the ' last article it is 
clear "that if a and-d are two whole numbers, we have 

(+rt)x(+J) = + (a&) 

(+o)x(-&) =-(u6) 

(-a)x(+J) *=—(«&) 

(-o)x(-&) = + («&) 

Thus, the product of two whole numbers is positive or 
negative according as the multiplicand and the multiplier- 
have like br unlike signs 

The same thing can be found when the numbers are 
fractional For instance, since— f s= —^—^, t c , since —§ 
is obtained by subtracting a third part of unity twice, to 
multiply any number sc by — § we must subtract a third 
part of X twice 


Hence 

(-§)xx 

_ X X _ 2x 

8 8 3 

Similarly, 

> 

1 

X 

1 

=* "“nr—TT = "“.tV 
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H^nce, we can^entinciate the Lato of signs in a more 
general way, thus — The sign of the product of any two 
quantities is positive or negative^according as the multipli- 
cand and the multipher have hke or unlike signs Or, more 
'briefly, thus Ltke^igns produce -h and unlike signs— 

Cor, Since {—x) x (r-a) = and also {+*) x (-{-») = 
we have — ±x. Thus every algebraical quantity has 
got two square roots which are equal in absolute value but 
opposite in sign 

ExsimplCT. -Simplify wheno! = — 2^ 

h = —8, c = — 4, = —5, 

Since a^b = (-2)2x(-8) = 4x(-3) = -12 
and cd =(— 4)x5 = —20, 

aH-cd *= -12-(-2b) = -12-1-20 = 8 . (A> 
Also, amcetf®. := (— 4)^ = 16 

and = (5)“ _ == 25, 

1(;_25 = -9 .. ’ .. (R) 

Hence, from ^A) and (B), we have 

(an^cd)[c'^-d^) « 8x1-9) « -72 

Exe)7cise (15). 

I^nd the value of —• 

' 1 . ab—cdi " when a ='—2, b = —8, c = — 8, r?=6. 

2. (g^’-b^)c, when a = —5, b = — 6, c = —9. 

3. abc+b^c—c^d, when a—3,b = —5, c = — 7, d= —4. 

4. (— a)J®— c)®, when a =b,b == —7, c = 4, 
<? = -8 

6. {a^ + {— 5)^- (— c/}(6c— acf), 

when a = —8, *5 = 4, <? = 6, = —9. 

6. a®(&— c)+6®(c— <i)-l-c=’(a— 5), 

, - . when a = —2, b = — 5,'<;.= —7. 

7. a®(y-s)+y3(a-a)-l;23(a-y\ , 

when X =— 8, y = 8, a = — 5 

8. -» -jp») +r3(p2 _ 

when_p =s" — 8, 2 '^ —6, r = — 7^ 
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9. a®+&®+c®--8aJc, when a=—12, t = — 13, <5= — 15. 
10. Show that (a+&)« = o«+5a*& + 10a®6®+10a“J'» + 
when a = — 5, J = 3. 

3 To prove that ax &=6 x CT,i.e,, 6 multiplied 
hy a gives the same result as a multiplied hy &. 

(i) First let a and 5 be any two positive integers. 

Place 5 units in a horizontal row and write down a such _ 
TOWS in such a manner that umts in similar positions in the 
different rows may be in the same vertical column , thus — 


111 

1 

1 . b times 

111 

1 

1 . . b times 

1 1 1 

1 

1 ... 5 times 


• 

« 

*i * 

to a lines. 


t • • 


This being done, evidently it may also be said that we 
have written down b columns, each containing a units , - 

Now let us count up the total number of units thus 
written down. 

Since we have got a rows each containing 6 units, the 
total number of umts = (the number in the Ist row) + (the 
•number in the 2nd row) + (the number in the 3rd row)+ 

+(the number in the a'* row) = 5+5+J+...toa terras 
~ axb ... .. ... (l) 

Also, since we have got b columns each containing a 
umts, the total number of units = (the number in the isfc. 
column) +(the number in the 2nd column)+(the number 
iin the 8rd column) + + (the number in the 5'* column) 

j=a+a+u+ to 6 terms = 5X0 . .. (2) 

Henc«, from (1) and (2), we have axb = hxa* 

te,b taken a times = a taken h times 

* Since ah=ba, it does not matter mnch whether we read ab aa 
a times b orb tunes a (j e, or b multiplied hj a or a multiplied bv 
lb) , but until the jnopoHition of the present aiticle had been piored ifc 
seems expedient to stick to one and the same mbde of interpreting it. 
If a be^ner 18 taught to read 7a as-"? tunes a” whilst 7x4 as “4 
tunes T', he is but unconsciously led to tlunk that such expressions 
as ba and ab mean the same, and that consequent^ no amount of 
reasomng is necessary to eshibbsh 'the 'above proposition Asa 
safeguard agamst this evil 1 haie hitherto throughout taken aX5 to 
mean “a times b", or "b multiplied by o” 
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(ii) Next let a and & be two positive fractions ; suppose 
^ and & = , where ot, n, p, q are positive integers. 


Then ax5 = ^x~ ~ 


iiq nq 


anaix«=e.x^= Px{(S)-j} 


— X — — — 

“ ^ qn~ qn 


(I) 


(II) 


But »i and p are positive integers, therefore »;;; = pff, 
«nd similarly wj = jff. 

Hence, from (I) and (II), we have axb = by. a. t 

Thus it js established that for all positive values of a and b 
we must have a = J X a. * ‘ (A) 


• •• 


Cor. J. From Art 2, we liave *x(— y) (ajy) and 

{-y)xi=~(ya:) , buta?y«yar, a!X(-y) = (-y)xa:. (B) 
C07\ 2* From Art. 2, (—a) x (— y)= +«y,and(— y) x (—a;) 
^ ; but ay « yip, (-~x) x (-y)=(-y) x (~a;) .. (C) 

' Hence, from (A), (B) and (Cj we conclude that for all 
veUues of a and b,axb = bxor* ~ 

: t Wo can-illnstrato aXb — hXa when a and b arc fractions as 
J'olloWB — 

Ijct 118 proie that X| 

iXy means that wo haie to dmde y of any thing into 3 equal 
-parts and take 2 of those parts, whilst f X? means that we have to 
idivide 3 of a thing into 5 equal parts and take 4 of those parts 

A B 

Take a line AB 15 inches long, then i of the line will be 12 
inches and evidently S of 12 inches =: 8 inches , thus 3 X^ of the 
line =8 inches- 

^ Again, since 3 of the line is 10 inches, and i of 10 inches =8 
inches, 

4X 2 of the bne also = 8 inches 

Hence^ we have 3 Xi = jX3 Similarlj^, any other case may be 


-4 
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Exercise (16). 

Prove that . — 

1 . 4X5=6xi 2 . 6X8=8X6 3 . 7x5=5x7* 

4 . 4 X 8=8x4. B. 9X5= 5x9. 

4. To prove tliat {ab\ x c= a x (6c) or, = 6 x (ac)^ 
ie, to miStiply c by the product of a and 6 is tbe- 
same as to multiply c first by eitber of tbem and. 
tben that result by tbe other. 

Place b brackets m a horizontal ro'w each containing c 
nnita and •write do'wn a such ro'WB in sneh a manner that 
the brackets in similar positions in the different rows may- 
be in the same vertical column, thus — 


w 

CO 

[0 

[c] b times 

w 

CO 

[0 

[c]. b times 

CO 

• 

CO 

« t 

CO 

• 

[c] , b limes 

• • • 

% t t 

to a rows. 

t 

• • • 


This being done, it may also be said thatwehave- 
wntten down h columns each containing a brackets 

As we have got altogether axb brackets and as each 
bracket contains c units, the total number of units = 

t t •• « . . .. , 

Again, since we have got b brackets in a row each con-*^ 
taming c units, the number of units in a row = gc, and as 
there are a rows altogether, therefore the total number of 
units = ax (Jtf) .... s . . {^) 

Again, since we have got a brackets in a column each 
containing c umts, the number of units in a column = ac^ 
and as there are b columns altogether, therefore the total 
number of units = Jx(ac) .. .. . . . ( 7 > 

Hence, from (o), {fi) and (y) we have 
‘ ' (a5)Xc s= flx(gc) = 5x(ac}. 

Cor, From the results of the last article and thm, -wo 
deduce that abc = bba = cab ~ For, by the present,article- 
= « X {he), and by the last article a x (gc)=(gc) x o= bca ; 
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hence we have ale — 6ca, and Bimilarly lea a= cal. Thus 
we are led to conclude that the valm of a product is (he same 
%n %hatmr order the factors may he falcen,* 

Note 1 Although the factors of a product can be taken in any 
order, it ib alwajb found conxenient to place first the factor ex- 
prc's^ed in figurcb and to put after it tlic factors expressed in letters 
in the alphauotical order of those letters Thus c^XdxTxbXa* is 
j wiitten 7a*bc'*d 

u Note Z Wo are now m a position to modifj' a little the defi- 
nition of Co-effii leiif given in Art 10, Cliap 1 In an algebraical 
product one or more of the factors may be called the co-efficient of 
the remaining factors 

For instance, in labrd we maj call 7ar as the co-cfficicnt of bd, 
for 7n7n d can be written as 7acbd and therefore by the definition 
alluded to, 7«c IS the co-effioient of bd 

5. To prove that a" x «" = where ni and n 

are any two positive Integers. 

N J3 From Art O we know that the quantity on either side of 
X raij bo regarded as the multiplier and that on the other as tho 
mnUtplicand Hence, wo need not anylongcrobservetlierestnc- 
„tioti we ha\e hitherto iilaccd npon tho moaning at a Xb 

- [Sec foot note, page 47 1 

Since a’ = aa 

and a® = aaa 

o’* X a® s= (aa) x (aaa) 

— axaxaxaxa [Art 41 

= a® = fla+3. 

Again, since a* = aaaa 

and o® = aaaaattt 

X a® = (aaacC\ x (aaaaacC^ 

- = «xaxaxizxax«Xffxaxax«[Arfc 4.] 

Generally, since a” = aaaa .. . to m factors 

' and o" = aaaa . to « factors, 

fl’"xa" = (aaaa .. ... to m factors) x 
r (aaaa , to n factors) 

=s aaaaaaaaa . . to (w+w) factors 


• Theinliditj of the conclusion lias been established only for 
- tluyo factors A gonOral proofs however, has not been attempted 
as being too tedious for tho class of students for whom the book 
Js meant 
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Cor. 1 . fl*" X rt" X whoro vi, n nnd Ara 

positive integers. 

For a” X rt* = n”*\ . a’" x a" y a” = a*'^* x a’’ = 

C07\ wliere w and « ore posiUvo inlcgors. 

For ^a”^ = a" X a" X o'" X . .to u factors 

_ ^.»+M+**+ t« ■ itnu 


= a'" 


6. Applications of the principles cstaWlslied 
in tlie preceding: articles — 


Example 1. Show that (-aJ)* = a*i’. 
(~ai)» = (-a&)x(-a6) 


=: (aft) X (aft) 

lArl 5 ] 

s= aylKnyl 

[Art <0 

=: axaxftxft 

[Cor, Art 

= (aB)x(6ft) 

[An. ) ] 

= a’ft’. 

[Art h ] 


<3 


Example 2. Multiply ~5a‘'&'* by lo®i^ 
(-5a'‘J»)x(4«^i<) =-{(0a‘'i’)x(4a'i^)| [Art 2] 

— — {6xa“xJ®x4xa''x6^} [Art 4 J 
= — [5x4x0=* xo'‘x&’’x6<i [Cor Art 4] 
= -{20xfo=«a«)x(J=>i<) [Art 4 ] 

= -20e"d« [Art 6] 

Examples. Simplify (~2iVs)x(4zV?*)x('-Cr^’c*). 
We have x (4a’y’o®) 

= ~{(2*'‘y«2)x(4a:V“’)} 

=:— {Sxa*' xjr^ xsx4xa;®xy’'x5*} 

=— {2x4xje®x9:®xy*xy’xcxc’} 

s= ~{8 X X X (c:**)} 

'=-8a!’y”c'*. 
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Hence, the given expression 
= (— 

; = (8»^y*^s®)x{6a’y’s*) 

= Sxa^x^^^ x2®x6x^xy®x«* 
= 8x6xa’^x»xy”xy®xs®xs’* 
= 48x (a^®) X {y^ *y®) x (&®s^) 

= 48®®y^'*2^. 

i 

' Exercise (17). 


Show that : — 


1 . 

(— fl)x3J 

=—Sdb. 

2 . 

(2a) x(- 

-4ft)=-8o&. 

3. 

l--8a)x(- 

-6ff=j= 18fl3. 

4. 

(-45) x(- 

-5a)= 20a5. 

5. 

(-7c)x(- 

3ai)s= 21dic. 

■ 6 . 

10x85 = 

25 X 14. 

7. 

15x75 

5= 5®x8». 

8 . 

(-fl)3 =, 


9. 


, - = a^bK 

10 . 

(-a5)=» = 

-a^b\ 

11 . 


= a^b^o. ■ 

12 . 

(-> = 

—a®. 

13. 


= - 





Multiply . — 

14. Gx^yhj ^7x^y\ 15. —3x*y^ by 8z^y^. 

16, — by — 82 ®y'^. 17.' — 32a®y®o® by 13®*y®s*, 

18. — 147y®2® by 

Simplify — 

19. (-8ff&)x(4fl»i*)x(-2a»J»). 

20. (-2tt’)x(-7a'‘d^)x(-5a®i«) 

21 . (— 6 z®y*s)x ( 2 s*®®y®) x(— 4y^s^a®) 

22. (— Sa’y) X {4si/'^x) x (— x {2sry) 

7. Products of monomial expressions can be alwayff 
found by the method illustrated in the last article ; it is 
necessary however when dealing with more complicated 
cases of multipl’cation, that such products should be found 
mentally , Hence the student must get thoroughly accus- 
tomed to this kind of mental work, for which an exer- 
cise IS added below 
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Exaixiple 1. Write down the product of S®’ and — 5®y. 
8a®X(— 5®y) = — 15®^^ 

Example 2. Write downlhe product of — 5a“5 and — 8aJ ®. 

(-6fl^S)x(-8a6») =40a3J3. 


Exercise (18), 

Write down the product of — 

1 , — 2 ®® and 5z* 2 . and— 4aJ®. 

3. — and— 7«®ira®. 4. 8 ®®y® and— 

6. — 0 * 5 ® and— 8 ffl* 6 ® 6 5»Mn® and— Sw’i? 

, 7 . — 10 ®y 3 ® and— 5®y*?. 8 . 4 ®“y ®2 and— 

0 9 . — 6 *®y®s'‘ and— 8 *®y ®2 10 . — 6 a® 6 ®c^ and— 5ff®&*c®. 

11 . 8 ®®ys‘‘ . and— 8 ®y® 2 . 12. — 4fl^®y and— 8a®®&y*. 

13. — 7a®6®2® and— Sate. 14. 5a^®®y and— 12®®y<fl*. 

15. — 14®y* and— 5®*y2. 16. 2ate® and— 9a’J®c. 

17 — 7a®®®y and— 9®Va®. 18. — 8 ®®y® 2 ® and— 20 y®s*®®. 

19. — 18o®6^®c^® and— 5te®a®, 

20. — 7a’'®®y®2® and— 162 ®®®a®y® 

8. To prove that a(6+c)** = ab+ac. 

Whatever 6 and c may be if a be a positive integer^ we have 
o(J+c) = (J+c)+(i*|-c)+(J+c)+ . . , to a terms 
= (J+6+J+ , to a terms) 

+(«;bc+c+ to a terms) 

= aJ+ac . ... (1) 


Hence, conversely, ^ that is, if 

y and y be any two quantitieS'and -r a positive integer^ tben 



* E\ejy binomial expression can be pntiu the form J-fc For 
instance the expression 23-»— Sy", -which can also bo •writton as (2a:»> 
IS of the form i+c, 2®® being legntded as h and — as e 
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iJexfc suppose a is a positive fraction, t e , 
^ ^ positive integers 


suppose 


Then, (J+c) — nx—y ^ — [by the definition of multiplication] 
; ^ m’i+c) 




n 

_ mi+mc 

~ n 

mb , n\c 

±: ^ 

n n 


[ by (1) ] 

Eby(A)3 


= ^5+^ 
n n 


( 2 ) 


, , Hence, from (1) and (2*, for all positive values of a 

"wehave fllJ+c) = flj+flc (8) 

Next suppose a is any negative quantity, te, suppose 
wliefe z is any positive quantity. 

Then (-«) (J+tf) =-[®(5+c)3 

==-(®6+««) [by (3)] 

^—zb—xe 
= (— «).S+(— ®) c ; 

- thus for-any mgaiive value of a also "we have 


<1(J + C) = (4:) 

Hence from (8) and (4% for all values of a, b and c 
■we have a\b-\-c) = ab-^ac, 

KjOr. X, Conversely, ab+ac = a[b+c). 

" Similarly, = a;y(a2-f 52) 

Cov, 2. Since b^c = b+(—c), we have 

ajb—c) = fl[6+(~c)] = a^+«(.— c) = ab—ac. 
Conversely, ab—ac = c(J— c) Hence 2aaj— 2flp=2fl(»— y). 
XJov, 3, fl(&+c+i?) ~ a{5+(c+tZ]} = flj^rt(c+rf) 

= ab+ac+ad. 

Similarly, «(&+6+^+e+/-l-...) s=: a&+ac+ad+ue+fl/'+ 
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Thus, when any multinonnal expression is mnltipbed 
by a monomial, the result is the sum of the products 
obtained by multiplying the different terms of the multi-+- 
nomial, by the monomial 

Conversely, ah-^ac^ad-^-ae-^- — • )• 

Example 1. Multiply 2ab’-Zi~ by 5ai 
bdb{Zab—Zh") = 5flf5(2«J+{— S&")} 

= 5a&x2fl6+6u&x(--8J®) 

Example 2. Multiply 8*® +5*® — 62+4 by— 6a;®'. 

{ - 6r®){a!* - Sa;® + 5a:® - 6a:+ 4) 

= (-6a:®)(aj‘‘+(-8a:3)+5a:® + (-Ga:)+4} 

=s (-6a:®) z* +(-6a:®)(-8a;®)+(-6a:®) Sa:®* 
+(«6a;®)(-6a:)+(-6a;®).4 
= - Ca:« + 18a:« - 30a:* + 8aa;3 -24a:®. 

N B The beginner is particnlarlj recommended to work out at 
first each such example m the method shown 'iboie, but after some 
practice he can safelj do away with the luteianediatc stops and write 
down the lesult at once in the manner exemplified below 

Example 3 Write down the product of 
-4a*+6ff®&-6a®i=-8aS®+9&* and-8a®&=, 

- 4fl* + 6«^&- - 8u&® + 9&* 

-8fl®J® 


12tt®J®-15a®&3 + 18o*6*+24(i36«-27o®&® 

Example 4. Simplify 2a:=(8a:-2)+2a:(2a:+8)-6(a;-3). 
We have 2a:®(8a;— 2) = 6a:®— 4a:®, 

2z[2x+S) = 4a:® + 6a:, 

6(a:— 3) = 6a;— 18 

Therefore, the given expiession ? 

= (6a:3-4a;®)+(4a;® + 6a:)-(6a:-18) 

= 6a:® -4a:® +4a:® + 6a: ^ 6® + 18 = 6®® + 18i 
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Example 5. Simplify 8o(2a— 5)— SB(a— G) 

Tutting X for 2a'- 5 and y for a— 6. 
we have 8a(2a —5)— Sa(a— 6) = Sax— Say 

— Sa[x-y) 

= Sfl{(2fl~5)-(a-6)} 

= 8a'a+l) = 3a^+8a, 


Exercise (19). 

Multiply 

1, 2a— Sihy ' 2. 25+8c by — 5a/ 

3. 2fl*--8J*— c* by fl&c 4. 22y®— y® by — 8a:y^ 

' 5; ~a“&+flj®-8a®&«+6fl® by -7i®. 

6. 2a5— 3?c+4flrc— by —SaHc. 

Write down tbe product of : — 

7. 3fl*a— 4aaj® + 5fli5 and — 2o®. 

8. — 2w®+8m®w— 5w«^ and 47W«. 

9. - 5z* — C* ® + 7a;® — 8* and — 4a;® 

JLO, --2c®<f-f 8rf®(;— 5a?®— 4c®(Z® and — 6<;®<?* 

11. 8a*— 6o®5+5a®5®— 4c5* and — 2a®J®. 

12 — a®J<?+aJ®<;— aJc®+a®J®— 5®c® and — a®J®c®. 
Simplify * — - ' 

13. 7a;®(a;-2)-2®®(a;-3)-8a;a(l-2a-) 

14. - 5a;® (a; -F7) - 7a:® (8 - 52:) + 87 ( 72 ; -4) + 1 7a:. 

16. 9a:® (a;® - 2y ® ) + 5y ® (8a;« *) + 8y ® (a;® - lOy ® ). 

16. a;®(a;®+2a;®+2a;)-2a:*(a;®+2a;® +2a;l+2a;ra;'®+2a;®+2a;). 

17. -2a*J® +2a®5)+2a*J®(a® J® --2a*5* +2a®J) 

' ■ +2c®&/a®J®-2a*J®+2a®5). 

18. 2a»5®(2a® &« + 6a®&* + Gfl®^®) - 6a®&< (2a® J® + 6a®i* 

+ 9a3 &®) -fc 9a®5® (2a® + Ca«5* + 9a®5®). 

19. o*(2a;— 8y) +a® (3a;+ 4y)— a®(5a;— 2y). 

20. 2a&(3a® -45®) - 2a5(2a® - 85*) - 2a5(2a» - 5®). 

21. a;®(2a2:+85a:+4ai:)— a:®(aa;+25a:+3/:a:)— a;®(5a:-f«?>. 
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9. To prove that («+6)(c+d'j=a;c+a<?+6o+6<?. 
Patting aj for c+<f, we have 
(a+J)(c+i?J = {a+l)z 
= <B{a-\-b) 

5= xa-^xl [Art 8] 

, = ax+bx 

s= 

= ac-\‘ad+bc’\-bil [Art 8] 

<7oi*. 1 la hke manner it may be shown that 
<a+&+c+rf+ )(m+M+?>+j-*:. ) 

= fl{m+M+|j+9+ )'1^6{nH-7?+2J+g' + .. ) 

+c(w 4-M+P+2+ . )+<?(?»+?? 4-^1 +2'+ . )+5'C 

Thus to multiply one multinomial expression by an- 
other we have to multiply every term of the one by every 
term of the other and take the algebraic sum of these 
partial products. 

Cov, 2, Since a— 6=a+(— &) and c— ds=c+ ( — rf), therefore, 
(a—J)(c—r?j={a4-(—&)}{c+(—<?j}=efc+fl(— /?)+(— J)c 
+{—b){—d)=ac—ad—bD-\-bd - 

Example 1. Multiply 2fl!+S& by4«+5& 

(4a+6i)(2a+SJ) = (4a!)(2«)+(4o)(8J)+(56)(2a)+(5&)(3J) 
= 8«= + 12cJ+10aft + 15ft® 

= 8a®+22a&+16&® 

Example 2 Multiply 8aJ-7y by 2a:-5y. 
<2a:-5y)(8a!-7y) = (2a!)(8z)+(2a!)(-7y)+(-6y)(Sa;) 

+(-6yX-7y) 

= Ga!“-14a!y-15ry+35y“ 

= 6a!3-29a;y+36y3. 

Esercise (20), 

Multiply — 

1, 2a+85byo+&. ,2. 2m'-8nbyw— w 

3. a+5+c by flf+J+c 4 , by a— 6+c, 
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’6, by a-J-'C 6. a— 2&~8<j by 2«—6— c. 

7. 2ie--8y~4sby«-y~-£. 8. -5«+2a-3J by 

9. '®®+y*+s’’ byar—y— £. 10. icy+ys+earbya-y— ya— g®, 

10. Arrang’ement of an expression according: 
to descending: or ascending* powers of a letter. 

'When the different terms of an expression contain 
different jpo-wers of any letter, if we arrange the terms m 
ancb a way that tbe_term containing the highest power of 
that letter is put first on the left, the term containing the 
next highest power is put next, and so on, and the term 
which either contains the lowest power of that letter or 
■does not contain that letter at all is put last, then we are 
■said to arrange the expression according to dcscmding powers 
of the letter considered If the order of the terms he 
reversed, the arrangement is said to be according to 
^sanding powers of the letter Thus the expression + 
'3a**y— 3a®»“y®+4a*«'*y3— 2a«’y*+®®y® as it stands may 
be considered as arranged either according to descending 
powers of «, or according to ascending powers of y , hut if 
itis arranged 

4-8a'*a:y, it is arranged according to descending powers of 

* J? Wlion one expression is to be multiplied bj nnothci it is 
found roMi etuoK to arrange both the multiplicand and the multiplier 
■according to descending or iscondmg powers of some lottei common 
to them, and proceed as exemplified beloiv 

JBxam.ple 1. Multiply o®~J®-c5by ' 

Multiplicand » cfS— aj— 52 

Mulfiplier ss fla-f-a5_5a 


"Product by a® 
Product by +ah 
Product by ~ J® 




Complete product = a* — 

Note Tlio process show a aboio may bo described as follou's — 

1 The multiplier has been iilacod under 'the multiplicand after 
haling niTariged them. both accoidmg to descending poivots of a, and 
■u. line has lioen drawn below the multiplier The successive pro- 
'ducts of the liiuUiphcaud bj the different terms of the multiplier 
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Tjegimiuig from the left have then been placed m different hori- 
zontal rows, m snch a manner that each set of lihe terms may he m 
the some vertical column A line having been now drawn below the- 
lowest of the rows, the -complete product has been found bj wilting 
down the sum of each i ertical column immediately below it 

, Example 2. MultipIySa* — — Set® by— 8®®+2a*+5«a!. 

■V 

Arranging the mnltiplicand and the multiplier accord- 
ing to ascending powers of we have — 

Multiplicand = 2a®— 5a»— 

» 

Multiplier = 2a® + 6a®— 8®® 

4a*— 10a®®— 6a®®® 

+ 10a®®— 26a'®® — 15a®® 

— 6a®»® + 15a®® 4- 9®* 

Product s= 4a* —87a®®® +9®** 

Examples. Multiply 2a®&— 6a&®— a* + 8a®S® by 

2a*— 8a^5+4a&®— 6a®5® 

Arranging the multiplicand and the multiplier accordingr 
to descending powers of a, we have — 

Multiplicand = — a*+2a®5+8a*J®— 5ai® 

Multiplier = 2o*— So®6+5o®6®+ 4o‘&® 

-2a8+4a^6+6a®J®-10a®ft® ' ' - 

+ 3a’J-6a»&®- 9a®a® + 15a*&* 

+ 6a®J®-10a»J®-15o*J*+25a»J« ' 

- 4a«J®+ 8o*i* + 12a®S®-20a®5® 


Product 

= -2a8+7a^J+5a«J®-88a®ft®+8c*J*+87a®J«-20a®J^ 

Note In this example the multiplicand and the multipliei are ^ 
each homogeneous and of tlie 4th degree^ whilst the product also is 
homogeneous and of the 8th degree Similaily it maj"^ be seen that 
whenever the expiessiou -to be| multiplied toother are homo- 
geneous, the pioduct also is homogeneous and the degree of 
product is equal to tlie sum of the degrees of the expressions 
lav is of great impoitance in 'testing the accuracy of a mtutipli- 
catioij when the multiplicand and the inultipliei are bbth homo- 
geneous, for in this case if the product obtained does not turn out ^ 
to he_bomogeneons, we are sui^ mere has been an error somewhere^ 
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Example 4. Malliply together 
jand + 

(i) +5° 

a** 4 - ab +J* 

a^'-a^b 

— a‘b^-\‘ab^ 
^a^b^-ab^-k-b* 


a* -t-a^b' 

(ii) a*+an^+b* 




+«■*&* 

-a^b^-a*b*-an^ 

+a*b*+aH^+b^ 

+a*b* 4-J® 

Thus the required product = a® +a* 6 *+ Ji®, 

Example 5. Multiply mx-—nx—phjz^+pz—l, 

Mulbplicand = mz^ ’-‘nx—j? 

Multiplier == x^+pz'-l 

mz*--nz^ —piz^ 

■\-pmz^ —pnz- —p^x 
-^mz-+nz^p 

Product ss jwz* — (« -’pm}x^ '-ip+ pn + m)x ^+(p—p^)z +p. 

Note The snms of the lertieal columns are put dovm as above 
bj*^ the help of the coroUancs to Art 8 and the laws for the insertion 
of brackets 


Exercise (21). . 

Jdultiply ' — _ ' ' 

1. a®— J5+1 by a;*+®+l. 2. «® — aJ+J* by a+5. 

'3. a*'}-flj+ by a— J. 4. a’— 2a&4-J® by a’’4-2a5+&** 
'5. a*+jr’ + L. bT a*— a® + 1.,' " " 
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6. y®— +®’y’'+y'’ 

7. m* —tn^n^ ■^n* by m 2^+«- 

8. by — j»+jt7“ 

9. 25J*+80fl!&+9o® by 8fl— 56. 

10. fl!®+5(i6“-6o*'6by 66» + «» + 6fl6 

11. 2o— 86+4c by 2fl+86— 4c 

12. »®--8a;®4-8aj— 1 by jb® + 8®+1 

13. 2flaj® + fl*+8fl^a!*+a!^+2«®a; by 2flta: 

14. o3+8o®6+63 + 8fl6» by 8a6®-63 + o3-3a»6 

15. sc®— -ll+a!*— 4a:+2®® by 8+a:®— 2a? 

16. l+2a?+a?* + 2a?®+8a?® by 1+a?^— 2a’ 

17. 6*+a®6®+a36+fl*+a6» by-aa6®-a36+6'^-fl63+«4.. 

18. a?®— iry— a-a+fy®— by a?+y+2 

19. fl®+6 ®+c®— 6c— ca— o6by 0+6+c. 

20. 5fl®6+‘463+2fl®-8fl6® by 2a6®-8fl®6+a3-56® 

Mnlhply together — 

21. a+6, a— 6 and a® +6®. 

22. cf*+a®6®+6*, a+-6 and a— 6 

23 a?®+a?^y*+y®, st’+v®, a?4-y and a?— y 

24. a?®4-8a?y+5y®, a?®— Sa-y+Sy® and a?*— a?®y®+y*. 

25. a^®+a®6®+6'®, a*+a®6®+6S ®+& and a— 6 


Multiply — 

26. aa?®+6a?— c by yz— j 27. mi®— «a?— r by mz-j 

'28. az®— 6z+c by z®— 6z— r. 

29. az® — 6z®+cz— d by 6z’— cz4-d 

30. yz® — (y— r)z+sby mz®— «Z— 5. 

31. Multiply together z+a, z+6 and z+r 

32. Multiply together z— a, z— 6 and z— c 


Assuming a“xa" = a"+" 
and «, prove that — 

33. a^ X a^ a. 

’ - i & 

34. z^ xz® = z 


to be true for all values of m 
l^a^Xo^ = = a* = a ^ ' 


ti'* 
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35. 0 ^ X X —a 

i^Xflt^Xfl^ ==a’'*'^+^ =sfl* J 

36. V«- ' 

* 

I^(o^)*=a^Xtt^ X«^‘ s= « « := rt , a*^\,'ii ^ 

37. « Vz\, 

38. / == Vv\ 

39. == 

40. , 

41. c®xc?xc^s=c® 

42. y\'Ay’ %y^ ^ y'' X 

43. sc**^ X *® s= a® 

[j'^^Xj'" =a^»+» = <■* ] 

44. y*y,y-'^ = y~^. 

« 

45. s^xs“^ = g. 

46. 


~ a“- Xa“> 

^ y (i-t ^ 

47. . 

<, 48. = V'^~^ -' 

1. 

49 a ^Xfl * ss a“' 

. 50. = a~®. ■" 

^ Write down the product 'of 

51. and 2*^“ 

52. Sy^ and — 

53. 2x^y^ and 

_ 54. — and ~8aj%^» 


65. and and 

67. -4dMc^ 'and"-8a^&M 
58. ~5®Vs^ and -Saj^y^gT^ 

- 59. . -6(!*J"f«'?_and.6a"iaV^- -,- 
60. ; ;at,a 
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Multiply — 

61. by 62. o^— i^byo^— 6^. 

r > 

'63. 8®^— 4^^ by 64. jf. by 

65. by x^—y^. 

66. a- — a^i"^ + by a- + a^6^ + 

67. 2x^ — 6a^y^ — 8y’’^ by 2a^+ 6a^y^ — 3y^ 

68. a^+a®&®+a^d^+a5+a^A^+&^ by a^— 

69. i^—xy^+^y —y^ by 

70. a^+a^5^+a^6+&^ byr a^— J^. 

71. a;^+y^+2^— by^^^yi^gs. 

72. a®"— a"a"+a”" by a"+a". 

73. a"®— 4a“®5+4a~^J®— 5^ by a“®— 2a~^^+J®. 

74. a“®+3a~^y^+2y® by a"® — 8a“^y^+2y* 

76. 2a-® +8a~®r^-5J-® by 2a-® +8a“^i"^ +5&-®. 

r 

76. 3a“^— 5u"^y‘‘^+7y"^ by 3a“^4-5z“^y'’^— 7^"^ , 

7 _c 1 

77. Arrange 8z-®a®--8a‘®^a+6a-'a*-f 2a®— 7a ^a®— 6a*a 
+4a®a® according to descending powers of a. ' 

78. Arrange 6a~^J”^+8a^S-“— 8a~^— Sa^'i"*— 7a~^i~^ 

r'* 

“ « .- 3 . _ 3 . _® * *-• 

“ +6a3i 2a ® according to ascending powers of a. 
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POEMUL^ AND THBIE APPMOATION; 

1. Definition. Any general result expressed in sym- 
bols IS called a formula In other words, a formula is the 
most general expression for any theorem respecting nume- 
rical quantities 

Note As a comploic kuowlcdgo of some of the principal 
'fonmiltc IS essential for pcrforminir certain algebraical operations 
ith neatness and accuracj it hoa been thought fit to laj before the 
student, at this stage of his progress a somouhat copious treatment 
of the subject of formulai The beginner is rcconunondcd, hoAvover, 
in reading tluh diaplcr for the first time, to familiarise himself with 
'the application ol such of them onl} as are comp.iratiielj simple 
and of more frequent use Hence for his guidance some of the 
later articles of the chapter are marked wnth asterisks, several of 
which may be coinoniontl^ omitted for the first time 

2. Formula («+&)* = 

[(a+6)'‘ =a(a+iX«+i) 

=s rt(a'{-6)+i(n+&) 

s=u»+2rt&+6» ] 

That 18 the square of the sum of any (wo quantities is equal 
<io the sum of then squares plus twice then product* 

Oov. = (rtS+2ai!» +&3)-2fl6 

» = 2fl&. 

Ezample 1. I)nd the square of 2®+8jr. 

(2®+Sy)» = (2z)»-h2(2a;)(Sy)+(83r)a 
= 4a;’+12®y+9y*. 

Example 2. Find the square of 5z+4. 

(52+4F = (6a;)* +2(5®) 4+4* 

= 25®* +40®+ 10. 

^Example 3. Fmd the square of 4a*+7J*. 

(4tt*+7&<)* = (4«*)=+2{4fl*)(7J4)+(7&«)* 

= 16ff«+6Ca»5*H49J*. 


1—5 
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Example 4. Fmd the square of a+S+e. 

(c+J+c)’* srs (regarding 6+c as one term)3 

= «®+2fl5+2ac+J“+2ic+c® “ 

, M = a“+J*'+fl®+2fl6+2fl<;+2fic 

Example 5. Fmd the square of a+'b'^-c+d 
(a+J+c+dfj® = {(a+6)+(c+rf)}*, (regarding a+J as one term 

and c+rf as another) 

= (<i+5)®+2(<J+6)(c+rf)+(c+d)* 1 

= (fl*+2o&+5®)+2(flc+c<f+Jc+5i) 
+(c*+2cd+d“) 

= a*+J’’+c*+d* + 2fl5+2ac+2flfd+2&c+2Jd" 

+ 2 «?. > 

Example 6. Simplify {a+^-cy +2{a+i—c)ia—l>+c) 

+(c— “J+c)*. 

Putting a for («+6—c) and y for (a— 5+c), we havo the- 
given expression — a!®+2a!y+y® 
c= (aj+y)* 

s= {(a+J— c)+(ff— 5+c)}“ 

= (2a)» = 4o». 

Example 7. Find the value of 9a;®+80a!y+26y”, when ‘ 
«r — 15 f 1/ — 9. 

The given expression = (Sa:)®+2(3aj)(5y)+(5y)* 

= (8aj+5y)» 

But 8aj+5y = 8xl5+5x(-9) = 45-46 = 0. 
The given Expression = 0. 

EKepcise (22). 

~ Knd the square of each of the following expressions — 
1. 8a!+4. 2. 7aj+8. 3. a+55, 4. 2^a+7J. 

6. 8a!+8y. 6. 5m+8n 7. ax+8iy. 8 4a5+c®» 

* 9. 2a3+65». 10. 4m®+«3, 11. a+26+Se. 

12 . ad+dc+ea. ^ 13.r'2j7+85f+4r.vl4. a^+y^+s*.. 
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15. 2x+Sy+4g 16. x^+ff^+0*. 

17. x+y+2a+Sl, 18. 8»+4&+<;+2«?. 

19. 2ff+a+42^+8g. 20. 4OT+8»+8;7+2y. 

Simplify — 

21. (a;+y)’‘+2{®+y)(a-3^1+(a;-y)*. 

22. (i5~y+2)®+(y+s~a)®+2(a!-y+2)(y+g-»), 

23. (2fl~8&+4c)»+(2a+8&-4c)s 

+2(2a— 8J+4c)(2«+8&— 4<x). 

24. (50-76)® +2(6o-76)(9J-4fl)+(96-4a)». 

25. (2aJ— 5y — Sz)® + (6y + Sz— a)® +2(2a— 5y — 83)(6y +8z— a).. 

Eind "the value of : — 

26. 4a®+28z+49, ■w’liena= — 8. 

27. 25a* 4*4006+166®, ■when o =—18, 6 = 28, 

28. 81a®+90ay+25y®, "when a = 15 and y =—27. 

29. 16m® +56mn+49o*, when m = — 18 and » = 7. 

30. 64o®+16flc+c*, -when o *= 6 and c = — 49. 

31. 81a®+18zz+2*, when a = 7 and s = —67. 

32. 86p* + 182 ^ 5 -+ 121^®, whenp = 12 and = —7. 

33. I£m+— =4, show that m®+f— ) = 14. 

m V m/ 

3. Formula S(a-&)® = a®— 2a6+&®. 

[(a-6)» = (a-6)(a-6) 

= a(a — &) — h[a—l)) 

= a’— 2a6+6=' ] 

That is, the square of the difference of any tioo quantities ] 
is equal to the sum of their squares minus twice (heir product, 

"Note This fonnuLa is Tirtuallj inclnded in the formula of the 
Iswt article Por {a—hY = {a+(— 6)}® = a“+2o(— &)+(— 6)® = a® 
— 2a5+&® 

Cor, , 2. o®+6® = (o®— 2fl6+6®)+2o6 = (o— 6)®+2o6. 

Cor, 2, Since (o+6)® = a®+2a6+6® 
and (a— 6)® = o®— 2o6+6®, 
e-vidently -we have 

' (o+6)® = (o— ’6)*+^6 and(a— 6)® = (a+6)®— 4o5. , 
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Ezample' 1 . Eind>the squarS of 8o— 45 ' 

(Sa~46)a = (S«)®-2<8fl)(45)+(46)» 

S= 9aa-24a5+lG5“ 


, Example 2 . Find tlie square of x^y—z 

(aj-y-s)* = {a!-(y+s)}* 

= a;®’-2a!(y+s)+(y+2)* 

= sc*— 2z^— 2i2+y®+2y2-|-s* 

* = aj®+y*+s®— 2a:y— 222+2^2 

Example 3. Fmd the square of 2» — 8y — 4s 

(2®-8y-4s)» = {2s-(8^+4s)}*. 

= (2s)*— 2(2s)(8y+42)+(Sy+4s;' 

= 4s*— 2(6sy+8®3) 

H-{{8y)*+2(8y)(4s)+{4s)*) 
s= ^®—12sy—16s2+9y* +24^2+162* 
s= 4s*+9^® + 16s*— 12sy— 16s2+24y2. 

Example 4. Find the square of «— 5— c+(?. 

(a— 5— o+dj* s= {(a— 6)— (c— dj}® 

= (a— 5)®— 2(o— 6)(c— d).+(c— d;® 

= (a®— 2a6+5*)— 2(cc— fld— 5c+5d) 

+(c®-2cd+d®) 

= «*— 2«5+J*— 2ac+2(rd+25c— 26d 

+c*— 2cd+d* 

= ff®+i®Hj-<!®+d*— 2a6— 2flfc+2fld 
' +25c— 25d— 2cdL 

^ Example 5. Simplify 

: (os — 5y + cs) * + (as — — C 2 )® — 2 (us — + cs)(os — 5y — C 2 ). 

Putting m for (as— 5y+<2) and n for {ax—ly—cz\ we 
have the given expression* 

= i»*+«®— 2mn 
s= (m— 

s= {{os— Jy+cs)— (as— 5i^— cs}}* 

« (2c2)*^,4<;®gV^ >, ' 
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'Example 6. the valne-of 9a^--48fl5+645®,’ -v^en 

=±s 15 attd b — ,6. 

The given expression = (Sc)*— 2(8fl!)(8J)+(85)® 

= (80- 8J)® 

, =(45-48)» , 

V =(-3)3 
= 9. 

Exercise (23). 

Find the sqnare of each of the following espressions — * 


1. 

2k- 7 

2. 

8k* 

-6 

3. 

az—by. 

4. 

— 5k— 8y. 

6. 

3m 

— 8». 

6. 

—ab—cd. 

7. 

a=5-c=tf. 

8. 

a:®- 

-2ya. 

9. 

—innp~-qr,‘ 

10. 

203-56® 

11. 

0— 

26— 8c. 

12. 

2x—By'^iz 

13 

8)W— 4w— Sg' 

14. 

03. 

-863 -5c3. 

15. 

x-y-^a—b. 

16. 

0 — 2a!— 86— 4y 

17. 

90- 

-1. 

18. 

120-8. 

19. 

600-2 

20. 

1000-7. 


1 


Simplify — 

21. (a+8&)3-2(0+SJ)Cfl-S5)+(0-8J)3 

22. (2«— 45+5c)3+(2a+4J+5c;3 

-2(2«-4&+ 6c)(2o+4&+56). 

23. (8a+56+7c)3 + (7c-4a+5&)3 

, -2(8a+56+7c)(7c-40+6&). 

24. (21® -y3 -523)“ -2(2af3 -bz'^){!oZ^ +2»3 -yO) 

+(623 + 2a?3-y3)a, 

25. (o&-Jc+«i)3+(aJ+4Jc+2<w)3 

—2{ab— &c+c0)(0i+4Sc+2cfl). 

Find the* value of — 

26. 03&3— i2fll&c+3Gc3, when a=4t^b==7 and c=5. 

27. aj3y 3 _ 2 ixyz + 1442®, when ® = 7, y = 9 and i= 6. 

28. 25(*+y)3+s* — l02(a:+y).vrhen{B = 47, y =— 22and 

'> a = 129. 

29. 9c3--42c(o+&)+49(a-l-5)3, whena=s— 87, J = 57 and 

c = 45. 



70 


ALGBBBA. M&DB B/lBT. 


[Chap, 


SO., 64(7p~6fi')^— 96(7p— 5$')r+86r*, when^ = 28, y = 82 

and r s=46. 

31. If c — ^ = 4, show that -- ig. 

4.' Pormiila {a-^h)la—b) — a^-h^. 

[(o+J)(a — b')=a(q — J)+J(a — h) , 

= o’— &»] 

That IS, the product of the sum and difference of any itoo 
•qmntiitea ts equal to the difference of thexr squares 

Note Conversely, a^~T>^ = (a+b)(a—l>) Hence we can. always 
find the factors of an expression which is of the form a^—l* 

[ When one expression is the product of two or more expressions 
each of the latter is called a fhotor of the former ] 

Example 1. Multiply 8flJ+6y by Sz—5y. 

(8aJ+6y)(8a;-5y) = (8af)a-.(5y)» 

= 9a!»-25y». 

Example 2. Multiply a+i—c by a-h+c 

(a+d-c)(ff— 5+c) = {a+(i— <;)){a-(J-c)} 

= b»-(&3-2Jc+c2) 

= a®— J“+2}c— c*. 
Example 3. Multiply aj’+sTy+y® by x^—sry+yK 

<aj»+a:y+y®)(a®-ay+y®) = {{x^ +y^')+xy}{{x^ +y^)-xy) 

= (aj»+y®)*-(a:y)® 

= a!*+2®®y®+y*— {i!®y® 

= a*+aj*y*+y*. 

Example 4. Simplify (a®+o&+&®)*— (o“— a6+J®)*. 
The given expression s= {(a®+a5+J®)+(c®— 

‘ , x{(a®+a5+&®)— (a®— o5+5»}} 

s=5.(2a» +25®) X2ai 
s= 2(a®+5®)x2a5 

= Arthtn^ J-A* 1 
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Szample 5. Find the value of (9726854)®— (9726849)®. 
The given expression 

= (9726864+ 9726849)(9726864- 9726849) 

, = 19458708X5 

= 97268515 

^Example 6. Resolve into factors (a+J)®— (c— <?;®. 

The given expression = {(a+5)+(c— 

= (fl5+&+C““<fJ(flf+J— C+<Q» 

^Slzaxnple 7. Resolve into factors 16«*— 81«*. 

The given expression = (4a®)®—(9aj®)® 

= (4a® + 9aj®)(4a® - 9»*). 

Again, 4a®— 9a:® = (2a)*— (Sa:)* 

= (2tt+8a)(2a— 8®)* 

THence, the given expression. 

= (4a* + 9®®)(2a+8a)(2a— 8®). 

Exercise (24). 

1 

"Multiply together — 

T.. aa+iy andca— Jy. 2. 5®+8 and 5®— 8. 

■3. <j®+<f® andc®— <?*. 4. a6+&c andaJ— Jc. 

5. 7a+8& and7a-86 6. 4a®-6&* and4a»+5&». 

'7 and»n®+3«8 2ab—lic and2a5+7i0 

9. »+l, ® — 1 and a® +1 10 a® +5®,o® r-t® and a*- +5'*^. 
11 . a+5+c and a+J— c. 12 a+5+c and a— &— c. 

13. ?re*+«i«+7i® and ?B®— OTM+w®. 

14. a®+5y— cs and a®— Jy+c®, 

15. a— 2&+8c anda+25— 80. - 

J6. ®®— ®+l and a®+®+l, 17. ®*— ®*+l*and®*+®® + l. 
3.8. a®+2ay+2y® and a®— 2®y+2y®, 

19. a®+a&^/2+J®and a®— a5;y2+J*. 

20. a®— 2®+l, a®+2®+l and d:*+2®®+l 
Simphfy — 

21. (a+5-c)®-(a-5+c)®.22. (B-2J+8c)?-(a+25-8s)®, 
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23. (a“ -pay +y®)® ~(sb® —a:y+y=)=. ' 

24. (®+y— a+&)“— («— 

25. (2a+8&~5c+7rf)*-(2fl-85+5c-7ij® 

Find the value of- — 

26. 2845 x 2845 - 2848 x 2843 27 (68497)® -(58487)®.. 

28. 498567 X 498667- 498662 X4986G2 

Resolve into factors — 


29. 

26a® -86. 

30. 

9a*- 

IGc® 

31. 

16m®— 49«® 

32. 

4p®-8J?® 

33 

a®a®- 

-646® 

34. 

86a*-121^‘‘. . 

35. 

49-G4rf® 

36. 

144c« 

-25d'. 

37. 

(a+6)*-c* 

38. 

(a+26)®- 

26c®. 



39. 

4a®-(8a-46)®. 

40. 

a®-(26-3c)® 41. a* 

-816« 

42. 

(x-yy-^ia-by 

43. 

81a'*-625?/-* 



44. 

(2a-6a)®-86a= 


45. 25a® -(4® +1)®. 46. (4fl+7J)®-(3o-86)®. 

47. (8a+6y)®-(2a-7^)® 48. (<i+26-8c)®-(o+6-<;)®. 

49. (2ot+8«-5;>)®-(2m+8^)?. 

50. (8a-4y+7s)®-(2a-8y+5g)®. 

5. Fonmila (a+6j® = cf®+3a®&4-'5a6®+&®, 
oj« = «®+l»®+3a&(a+6) 

[(a+6)» = (a+6X(i+6)* 

. = (a+6)(a'‘+2a&+6") 

= «(n»+2o&+&*)+6(a*+2a&+5*> 

and tins latter = e*+3aJ(a+6)4-ft“ 

Cop = {a® + 6®+8c6(ff+6)}— Sff6(ff+J) 

= (fl+6>®— 8c6(<i+6) 

Example 1. Find the cube of Sa+56. 

(8fl+66)® = (8rt)®+8(8o)®(66)+8(8fl)(66)=+(6J)® 

= 27a®+8(9fl“)(6J)+8(8fl)(25&®)+1256®‘ 
= 27a® +185o=d+226fl6® +1266®. 

Example 2 Simplify (a— S')®+(a+y)®+8(a— y)®(a+ 2 r) 
+8(a+3r)®(a-y). 
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Patting a for x—j/ and d for x+y. we have 
the given expreesion = o®+6®+8a*6+86°cf 

= a^+3ff®S+Sfl5“+&® 1 
and = (a+J)® 

= {(*-y)+(a+y)}® 

= (2a!)3 _ 8a.3 

Example 3. If a+i= 5 and db= 6, find the value of a® + 

, We have fls®+J® = (a+&)®— 8a6(a+J) 

and .* by the given condition, = 5®— 8x6x5 

= 125-90 = 35 

Example 4. If an — =p, show that ®® + ( — ) = a® — 8;ii. 

X \ X / 

Since rt®+53 =s (a+6)®— 3a6(fl+6), 

... 

= hAT-i^+T)- 

Hence, the required value ss p^—Zp 
Example 5^ Find the cube of p+q-\-r 
(p+?+r)® = {(p+?)+r}® 

= (p+3’)®+8(p+g')®r+8';p+g’'r® + r® 

= (p®+8p®j+8272®+2®)+3{p®+ 2pg^ g^)r 
, +8C2?+j)r2+r3 

= j!?® + g® + r3 + + S27®r +8;?r® 

+Zq-r-\-Zqr^ + Qpqr^ 
Example 6. Find the value of ®® + 9a®^+27a;y®+27y®, 

' ' when X = 5 and y s=— 2 

The given expression = a;®+8!c®(8y)+8*(8y)“+{8y)® 

= (a;+8y)® (5-6)® 

= (-l)®=-l. 

Exercise (25). 

Find the cube of — - ' / 

1. 2a!+l 1 2. 8aJ+y 3. 2«+'8a '4. a®+25.'v v ' 
'5. 6. a'h2x+i. 7. 2m+Sjt+p. 8. xy+ys+gx. 
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Simplify — ‘ 

9. (8W+ 6«)® + 8{8w + 6«) ®(2»t -- 5») +8(8w +5»)(2 j»— 6»)* 


+(2ni— 5k)®. 

10. (8aj--8y)® +(9y— 2*)® +8faj+y){8a?-8y)(9y— 2®). 

11. (8a-76)®+(10J-8fl!)®+9J(8a-75)(10J-8a). 

12. (6aj-2)®+(8-4*)«+8(a!+l)(6«-2)(8-4a!). 

13. (8 - 7a)® + (8a- 1)® + 8(8a- 1)(8- 7a)(a+ 2) 

14. (a— 6+c)®+(a+6— c)®+6o{®“”*(^"“®)“}* 

JFind the value of fl®+J® — 

15. When «+S = 6 and ah == 7. 

16. When «+5 = 7 and a6 == 8. > 


17. If fl+— = 8, show that a®+f-l.y=; 18. 

a \ a I 

18, If = 4, find the value of + 


Find the value of 


19. 64 +48a+12a®4-a®, when a «=— 8. 

■20. 8m®+86OT®n+54«m®+27»®+64, whenf»s=6 

and n =— 6. 

21. a® + 15a®+ 76a+189, when a =— 9. 

22. a®+18a® + 108a+851, when a =-11. 

23. If X+1J =6, show that a®+y® + 16ay = 125. 

24. If a®+i®=c®, show that a®+J®+8a®J“c® = c®. 

25. If jp+fi' = 2, show that p®+ 5 r® + 6pg' = 8. 

'6. Formula (a— &)® = a®— ,9a®6+5a&*— 6* 

. OT = cr®- &®— 5<le6'a— &). 

[(a-&)» = (a-&)(a-J)» 

* = (a-J)(a’-2at+t'‘) 

= a(a’-2a&+&»)-Z<a*-2o54-&*) 

= a’ — 3a’J+3a6’— J®, 
and this latter = a®— '3ai(a — &)— 6* 

= a® — J* — 3ai(a — J)] 

€}or. — {a®— J® — 8aJ(a— 5)]+8fl5(a— 5) 

1 sss (a— 5)®+8a5(a— 1>). 
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tixample 1. Find the cube of 8a’-4y. 

(3®-4i/)3 = (8®)3-8(3«)*{4y)+8(82)(4y)*-(4y)3 
=: 27*®-3l9z*){4y)+3(3a;)(16y2)-64y» 

= 27 i^- 108 a*y+ 1 ^ 4 ®y*~ 64 y 3 . 

£iZample 2. Fmd the cube of a— J— c. 

(o— J~c)“ = {{a— J)— cP 

=! (fl-i) 3 - 8 (a-&)a<;+ 8 (o-&)c»-c» 

= (a3~8a*i+8flJ*-S3)_8(<,s_2<ij+j*)c 

+8(a— 6)c*— 

= c®— 8fl*6+8c5*--8B*c+8fltf* 

•— 86®a— 36c* +6a5c. 

£!zaziiple 3. Find the Talne of 27a!® — 54«* + 36z— 64, 

•when z = 2^. 

The given expression = (8«)®--3{9a!*) 2+8(8a:).4— 8—56 

= (3ic-2)®-56. 

Hence, the required value s= (7— 2)®— 56 

= 125-56 
= 69. 

Exercise ( 26 ). 

Find the cube of — 

1» 1— 2a 2. 2— SflJ, 3. 8— 4af. 

•4. 5771— 4i/, 5. 2p— 57. 6. 2z—y-—z 

7. 8. 

Simplify . — 

9. (fl+26)®-8(o+26)»(a-26)+8{a+26)(a-26)* 

-(a-26)®, 

10. (3aj-8y)®-(2«-7y)®-3l8a!-8y)(2aj-7y)(a!-y). 

11. (5a-8)® -(8a!-8)® - 6a;(6a5-8)(8aj-8). 

Fmd the value of . — 

12. »i®— 12»z®n-}-48»in*— 64n®, -when m => 12and « = 8. 
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13 . 27o8 -185o“‘+ 225a -125, -when a = 4 • - ' 5 

14 . 8— &a+27a®— 27a®,. when a = 8. ' ’ 

15 . ^216 — 144® + 108*® — 27*®, when * = 8 

16 . If a— 8, find^the value of a® — . 

17. If c — ^i= 6, find the value of 

18 . If „ *— y = 8, show that *®— y®— 9*y «= 27.. 

19 . If ^—2y = 4, show that p^—8g^—2ipq = 64. 

20 . If 2a— 85 = 6, show that 8a®— 275®— 90a5 '=125. 

7. Formtila (a+ftKa**— a6+6®) = a®+6®. 

[(a+b)(a^—ah+h^) = a{a=— a5+6’>)+5(a®-a5+5®) 

= (a»— n='5+a5»)+(a’5-a5*+5») * 

' =a»+5»] 

Note Conversely, o’+5* = (a+5)(o®— a5+5*) Hence, we- 
can always resoh e an expression into factors when it is of the form> 
0*4-5” 

Example 1. Multiply a**-®® 4-1 by*® 4-1 , 

Putting a for *® and 5 for’ 1, we have 

a'*—*® 4-1 = (a®)®-*-*® 1 + 1® = a®— a5+5® 

Hence, (a® + l)(a*— a®+l) = (a+5)(a®— a5+5®) 

= a®+5® 

= (*®)® + l® = a®+l 

Example 2 Multiply 9*® — 12*+ 16 by 8* +4 
Putting a for 3a and 5 for 4, we have 

s 9*®-12a+16 = (8*)®-(8*U+4»' 

=. fl®— c5+5® 

Hence, (8a+4)(9a® — 12a+16) = (a+5)(a®— c5+5*)» 

- =03 + 5® 

= (8a)® +4® 

= 27*® + 64 

.Examples. Multiply -16a®— 20a5+255® by 4a+55. 
Putting a for 4a and y for 55, we have 

16a®-20a5+255® = (4a)®-(4a){65)+(55)« '» 

I— i*®- ay+y* 
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Hence, (4:<H-56)(16/*2-50a&+265=) 

= (®+y)(a!““*y+y^) 

' f - = a®+y3 

^ ' =(4a)3+(5J)3 

= 64fl3+125&3 

Sxample 4. Eesolve a®S®+ 86® ante factors. 
o®J®+8e®= (fl5)®4-(26)® 

= (aJ+26){(fl&)®-(a5)(26)+(2e)8} 
= (a&+26)(a*J“--2a&e+46*). 


Ezepcise (27). 


Multiply . — 


1. 


by 

a+1 

2. 

4a>2-2z+l 

by 

2a! +1. 

3. 

2ow®-6m+l - 

'by 

6wt+l. 

4. 

16a!*— 28a!y+49y® 

by 

4a!+7y 

5. 

9ni*— 24wn+64n* 

by 

' Zm+Bn 

6. 

«*&*— 4oJc+166® 

by 

ah+ic 

,7. 

a*a;*-5a6®+26&* 

by 

ax+5i. 

8. 

25fl*-46o5+81ft® 

by 

5a+9& 

'Eesolve into fadtors 




9* ®®+8 10. 8a^ + l. 11. ni®,+27. 

12. 27a;® +1 13. z®+64 14. I25»i® + 1. 

15 8o®+843a;® 16. 64a®a;® + 272^®. 

8. Pormxaa (ft-6)(a*+a&+&») = «3-6® 

[(a— &)Ca»+a&+i*) = o(a=+c6+i®)— iCa^+aJ+ft’) 

= (a»+o“6+a6*)— (a“6+a&'»+6») 

= a»-6»] 


Note Conversely, a»-6» = (o-&X«*+aJ+iO Hence we 
can always resolve into factors an expression which is of the form 


- Example 1 . Multiply 4 a®i*+ 2 a 5 * + l by 2 a 6 *~l. 
(2aJ®~l)(4a®ji+2«&® + l) 

' ,= ( 2 aB»-l){( 2 a 6 »)*+( 2 o 6 ®)l+i®} - - 
= {2ai^)f-p 
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Example 2. Resolve ' 64 *®— into factors*. * 

^ 64a®— fl!®y® = (4a®)®— (ay®)® 

= (4a® -fly»){(4a»)a +(4a»)(cy®)+Cay®)*^ 
= (4a®-fly®)(16a*+4aa®y®+a®y®). 

t 

Exercise (28). 

Multiply : — 

1. l+8a+9a® by l-8ff. 2. 16a®+4a+l by 4a-l.." 

3. 25TO*+15»!n+9n* by 5»t— 8« 

4. a®+2ayz+4y®a* bya— 2y3 

5. 9a®+8fl6c+6®c* by 8a— &c 
Resolve into factors — 

6. 125a® -1. 7. 848a® -Sy® 8 216fc*-126Z®. 

9. 1-512&®. 10. 729m®-64o®n«. 

9. Eormiila (£B+a)(a5+ft) = a5®+(a+6)a5+a&.. . 
[(»+aX®+5) = a(®+&)+a(®+6) 

= ®*-l-(a-f-&)®+a6] 

Hote It IS easy to see that the above formula includes the=- 
foUowmg results — , 

(1) (x — o)(®— 6) = ®’ — fo-f-tlaj+oil 

(2) (a — a)(®+5) = ®“+(6 — a)x— o&j- 

(3) (®+aX®— i) = x°-f-(a—b)x—al> J 

For instance, (a— a)(®— i) = {»+(— o)}{®+(— &)} 

= ®“+{(— a)+(— 6)}®+C— o)x(— i) 

= x^—(a+b)x+ab 

Similarly, the truth of the other results can he proved, which 
is left as an exercise for the student 

Hence, we can express the formula more clearly as follows — 
(®+a)(«+6) = ®®-Ka^g®braic sum of a and i)®+(product of a and b) 

Example 1. Write down the product of a+8 and a+4. 

Since 8+4= 7 \ .*. tbe required product 

’and 8x4= 12/’ =a®+7a+12 

Example 2. Write down tbe product of a— 7 and a+4. 

Since —7+4 = — 8 \ \\ tbe required product 
^and (-7)x4=-58/’ = a®-8a-28. 
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Example 3. Write down the product of as +6 and «— 9. 

Since 5—9 4\ the required product 

and 6x(— 9) s=— 45J * = sc^— 4®— 45. 

Example 4. Write down the product of a— 2 and a!+7. 

Since — 2+7 = 5\ . the required product 

and (— 2)x7 = — 14j * = a!“+6®— 14. 

Example 5. Write down the product of «— 6And x—8. 

Since — 6— 8 = — 18\ the required product 

and (-5)x(-8)= 40/* = a-'-18aj+40. 

1 

Exercise (29). 


* Write down the product of — 


1. 

»+ 

2 and 

a+ 

8. 

2. 

a+ 

8 

and 

a+ 

5. 

3. 

aj+ 

6 and 

a+11. 

4. 

»w+ 

7 

and 

W+ 

9. 

5. 

a— 

6 and 

a+ 

2. 

6. 

m— 

2 

and 

7» + 

8 

7. 

a— 

8 and 

a— 

4, 

8. 

a+ 

5 

and 

a - 

8. 

9. 

a— 

4 and 

a+ 

9. 

10. 

a— 

5 

and 

a— 

10. 

11. 

a— 

12 and 

»+ 

6. 

12. 

*- 

13 

and 

/c+ 

2. 

13. 

u+ 

5 and 

a+14. 

14. 

OT— ; 

14 

and 

m+ 

6. 

15. 

a— 

5 and 

a— 

18. 

16. 

a+ 

7 

and 

a +12. 

17. 

a— 

3 and 

«— 

11. 

18. 

a+ 

4 

and 

a— 

18. 

19. 

?»+ 

5 and 

m— 

16. 

20. 

a— 

8 

and 

a— 

10. 

21. 

fl+ 

6 and 

a— 

12. 

22. 

w— 

7 

and 

?»+l8. 

23. 

a— 

10 and 

a— 

16. 

24. 

a+ 

5 

and 

a— 

18. 

25. 

a— 

16 anda+10. 








*10. Formula (a3+a)(a5+6)(a;+c) 

= aj®+(a+&+c)a5®+(a&+ac+&c)a5+a5o. 

Note. The etadent can easily verify this It is also evident that 
the following resnlts are included in it — 

(sB — d)(x — &)(« — c) = — (a+&+c)a;®^(a&+a<;+5c)a ; — aic , 

/(!c+aX®+6)^— c) = a!*+(a+6— c)a!*+(ai— ac — ic)®— oJc ; 
C®+a)(«— hX®— cl®’— fai+ac— Z»c1®+a&c 
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For lustauce, («— aX«— &)^.®~c) = {i»-+('-o)}{a:— (—&)}{«+(— c)} 

= i:»+{(-a)+(-&)+(-c)}a:= 
+{{-aX-h)H-aX-o)+i-iX’-c)}x 
- +(_a)(_iX_c) 

= '*•*— (a+Z>+c)a)*+(a6-i;-a<j+Jc)aj 

‘-dbc, 

'"Sunilarly, the other two results can be established, which is left 
as an exercise for the student ^ 

Example 1. Wnte dovm the product of aj+2, a+4 and 

«+ 6 . , ' ^ 

2+4+6 = 12, 

2x4+2x6+4x6 = 8 + 12+24 = 44, 
2x4x6 = 48 

Hence, the required product = a® + 12*“ +44®+^. 

Example 2. Write down the product of ®— 8, «-~5 and 
«-7 

(-8)+(-5)+(-7) =-16, ' 

<-3)(-6)+(-8)(-7)+(-5K-7) = 15+21+85 = 71, 
(-3)(-5)(-7) =-105. 

Hence, the required product = ®®— 15®“ +71®— 105. 

Example 3 Write down the product of ®— 4, ®+5 and 

8. 

(_4)+5+(«8) =_2, ' 

(-4) 5 + (-4)(-8)+6 (-8) =-20+12-16 =-28, ' 
(-4)x5x(-8) = 60 " ' ■ 

Hence, the required product = ®®—2®“— 28® +60. 
Example 4. Wnte down the product of ®+8, a+6 and 
«— 8. 

8+5+(— 8) = 0, 

: 8 x 6 + 8x(-8)+6x(-8) = 16 -24- 40 =-49, 

Sx5x(-8) = - 120 

Hence, the required produclr = ®“ —0 ®“ — 49«— 120 
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I 

Exercise" (30). 

"Write down tlie product of — 

1, «+l, x+2 anda+3. 2. ®+2, sb+ 5 anda+7. 

»-3. a;+8, »— 6 anda!+2. 4'. a;+4, ®+6_ and aj— 10. 

5. 35—8, a+S ahda:+l 6. a— 6, a— 2 anda+8. 

7. a— 3, a+7 and a— 4. ^8. a+6, a— 5 and a— 7 

9 . a— 5 , a— 7 and a— 11. 10 . a— 8, a— 6 and a— 9 

11. a+4, a— 6 and a— 12. 12. a4-5, a+9 anda+11. 

13i a-6,-a+8 and a— 2 14. a— 8, a— 7, and a— 13 

15. "a— 3, a-H2anda4-4 16. a— 9, a— 10 and a-f 12 

17. a + 9, a— 5 -and a"— 7. 18. af 8, a+12 and a-|-15. 

19. a— 14,a+-8 anda+6 20. a— 5, a— 10 and a— 16. 

'' 11. Squares of Dmltinomials. It has been 
respectively shown in examples 4 and 5 of Art 2 that 

(a + &+6)® = «®+5®+(5®+2aJ+2flc+2Sc and (a+J+c+rf)- 
=5 a*+&^+c*+<^“+2a&-l-2a<5+2fl<f+2Jc+25<?+2c(f. 

Thus in each of these cases we may observe that the 
square of the whole expression is obtained by taking the 
sum of the squares of the different terms and of twice the 
product of each term by every term which folloips it The 
results are best remembered when put as follows — 

{a+l+cY = a®+_&®+c»+2a(&+c)+2&c ; 

<(fl+&+c+d)® — a*+5*+c*+d®+2fl!(J+c+<?J+2J(c+<fj-|-2(5«?* 

The same Jule may be shown to hold in every other' 
case , for instance, let us find the square of a+6+<5+<2!+e. 

We have (a+J+c+d’+e;* r= {(a+J+c)+(<?+e)}* 

= (a+6+c)*+2(a+6+c)(d+e)+(<f+e^s 
= {a® +&= +c® +2a[b+c)+2bc}+{2a{d+e)+2Hd+a) 

■ - . +2c{d+e)}+(d^+e^+2de) 

= a®+&®+c*'+«?®+c®+2fl(5+c+rf+o) 

> - +2J(<5+<?+e)+2c((f+fl)+2^e. 

Hence we conclude that the square of any multinomial 
is equal to the sum of the squares of its different terms 
■together with- twice the product of each term by every 
•term which follms it. 

. 1_5 _ 
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It is needless to add that the above rnle 'will* al8o"hold> 
good when the mnltinonnal nnder consideration nontainB< 
one or more negative terms, for the symbols used above are 
perfectly general in character and any of them may stand 
either for a positive or a negative quantity. f 

Note Since (a+i+c)® = a®+&®+C''+2(a&+ac+Zic), 

wo ha\e 2(aZ>+ac+ic)={a®+&*+t®+2(a&+ac+Z»(')} — (a®4-Z>®+c®) 
= (a+6+r)®— (o»+6®+c®) 

Similarly, a®+6®+c* = (a+&+c)® — 2(a&+ac+Jc) 

r 

Example 1. Write down the square of ®— y+s—y. 
(x—y+z—v)‘ == a!^+y®+s®+*'*+2«(— y+c— y) ^ - 

^ ^2<--y){z^vW\{-vy 

— a;*+y®+ 2 ®+t;*— 2 a:y+ 2 ® 2 — 2jrt; 

—2yz-\-2yv—2zv^ 

i, 

Example 2. Write down the square of 
(-«+2J-8c-dj® = fl“+4i2+9c»+d“+2(--fl){25-Sci-d> 

+ 2(2&){ - 8c -d) + 2( - 3c)(- Jo 
= o+46°+9c“ + d“— 4o6+6cfc+2ad , 

— 12Jo— 45d+ 6wf.. 

Example 3. Find the value of o“ +i® +c® +2fl&— 2ac— 2Jc^ 
when « = 19, J = 18 and c = 82. 

The given expression = a®+i®+c® + 2a 5— c)+2J(--c) 

= {a+l—of. 

Hence, the required value 

= (19+18-82,3 
= (5)3 =,25. 

t 

Example 4. If * = J+c, y = o—a, z == c— &, prove that 
®°+y°+s3— 22y— 2/2+2ys=4&3. (C TT Entrance Paper, 1883).. 
a* +y3+23 — 2a!y— 2!cs+2y2 

= »“+y3+23_+2as(— y — 2 +2(-y)(— s) 

= («-y-s)3 

= {(5+c)-(c-«)-(a-.J)}3 
= {2iy = 4&?. 
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Exercise (31). 

WntB down the sgoare of — 

1. x\-y—z - .2. x—jg^z. 3. — ic+y+g. 

4r. -^x—y+z. 5. x—y—z, 6. a— a+y— s. 

7. a—x^y—z. 8. *»+«+p+?+n 9. p-y-^r—x—y, 

10. — «+5— c+a—y—g 11. fl— 2»— 3y— 42. 

12. 2fl~5+2c— 

Find the value of . — 

13. Z*+7n®+n’— 2?m+2Zn— 2mn, when Z = 17, m = 23^ 

and 11 = 13. 

14. " p®+?®+r2+2jJ3'— 2jjr— 25fr, when p = 16, j? = 12,. 

" _ and r = 25. 

15. 2u5~2<K5+25tf, when a =.28, J = 18,. 

- ' and c = 15. 

16., 2®4-y®+l+22y— 22— 22^, when2 = 6andy= 7. 

17. a® +y® +22 y— 22— 2y+86, when 2 = 28 and y = 18. 

18. ’2*+4y®+l— 42y— 22+4y, when 2 = 26 and ^ = 12. 
1^' ** +9i^^ — Bjy — 22+ 6y +6#, when 2 = 49 and y = 16. 

20. 9z® +y’ -- Gzy + 62— 2y — 24, when 2 = 14 and y = 88. 

21. If fl+J+c = 12, and a®+5*+c® = 50, find the value 

- of «&+ttc+5ff. 

22. If «+ J+c = 13, and aJ+crc+Jc = 50, find the value 

ofa»+J®+c®. 

*12. Powers of Binomials , Involution, 

By actual multiplication it may he Been that 
(tt+d)® = a®+2u6+J® 1 

=a®'-2a&+&= J 
fa+5j» = a»+3fl:®i+3a&®+63 ) 

{a-^)3 = a3-3a®5+Sff5®-5| j 
ia+l)* = fl*+48»J+6a*4»+4aF+5^ 1 ' 

(a-5)4 = a*-4a3J+6fl!®J®-4ffi»+54 J 

L 
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(fl+iy = a« + 5a*J + 10a»&®+10a*5®+6aA*+&'' 1 

= flC_5a4j+10fl8ft»-10a=53+5^54_jfi J 

ia+by =fl«+6a 6+16i«6*+20o»6® + 15a®&* + Ga6« + 6«'| 
(fl— &)® = o® — 6a®&+15a'*A®— 20a®i® + 15a®i‘ — 6a&^+J^J 

Note On e\anumug the abo\e cases we obsene — 

(1) The total number of terms in the resulting expression is 
one moie than the index of the binomial Thus in the ^7i power 
Oie number of terms is sn , an the sivth power the number of 
terms is seien , and so on 

(2) Any power of a—h differa from the same powei of a-| D 
oulff in this that the signs^of the terms of the former ar6_ alier/iaiel?/ 

+ and — , whilst tihose of the latter are alj + 

{■i) The first term is a raised to a power equal to that of the 
binomiil and the last term is b raised to the same power Thus m 
the fourth power, the first term is a* and the last b* , in the JiJth 
power, the first term is o" and the last i® , and so on As to "flie 
other terms the power of a in any term is one less, whilst the power 
of b 18 one greater than that iii the preceding term 

(4) The CO efficient of the second term is tlie same as the indoic 

of the power to which the binomial is raised , and if the co efficient, 
of any term lie multiplied by the index ot a in that term and 
diiaded by the number mdicatmg the position of that torm^the result 
gives the co efficient of the next term. Thus, if wo multiply' the 
co efficient of the second term by the index of a in it and divide -the- 
product by iico, we get the co efficient of the 3rd term , again, if 
the CO efficient of the third term be multiplied by the index of a in 
it and the product divided by three, we obtain the co efficient of the 
4th term , and so on - _ 

(5) The co-effioients of the terms equidistant from the bogiiiiung 
and the end are the same , in other words, the co-officiout of the " 
term which has any number of terms bt^fore it, is equal to that of the 
term which has the same number of terms after it 

The laws observed above, a proof of the nmvereal trath 
of which IS beyond the scope of our limits, famish us withT-^ 
■a ready means of raising a binomial to any power without - 
the process of actual multiplication. The following exam- 
ples are intended to illustrate the application of those laws. < 

[The resulting expression in e^h cose is called the expansion" 
of the coiresponomg power of the binomial] 

The operation of raising any expression to any power 
IS called Involution. 


fizamplO 1. Baise a+& to the aeve/ifA power. 

The total number of terms in the expansion = 8. 


The first term = of 

„ 2nd „ = 7«®J 

„ 3rd „ 

4th „ - = 




I [Laws (3) and (4)3 
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Now, since the four terms from the end will have 
respectively the same co-ellicients as the four terms from 
the beginning [law <5)3, the next four terms of the expan- 
sion will respectively be S9a®d*, 2la*d'', 7a6® and 6" 

Hence we have (a+5)* = «• +7a®J+'21«®J®+Sofl'*5® 

Example 2. Expand (as— y)®. 

The total number of terms in the expansion = 9* 


The first term = 2 " 


♦7 

2nd 


— -rSz'y 


if 

Srd 


= 

28z'‘y^ 

11 

4th 

?» 


=s — 


5th 

if 


= 70z^y\ 


[La vrs (2 
tS)aiid(< 


The co-efficients of the remaining four terms need not 
be calculated as the co-efficients of the first four terms only 
will now reappear in the reverse order [Law (5)] 

Hence wo have 


(a— y)« = a:*'— 83!^|/+28x<‘y’'— 56a:®y“ 

-f 28a*y ' — 8^^’ +y * 

JBxample 3. Expand (2z— 8y)’. 

The total number of terms in the expansion = 8. 

As we have 2z for a and 8y for J, we must have 
The 1st term =: {2z)" 

„ 2nd „ . = -7(2z)«(8y) 

„ Srd „ = '?q2z)^(3y)a = 21(2a:)»(8y)* 

„ 4th „ = = -S6[2z)n3y)® 

"We can now write down the remaining fonr terms 
which will refpeclively be 85l2z/f(3y)S— 21(2z)®(8y)®^ 
7{2t){^i/Y and —(3y)* . Hence we have 
(2®~3y/ = (2z>^-7(2zj«»8y)-i-2l<2z)=(8y/~85f2zr(8y)» 
+85(2z)'»(8y>* -2H2znZyY +7(2x)(dyY ~(8y)’ 
^ I28z’ -7(C4z®)(8yl-l-21(82z«j(9y» )-85(IGz^)(27y®) 
^ +85 8z3)(8I?/+)-21(4z*)i248y»).h7(2®)(7292^o)-2187y' 

- - — 128z’~1344z®y-l-6048!f®2^»-15120z-‘y3 

+22G80z^yf -20412z*y'= + 10206*y« - 2187y^. 
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Example 4. Find the value of 

a;e + 6z®+15«*+20a:3+l5«*+6a!— 8, when«= ^8-1. 
The given expression 

= (!B«+6®®+16»*+20a;*+15i&»+6a;+l)-'9 
= (ar+l)«-9 - " - ^ 

= (V8)“~9 

= 9-9 = 0. 

Exercise (32). 

Expand — 

1. (z+l)*. 2. (a:+l)“. 3. (fl+SjV 4.' (a+J)®. ' 
5. ix—y)’ 6. (m—ny. 7. (x+2}*. 8. {x+2y. 

9. 10. 11. l®— 1)® 12. (2— s/. 

13. (2®-l)^ 14. 15. CS®-2)® 16. (i-a)«. 

17. (1-cr 18. (1-8®)«.19. (l-2z)^20. (2a;-fl/. 

21. (a-fl)!" 22. (8®-2o)® 

Simphfy — ^ 

23. (®+l)®-(®-l)®. 24. (®-l/ +(«+!)«. 

25. (x+ay - (x—ay. 

Find the sum of the co-efiicients in the expansion of 

26 (x+ay. 27. Qx+ay. 28. («+«)“. 

29. {x+ay, 30. 

Find the value of — 

31. ®®+6®*+10z®+10®®+5®+82, -whenics::— 2. i 

32. 6®® +15®*— 20®® +16®“— 6®, when® = “72+1.- 

33. IG®*— S2®®+242“— 8®— 80, when ® = 2 

34. ®*+12®®+54®“+108®+8I, when®=— 5. 

35. a* +8®“ +24®* +32®— 609, when®=— 7- 

^13 Formula (a+&+c)l«*+&*+c*-a&— erc-6c) 

a®+&®+c®— 3a6c 

[(<i+6+cX'n®+J*+c* — ah — aa — be) “ - ^ 

= (a+6+oX(fl’+&*~al')— C®<!+ic)+c’l 
= (a+&'^cXCa+&)»-3a6-c(a+i)+c’} 
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3= 3rt6} 

= (rt+//)’+c*—3rt/X^+^+^) 

‘ ' 3= (<i+i)*~^«i(«+&)+<s’— Ha&« 

s= n* •4* i *+/•*— Sn/*c ] 

COJ*. Cfonversely, a^+b^ +c®— 8o5c=(<iE+&+c)frt*+5®+c® 
— aj— ac— Ac). Hence Tve can always resolve an expression 
■into factors whenever it is of the form b®+A®+c®— S aAc 
Note Since a^+T)^+c^ —afj—he—cn = i{Ca — hy+(b — c)-+ 
'fc— fl)*} Avc In'o «*+&*+'•*— 3<iAc— i(fl+A+r){(«— A)* +(A—*c)*4- 
•0 —a)‘] 

Example 1. Multiply a* +z^+z^+itz-y 2 by x-ij’-s. 
Putting a for t, b for—y, and c for — s, we have 
(sc-y— s)(a® +y® +s® ■{■ztj-^-zz-yz) 

«= ffc— Ac) 

.= 

=s r8®~y®—c®~8a:yr. 

Example 2. Besol ve m®--«®+l+8w« into factors. 
iPulting a for w, A for— n and c for J, we have 
~ «®+A®+c®--8flrAc 
= («+A+c)fa*+A*+c’*— aA— ac— Ac) 

= {m--K+l)(m®+n*+l+»i«~«i+»). 
lExample 3. Show that (a-y)“+(y-s)®+(a-a;)3 
, , = 3(a;--y)fy-2){g--sr). 

Putting a for a:— y, A for y— s and c for s— ar, we have 
a+A+c = (*-y)+(y-z)+(c-a;) = 0. 

Jlence, {(a5~y)“ 4-(y— -)3+f0— «)3}— 8(aj— y){y--g)(z— a) 

. = a'’+A®Hhc®— 8rtAc 

= («+A+c)fn’ + A’+c®— aA— cre~Ac) 

= Ox (ff* + A*+c*— oA— ac—Ac) 

= 0 ; 

(a;-y)3+fy— g)3+(£_a;)3 = 8 (a— y)fy-- 0 )(z—a:). 

. Exercise (33). 

Multiply — 

1. »^+y®+s’*— «y+a: 0 +y 0 by sc+y-g.' 

* 2 ,. y*+42'®+r*-i*2yy+yr~^j byy— 
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3. 4a!®+9y®+2® + G«y4-2as—8y3 by 2a;— Sy—s 

4. o“+46®+2a6— 8a+66+9 by cr— 2&+8 

5. 9a» + 25J»+15fl&+12ff-20J+16 by Sa-oi-i. 
Eesolve into factors — 

6 a;®— 1— 8a;y 7. a:®— y^ + Gry+S^ 

8 a;®— 8y®— 27a®— ISryg 

Find the value of — ~ i ' 

9. a:®+y® + 18ry— 216, when a;+y = 6 
10. o®— 86®— 24a6— 64, when «— 2& = 4. 

11 (s— a)®+(s— 6)®+(«— c)®— 3(s— o)(s— 6)(s— c), 

when 8s =_ff+6+R. 

12. Show that (a— 26)®+(26— 8c)®+(8c— a)® 

:='8(fl— 26)(26— 3c)(8c— o). 
13 Show that (a!+y- 2a)® +^+ 2— 2r)® + (a + a:— 2y)® ' * 

= 8(a;+y-2a)(y+a-2a;)(s+a:;r2y);" 
14. Show that (fl+26— 8 c)®+( 6+2(J— 8o)®+(c+2a— 36)® 
= 8(a+26— Sc)(6+2c— 8ff)(c+2c— 36) 

1 5 Show that (2y — Sj + 3r}® + (2^ — 5r + 8y)® + (2r — 5y + 8ff)® 
= 8(2y-52+8r)(2j-5r+8y)(2r-5y+S?). 

* 14. Formida («-&)(a-c)(&-c) ' 

= a*(6-c)+&®(c-a)+d®(a-6)..- 

[(a-6)(a-c)(6-c) = {a^-«(6+c)+6cK6-o) 

= n®(fc — t) — o(t»* — — r) 

= a®(A— c)+6-(fc— a)+c“(rt — 6)] 

Cor* 1. Conversely, c®(6— c)+6®(c— fl)+c®(«— 6) 

= (a— 6)(a— c){6— <?).- 
Hence, we hnow at once the factors of an eiqiression. 
which IS of the form c)+6®(c— fl!)+c®(a— 6) 

Cor, 2» Smce a—c = — (c— a), we have 

(o— 6)(o— c)(6— c) = — (fl— 6)(6— c)(c— cV 

Hence the above relation can also be put in the form - 

J) j= — o) ' 
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Cor, S. Since o“(5— c)+S“(c— a)+c*(a— J) canbepnt 
in the form a6(fl— 5)+ic^5--c)+ca(<J— «), we have also 

<*5(a— &J+ic(5— c)+<rfl'c— fl) 5)(5— c)(c— «), 

Exainple 4. Simplify (fl!+2&+8cj®(«— 2&+(;) 

+ ^6 + 2c +^a) ® — 2c + a) + (c + 2a + 8 J)® (c — 2fl + 5> 
' +(c— 2ft+c)(J— 2c+a)(c— 2a+J). 


Patting a for fl+2i-f8c, 
yfor 5+2c+8a, • 
c for 'c'+2a+.8&, 

Hence the given expression 


- weTiavey— s_= a— 2J+c' . 

g— a = &--2c+fl . 
x—y = c— 2a+& ; 


" = — (y-2X2-®X®“y)+(2^— 2)(2— *)(®-2^) = 0 


. r Exepcise (34). 

1. ' Show that («— 2y+s)+(2a5— y— 2 )(y— 22 +<r) 

= (aj— 2s+a;)+fy— S;={s--^+y)+(s— aj)®(®-“2y+s)^ 

2. Show that (a+&)“(6— a)+(J+c)“(c— &)+(c+a)®(a— c) 

. - " ’ +(J— oXc-JJC®""^’) = 0,. 

3. Eesolve into factors 

- - 2(a--J+c)*(o— cy+2(J— a)+2v'c— a+&)“(c— &)„ 

4. ' Eesolve into factors 

(«+y)’'ry“2:)+(y+g)®i0-y;+(a+'a!)’=(a;-2;). 

5. Simplify 2(a— 5— cj*(&--c)+2(i--c— a)®(c— a) 

„ ' , +2(c— a— 5)»(a— J) + 8,a— J)lJ-c)(c— aX 

6. Simplify («— y)(y— s)(®— 2 y+ 2 ) 

^ +(y~2K2'“«)(S'~23+aj)+(2-fl;)(a;-y)(2-2aj+y) 

/ “ , +(»— 2y+2)fy— 2s+a)(s--2aj+y). 

* 15. MisceUaneons Examples. 

Example 1. Prove that 

; ' = 5(s— 2a)(«— 25)(s— 2c), where s = a+J+c, 
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^4o®63-(a»+6»-62)s 

= {2a6+fa»+i*-c=)}{2tf5-(o“ + i»— <5®)} [See Art 4] 
= {(o®+i®+2fl&)-c»}{c®-(a»+&®-2aJ)} , . 

= {la-l-A+c)(fl+a— ^)(c— a— A)} 

= (a+&+c)(a+6— c)(c+a— d)(c— fl+J) 

= (a+J+c)(«+^+^“" 2 cHa+^+c— 2&Jia+^+c— 2a) 

= 5's— 2 cX 8— 26)(s~2fl) 

Example 2. If « = a+J+f, stowthat 

(«— a)(8— d)(«— 8) = (a6+ac+6c)(a+J+c)r-aJff. 
(«— a)(fi— 6)(s— c) = 3 ^— (a+&+c)8®+(e&+ac+&c)s— adf. 

[See Art 10) 

*" t \ 

= —s +{ai+ae+dc)(a+d+c)—ai6 
s= (ai+ac+5c)(a+6+6j-:7atc 
Examples. Prove that («— y)®+(y“a)®+(2— a)* 

= 2(a-y){a--s)+2fy-2) y-®)+2,2-a)«-y). 

Putting a for x—y 

b tovy—z . have a+6+c = 0. 

c fors— a _ ' ' 

J 

Hence, {{®-y)*+(y-3;® +{2-®)®}-{2(a-y,(a--2) 

+2(y-g)(y-aj)+2(g-a)(2-y)} 
= (a®+J»+c®)-{2a(-c)+2J(-a)+2c(-5/} 

= a*+J*+c® + 2ac+2a5+2ic 

= (a+&+C;® = O', 

•' (®-y)®+(y~2)®+(2-»)® 

= 2^a-y)(«-sj+2(y-2)(y-a)+2{z-a)(2-y). 
Example 4. if 2s = a+J+c, prove that - 

{s-a)3+(s-J)3+8(s-a)(s-5)c=c3. 

We have c = 2s— fa+61 = fs— a^+fs— »V 
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Hence, (s--a)®+(s— 5j^+8(s— <i (s— &)6 

:= (5~a)»+(«-5)®+8,s-a)(5-J;{(s-fl)+(s-J)} 

= { s-fl)+(s-&)}® [See Art 5] 

r ' _ ==<5®. ~ 


Ezapm|)le 5. Prove that 

(a— a)(a--&)(a— &)+(*— 6)(«-:i6)l6--<)+(«—c)(aj—a)(c--a) 
^ = (a— 5)'a— c)(i— c) 


tPiithng p' for a— a, 
gfora— J, 
r for a— c; 


we have g— p = a— & 
r—g' = J—c 
p— r = c-fl 


•Hence, , 

(a — a)(a— 5) a— J) + (a— i)(a— c)(5— c) + (a— cj(a — a)(c— a) 

= p^'gr_p)+jfr(r-g)+rp:p-r) 

^-’(g—pX^-'S (p—^) 

s=! - (a — J)(ft — c)(c — aj 


lizample 6. Show that 

(a+p+2;»-a®-p3_g3 — 5(a+p)(p+«)(g+a). 
<c+2^+2)® = {a+(y+2}® 

' = a®+3a*(p+s)+8a(^+s)*+fy+2)® [See Art. 53 

’ = a®+8a*ip+2)+8a{y+g)*+{y»+'^s3+3p2(p+s)} 

— »■’ +y® +2® +3(y+0){a* +a(y +s)+y2} 

= a®+p®+0®+3fy+s){(a+yXa+0)} [See Art 9 [ 
s= a»+y3+s3+8(p+2)(a+p)(a+0;. 

PCence, (a+p+g)*— a®— p®~s® 

= {a®+y®+s®+8(p+0)(a+p'‘(a+2)}— a®— p®-^s® 
== 8(a+y)(p+2)(s+a) 

Ezample 7. If 2s = a+6+c, " show that 

2{s— a)(s— ftj+2's— 5)(s— s)+2fs— c)(s— a) 

< -s= 2s»-a»-J®~c*. 

k. 

■Since 2xf2y+23 = («+p)+'(p+2)+(2+a), 

we must have 2(s— a)(s— 5)-i-2(s— 5Xs— c)+2(s— s](5— a) 
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= {(s — a)(e — i) + (« — 6)(s— c) + {(« — — c) -f (s — c)(s<“ a)}- 

+{(s-tf)(s-o)+(«-a)(s-J)} . 

Now, (s--a)(s— 5)+(s— J)(«— c) 

= (5— S){(s— o)+fs— c)} 

5= (s— i)(2s— a— c) 

= . 

similarly, (s->5)(S“C)+(fi— c)(5-:o) = (s—c)c ; “ . 

and (s— fl/s— a)+(s— o)(s— i) = 

Hence, the given expression = (s-~b)b+(s-~c)c+(s—a)cf 

= a(&+c+6)-J3_g»_^2 

= 2s*— o® — 

Example 8 If s = fl+i+r, prove that 

s(s— 26)(s— 2c)+s(s— 2c)(s— 2fl) + '>(s— 2rt)(s_— 2&) " , 

= (s— 2fl)(s— 2i)(s— 2c)+8ftJc 
The snm of the first two terms of the given expression 
= s(s-2cH(s-2&) + (s-2ff)} 

= s(s— 2c){2s— 2(«+5)} 

= s(s-2c)x2<? , 

and the third term = (s— 2(;+2c)(8— 2a)(«— 26) 

= (s— 2«)(s— 2o)(s— 26)+2c(»— 2o)(s— 26)t 
Hence the given expression 

= s(s— 2c)2c+{(s— 2c)(s— 2a)(s— 26)+2c(s-^2a)(s— 26)} 

= (s— 2«)(s— 26)(s— 2c)+2c{s(s— 2c)+(s— 2a)(s— 26)}. 

But s(8— 2c) +(s—2a)(s— 26) 

= (s®— 2cs)+{s®— 2s(fl+J)+4<i6} 

= 2s® — 2s(a + 6 + c) + 4a6 
- - = 2s®— 2ss+4fl56 = 4ff6 
.* The given expression «= (s— 2ff)(s— 26)(s— 2c)+8a6ft 

Exercise (35). 

l. Show that (a® +<3!r— a!®)(B®— cra;+a!®) . - ^ 

= B*— o®a2+2B»®— as^.- ^ 

2 Show that (b®— caj+!c®)(flaj— o®+a®) ~ 
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3. Show that J--c)+(&+c— a)(a— J-f c) 

=: 26(c{--&— c). 

4. Show that 2 a® + + c* — — Sc) 

= (a-&)»+(S-c)=+(c-a)*. 

5. Show that i(a+S+c){(«--S)“ +(6— c)®+(c— a)*} 

= a^'+S^+c®^— 3aSc. 

6. Show that (fl4-S)(«+c)(6+c) 

, 1= fl!^{&+c)+S®(c+a)+c®(«+5)+2aSc 

7 . Show that 2(is®-«)+5!5(aj+l) = ®1«+1)(2®+1). 

3, Show that x*+x+x{x+l){2z+l)—2x{ie+l) 

^ = aj®(aj+l)2. 

9 Show that (B®+S®)(c**+iZ*) = {ac—hd)^+(ccd+l>c)^, 

10. Show that (a+5)®-ic+^/+(B+6)®~tS+^f)® 

= 2(B + S+C+<fj(B— (?j. 

11. Multiply 9a:® + 4y®+2®--2i/s— Sa-z— Sa'y by'Baj+2y+r. 

12. Show that {a+h-\-c^d)id—a-^i+e) = c“--*(«+6— 

13. Show that the product of (S+c)®— «“ and 
ai^l^~-c*+2bc = 2«»S*+2a2cs+2S®c®-a4-S^~c«. 

14. Multiply together a+b+c,a+h—c,a~-b + c 

and b+c—a. 

15. - Simplify (o®+S'-*iC®)“ 

+(fl+b-\rc){a+b—c){a+0’-b)ib-\-c—d), 

16. Simplify (b®+S®+c®)® 

—{a+b+c){a+b—c){a+c—b)(b+c—d). 

17. ' If aj = a’ —Sc, y = s = c’^—ab, 

show that ax-\riy-\-cz = (a+S+c)(a;+y+g) 

18. If sB^-ys = fl®, = &",g“-3:y = c*, 

prove thata®aj+S*y+c* 2 s= (aj-t-y+2!)(a®+S®+c“). 

19. Simplify (a + 6 4-c)®— (a+S— c)“ + (b+c--5)® 

-(S+c-^a)®. 

, m Simplify (a* + 63+c®)®-(S»+c»-a®/-(aa-J2+c9)2 

21. Show that (S— c+iZ+a)J<?+ff— S+c) 

+ (<5— i?-h®+S)(S+c+i?—B) = dfaif+Sc), 
' 22. Show that (S-fc+a— tO(^+®“"»+^) 

" , = 2(ad+Sc)-(a»-S2_ga^^aj^ 
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23. Resolve 4(aJ+ Sc)** - («’ - + d^) = into four factors. 

24. Multiply together a® - 2®+ 1, + 2® + 1 and ® * + 2*® + 1.. 

25. Multiply a’'+2aJ+ 8® -c® by fl®-2«5+J®+c®. 

26. Show that (a-y •l- 2 )®+(y- 2 +®)®+( 2 -«+y)® 

+2(a-y+2)(y-2+®)+2(y-2+a)(g-a+y) 

+2(2-®+y)'a-y+2) = (a+y+2)®. 

27. Simplify (a—i)(b—c)(e—a) 

28 Simplify (a— 8)(d— <5)(C“®) 

— {a&(6— a) + Jc(c— 6) — ca(c+a)}..- 

29. Show that (a— fl;*(6-c)+(a— 6)®(c— a)+<®— c)®(o— J) ^ 

+(&— c)(c— a (fl—S) = 0. 

30. Show that (ffl®+J®+c®)(a®+y®+ 2 ®)-(ua+Jy+f 2 )® 

= (fly— 5a)®+(ca— g2)*+(i2— cy)®, 

31. If s=fl+6+c, prove that (cs+5c)(6s+fa)(cs+fl&) 

= (6+c)®(c+ff)®(fl+5)®. 
(Allahabad TJiuaersity Butrauce Paper, 1890). 

32. Show that (o+6)(o+c)(J+c)— 2fl6c , - 

= fl®(&+c)+&®(c+ o)+'c®(o+5). 

33 . Show that (fl+c)®— (&+c)®— 8(fl+c)(5+c)(fl— &) 

= (0-5)3. 

34. Simplify (a-2y+82,3+(a+2y-82)® 

+ 6x(a — 2y + 82)(a+ 2y — 8a).- 
35 Show that 4(fl+5+c)® = (o-i-5y® +(5+c)®+(c+o)? 

+ 2(0 + 5)15 + c) + 2(5 + c){c + o) + 2(c +‘o)(o+ 5). 

36 . Show” that 8(fl+5+<!) = (o + 5)3+(5+2c+o)® 

+ 6 (o + 5 )( 5 + 2 c + o)(o + 5 + c). 

37 . Show that 27(o+5+c)® = (fl+85 + 2c)® + (2o+C;3 

+ 9(o+ 85 + 2c)(2o + Cy(o + 5+ c). 

38. Showthat 8(o+5+c ®— (flf5^3 — (5+c)® — (c+o)_ 

. ' = 8(2o+5+c)fo+25+c)(o+5+2c). 

39. Showthat 27(o+5+c)®— (o+25^®-(5+2c)®— (c+2o)3 

— 8 0"(" 85-(*2c)^5"l' 8C"{- 2fl)'C"f‘8o*l"25). _ 
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40. If 2s ^ a+^+s, show that 2 ( 3 — 0 ^( 9 — b)(s—c) 

i-a(s—ij(s—e)+i(s—e)(s—a)-ts,s—a)(s—b) = als- 

41. If s'= show that s(s— fl)(s— J)+sIs— a)(s— c) 

+s{s+a){s— c)+c(s-|-aXs+6) s= (s+«)(s>&)(s+cX 

42. If 2s = show that («-ta)®+(s— 

— 8(5— a)(s— &)(8--c) = ^(a®+5®+c®— SaJc). 

43. If s = a+5+c,show that(s— 8ai“+(«— 8&)i®+(S“3c/ 

" -" = 8{(o-J)®+(J-c)®+(c~a)®}. 

44. Given a+b+c = 18 and a®+6®+c® = 69 ; | 

45. Given a+J+c = 12 and ai+6c+ca = 47 ; j 

the value of fl® + 5®+c®— 8a&c. - 

46. Given = 14, a;*+y“+s® = 74, 

and a®+y® + 2 ® = 484, find the value of x^s. 

47. Given -x+y+g = 18, xy+ys+se = 52, 

^ and xyg = 60, find the value of a® +y® +s®- 

4 

" 16. Recapitulation of tlie FormuleB. The differ- 
-ent formula treated of in the foregoiug articles are 
grouped l)elow,to facilitate any reference to them It is 
desired, however, that the student should commit them so 
fully to memory' that the neeassity even for occasionaL 
references may be altogether done away with 


1. 

(«+J)= 

= a®+2aJ+6®. 

r 

2. 

(a-J)®' 

= a®— 2a5+5® 

3. 

(a+b)(a—b) _ 

;= a®^5®. , 

* 

4. 


= a®+8a®J+3a&® + ft® ) 



= a® +6®+8a&(a+&) j 

5.. 

(a+J+c)® 

= a®+5®+c®+3a®(6+c)+86®(a+c). 



+8c®(a+J) + 6e&c. 

6. 

(a- 5)® 

=: a®-8®|&+8a&®-J» ) 

- 


ss a® — J®— 8a5(a— J) J 

7. 

a®+&® 

= (a+Jj®— 3a^(a+5) } 

= (a-hb)(a^-ab+b<‘) ) 
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8. a^-l^ ’ = {a-lY + ZaKa-h) ) 

= (a — j 

9. (®+a)(®4-&) = +(«-}- 

10. (!c-a)(®+5) =x*+ih-a'x~-al 

11. {x—a)[X’-h) — SB®— (a+J)®+«&. 

12. (sB + fl)(sB + JXsE + c) = SB®+(0 + & + C)** 

+ iflb + ac + 6 c)sb + ale. 

13 (sB-fl)(sB-5){!B— c) = a"*— (a+S+c)*® 

-rally. 

v/'i4. (a+6+c)® = fl® + 6®+c®+2ff&+2flC+2&c. - 

15. (a+&+c+rf)= = fl®+6»+c®+sf®+2a(6+c+(?) 

+2JC6+<^)+2«?. 

16. («+&)■* = a*+4a®5+6a®i®+4a5»+i^“ 

17 (a+A)* = a«+5a*5+10a®6® + 10fl®J* “ ' 

18. a®+J®+c® — SaJc = Cfl+J+B)(a®+S®;^c®— a6— ac—Jc}. ' 

19. a®(&— tf) + &*^<5— a)+c®(a— ft) =* (a— J)(a— c)(ft— c) ) 

-= -(a-ft)(ft-c)(c-a) J 

20. aft'a-ft)+ftc(ft— c)+ca c— a) s= {fi—h)ifl—6){Tb-^c) 

= — (a— ft)(ft— c)(c-o) 


r 

CHAPTER YII 

DIVISION. 

1. Dsfimtlon. One quantity d is said to be divided 
!by anothei quantity ft when a third quantity c is lojind ■“ 
such that cx ft = a. In other -words, a— ft = c when a = 
®xc 

Thus, when sb =s y x s, we have x—y = z, and x-rS^y* 
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When one quantity is divided by another, the former 
’is called the dividend and the latter the divisor , the result 
ds called the gitoUent. 

Note The quotient of a bs' h is often expressed . 

2. Fundamental Propositions. 

(i) To prove that a — bxb = a 

If we denote a— I by x, we must have, by definition, 
xxb = a 

Sence, a—bxh — xxb a. 

(ii) To prove that a — b—c = a— be 

We have (a-b-rc) xbc — {(fl—b)—e) xexb 

= [{(fl— 5)— c}x<;]xJ 

= (fl-r &) X b n>> the last result ] 
= a. 

Hence, by defimtion, a— b—c == a— be. 

That IS, to divide any quantity successively by ftoo others ts 
ihe same as to divide it at once by their product 
•Cor, Hence, a—b — c = a-i-c-^b, for each of them = a — {be). 
(ui) To prove that a— & = 


We have 

-yxbs=l—bxb = l. p)y(i)] 

'HencBi 

ax-^xJ = ax(yx&) [Art 4, Caiap Y ] 


= axl = a } 



it 1 

ax-^)xb^a 


Therefore, by defimtion, a—b = ax 4-. 

0 

Thus, to divide one quantity by another ts the sdme as to 
multiply the former by the reciprocal of the latter. 

•Cor a— Jxc ~ s= axc-T-5 

' For a— Jxc ss: ax 4-xc 

0 
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= axcx-y. 


[Cor Art- 4, Chap Y ] 


and this latter — ay. c—l 

3. liaw of Signs. 

Since flx (—&) = — fli, 

.*. by definition, {—db)—a=t — 'b\ t 

and {—ab)—{—b) — aj 

Again, since (— o)x(— i) = ab, 

ab — (— c) =— &\ TtT 

and ab-(-b) ' -ii.- 

It IS evident also that fli—c = b\ ttt 

and ab-b = aJ *■ * 

Hence, from I, II, and HI, we have the following law 
of signs in division — When ihe dividend and the divisor have- 
the same signs, the gtwUenl is positive, and tohen they have differ- 
ent signs, the quotient is negative In other words, hlvS signs 
produce + and unlike signs — , . ,t 

4. Division of one monomial expression by 

another ' * 

Lot ns examine a few particular cases — 

(i) Since Za^byba^b^c = IbaH^c, we must have 

(15a«J»f)-(5ff36»c) = ZaH 
Thus, if the dividend = 16o®i®c 

' ' = Sx6x<i=’xa®x&®x^xc, 

, and the divisor = 5a^b^c, 
we have the quotient = ZaH 

(ii) Since (—2a^°b^cd)'y{~~Za'^c^) = Ga^^b^c^d, 

we must have = — Sa®c® > 

Thus,if the dividend = Ga'^^b-c^d ' 

= 2x8xa'°x«‘''x&=xcxc-xi?, jj 
and the divisor = — 20 ^” 

we have the quotient = —3o®c®. “ ' 

(ill) Since (-6a®J®c»<Qx(4&3c*) = 
we must have (— 20a®4®£®f?)'r-(--5a®&®c=<7) = 463c*. 
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Thus, if the dividend sr — 

=— 5x4:Xa® x5®x&®xc*xc^x<f, 
and the divisor s=—5a^h’^c-d^ 

\re have the quotient = 46’c'*. 

Hence, from I, II, and III, we are led to deduce the 
following rule for dividing one monomial e 2 q)ression by 
another — 

Tal^ atray from the dividend all those factors tthtch mate 
vp the divisor and to the remaining factors prefix the signer or 
710 sign, if the two expressions have the same sign, and the sign 
—y if they have different signs. 

Note T7ehi>ea** — a~ X a')— a~ — a’^ [=«**“’] 

Sitnilarlj, a*"-^’'=a“, o’‘-ra*'‘=a*, ind eo ou Hence genemllj, 
o"-ra" = where m md n are positnc integers and m>ii 
Example 1. Diwde I8m^n-p by — Qm-n”p. 

The dividend =: iBm^n^p 

= QxSxm^ xmxn^ xp. 

The divisor = —Gm^n^p. 

.* The quotient s= —8m. 

Example 2. Divide —2ia'^b^ebj —Ga^hc. 

The dividend = — 21o'&®c 

= — 6x4xfl* xa’xJxJ^xc. 

The divisor = —Gaelic. 

The quotient = 4a®J=. 

Exercise (36). 

Divide : — 

1. 8a=* by —2a, 2 —15a® by 8a®. 

3. —20x^a^ by — 5z®a 4. 27m^n^ by 9m*n. 

5. —28p*q“ by 7p'q. 6. — S0a^®&® by — 10a®5®» 

7 . — 70z'®i/®sby — 14!c*®y® 8 . G^a^^Vc^ by — 

9. — ♦/I® by 

10. — GOa’Mc® by — 28fl®6fc’^ 

11 . 25ic®®y®s® by — ”i 2 ^®y 2 ®. 

12. — 42 a®'’ 2 ®'’’j®£® by — 14a^"a*®^®s. 
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13. 14. 28»®®° by 

15. 56m3»' by 16. by 

5. Division olfaMultiiiomlanDy a Monomial. 

Prom Oor 8, Art 8, Ohap V , we have 

a{&+c + d+e+/+. )s=fl!6+oc+fli+'fle+a/+ •* • 

t 

Hence, (c&+flc+fl<2+ae+ )— o= &+c+t?+e+ 

= (flfe— o)+(flc— c)+(flrf— o)+(ae— o)+ 

Thus, to divide a muUinomuA expression hy a monomial toe 
have to divide each term of the dividend by the divisor and tahe 
the sum of those partial quotients for the complete quotient 

Hzample 1. Dmde ia^x’^—Ga^x^+lOax* by —2az. 

Tire required quotient = 

ss I lOgg* 

“ —2056’^ — 2a» '*'—2ax 

s= — 2a“aj+8oa!®— 5aj®. •• 

Divide — 9a®~4®*c— 2aj®a” by 8a;®. 

9a;® —4x^a— 2x^a^ 


Example 2. 

The required quotient = 


3ar® 

9x^ , —4x*a , — 2a-®c* 
Saj®"*" 8as® 


= 8a®— Jarc— §0®. 

Note After a httle practice the stadent can safely do away witB 
the middle step lU each case and write down the quotient at once. 
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QPCise 

Divide . — 

1. a®fi®— 2fl®ft» by o®6®.- 2. 8®*— 6x®a by — 8®*. 

4®®o*— 8»%® by 4®®fl®. 4. — 9«®+12a®J® by*— 8a* 
14a®&*— 21a’ft® by — 7fl®d*. 

2flf®® — 4fl®®* +6a®a by 2c®. 

— 8o®®**i-6c®®®— 9c*®® by —8c*®*. 
12®“-8®®a®-f20c®* by -4*«. 


3. 

5. 

6 . 

7. 

8. 
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9. by 6»n®«*. 

10. 8;>V-5pV-8i>Vby ~82>»|7’. 

11 ^ — 14:!B®y®+21a:*“y®—28a:'y® by Ix^y^. 

12. 15o*a>®“80 a’js''— by 20rt*a“. 

13. -60»*o®-J6a®a“+80»'’'fl* by ~20x®fl'^. 

14. " 257n®«’;;““85»i*7i®p— 40 to»p^ bySmnp 

15. '--a*a!®y®+fl*a!*y— as®y®+a“{ry by— a«y. 

6. Division of one mxatinomlal expression bjr 
another. 

Let ns consider a parhcnlar example. 

We have (2o®+8afi+45*)(ff+8J) 

' = 2fl®(«+8J)+8B5fa+8&)+4&®(o+8J) 

s= 2rt»+9a»6+18fl&» + 12i®. 

Hence, (2a® + 12i®)T(a+8i) 

* 2a®+8a6+463, 

Now, let ns review this result and see in what way, 
given the dividend and the divisor, we can discover th^ 
quotient The points noticed are — 

(i) The dividend and the divisor loth stand arranged, 
'according to descending powers of a common letter, 

namely, a, ' 

(ii) The first term of the quotient, namely, 2a® = 

2a®-f-a, 5= (the 1st term of the dividend)— (the Ist. 

term of the divisor). 

(iii) If we subtract 2a®(a+3&)tfrom the dividend, the 
remainder is 3a®d+18aJ®+l2j®, and the second term of the’ 
quotient, namely, 8a& = 8a®&— a, »,c., = (the 1st term of 
^is remainder) - 7 - (the let. term of the divisor). 

, (iv) If we subtract 8a&(a+8&) from the above remain- 
der, the new remainder is 4a&“+12i® and the third term of 
the quotient, namely, 4&* = 4 b&*— a, le, — (the Ist term 
of this remainder)— (the Ist term of the divisor), 

(v) If’ we subtract 45*(a+8&) from the preceding 
remainder, nothing remains and the division is complete. 
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The process noted above can be shown as follows : — 
a+ + 9a* J+ + 126® /2a® +8a6 + 46* 
y2a®+6o®6 \ 


8a®6 + 18a6®+126® 
3a®6+ 9o6® 


4a6® + 126® 
4a6* + 126® 


Hence, we dednce the following rule — 

Arrange Icth the dividend and the divmr according to tht 
descending gowe/rs of some common letter and glace them in a lint 
<18 in the process of Division in Arithmetic 

Divide the first term of the dividend ly the first term of tht 
dtmsor and write-down the result as the fiirst term of the quotient. 
Multiply the divisor iy the quantity thus found and suliract the 
ptpduct from the dividend. 

Regard the remainder os a new dividend and see if it is 
arranged according to the descending powers of the common letter. 
Divide its first te) m iy the first teim of the divisor and write 
down the result as the next term of the quotient Mulliply the 
divisoi iy^ this term and subtract the product from the new 
dividend. 

2W» go on mmilaily with the successive remainders until 
there is no remainder 


™1® above -stated gives ns a correct result is 
^dent For, the di&rent quantities, that are one by one subtracted 
fi'oni the dividend, being the partial products of the divisor by suc- 
cessive ter^ of the quotient, their sum is equal to the product of 
the divisor by the whole quotient , and as this sum is clearly equal to 
toe dmdend, the dividend is equal to the product of the dinsor by 
the quotient, and this ts what it bhould be 


Example 1. Dmde -4a:® -1-12® -9 by a®— 2a! +3 

Both the dividend and the divisor as they are, are 
arranged according to descending powers of x Hence', we 
may proceed at once as follows . — 
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yz*— \ 


•8 


2 z“- 7 ®* + 12®-0 
2z®~4z»+ 6z 


-Sz®+ Cz -9 
-82®+ 6 z -9 


ThnSt the required quotient = *®+2z— 8* 

Koto In ibc duidond it imtHt be noticed that the term contain* 
nnp ir* IS wantinjr and hence the second term, which contains j*’, has 
l»cen put a little apart front the first ns if IcnniiR unoccupied tho 
jilaco of tho .ihscnl Icnn This point ahould he attended to, iilthouf;h 
7iot slnctlj rcnuircd.^nir Ihr jmrjM*/' ufkartut) hie trnnn placed under 
'line antilhfi for instnni^ in the ahoxc eTAnijilc if the second term 
■of the dnidend stood close to tho first — ir* would come under 
— -Ir’, and Hr' under lir, and this might confuse the bogiunor or 
otherwise lessen tho neafness of the process 

Example 2. Divide 162**h862®+81 by 4z* + 6z+9. 

4z»+0z+9\16z‘ -fSGz* +8l/4z®-6i+9 

;i 6 z‘+ 21 «'‘+ 86 z« V 


-24z‘’ -81 

- 242 ’- 36 z 2 -. 54 « 


5f>z»+64r+bl 
86z= -1-542+81 


Thus, Ibo required quotient = 42 ’— Cz+g. 


Note It rani wi happen that the duidcnd is not conctlj dnisi- 
Tilo hi the dmsor For instance if 111 the present cvimplc tho 
-diMdend wore the second roinnmdcr would l>o 

'■5<ir''+nO«'+8fi, and hence tho final remainder (la +5 As Or+S cannot 
be dmded b\ ■Ir’+hr+e, the diMsion in this ease would ho incom- 
plete and the result might ho cvjitcfcsed as in Arillunctic, thus — 


idf*+;r, .r»+fij-+8fr 

jr»+(,r+'t 


= 4 r*— rw+'J 4 


C-r+I 

■ 4 r*+fi.c+«r* 


The portion of the dindend which is thus loft nS a residue not 
diMsible bv tlie dinsor is spoken of us r/ir rrmunidn in division 
Hence, if D denote the dnulend, rfthe dnisor, Q the quotient, and 
31 the lemntnder, wo Imxe tho following unarnhlo relation between 
’these simbols — 

D = dXQ+R 
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Example 3. Divide je®— 4 {b*— 12bya*— 4^ 

IT S It IS not essential to urauge the dividend and the divisor 
according to descending powers of some letter common to them , the 
arrangements may as well he according to ascending powers of that 
letter Theonl} thing indispensable is that both the expiessions^oxld. o 
he arranged in the same order, be it descending or ascending For 
instance, let us work ont the present example by arrangmg Hie 
ei^iressions in the ascending order of the powers of u 

— 4+a®\ — 12+8a!+Sa!®— 2a®--4a*+a:®/S— 2a+a!* 
y-12 +8a!3 / \ 


Sx —235®— 4a* + 2 !® 

8a —2a® , 

— 4a‘+a® ‘ 

— 4a*+®® 

Thus, the required quotient = 8— 2a+a*. 

Example 4. Divide ' / 

by oJ+crc— , 

The dividend, when arranged according to descending^ ' 
powers of a, becomes 

(S®— c®)a®+2Jc®a— 

The divisor, when so arranged, becomes (&+(!)«— 6c. 

Thus, the dividend has become a trinomial and the- 
divisor a binomial 

u \ 

(6+c)a-6c\(6»-c®)«»+26c® a-6®c®/(6-cia+6c- 
/(6®— c®)a®— (6®c— 6c®)« \ 

, (6®c+6c®>-6®c« 

s 

Thus; the require quotient = a6— flc+6c. 

Example 5. Divide 0®+6®-c®+8fl6cby a+6-f 

The dividend and the divisor, arranged according to 
descending powers of a, respectively become 

, '0®+86c '«+(6®— c®) and a+(6— c) 
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Thus, the dividend has become a trinomial and th& 
divisor a binomial. 

+Sbe —(h—c)a 

)a^+(b-c)a^ V+(&“+Jc+c»> 

— (J — c)a® 4- 3&C + (i® — c®) 

— (J— c)a^— (5— c)® a 

(i* -}-}c4*c®}a+(i® — c®) 

^ ^ (S®+&c+c®)fl+(&®— c®) 

Thns, the reqmred quotient = +b^ +c^ —ab+ac+ic^ 

Example 6. Dmde (J— c) fl®+(c— J)c® 

by a^—ab^ac+bc. 

Let ns arrange the dividend and the divisor accordmg^ 
to descending powers o£ a 

The dividend = (J— c)fl®— J“a+c®ff+J“c— Jc® 

=s (5— c)a®— 

The divisor ts: a^—(b+c)a+bc, 

Thns, the dividend has become a trinomial and th& 
divisor also a trinomial. 

«*— (5+<0o+ic \(6— <5®)o +bc(b- —c-)flb—c)a 

Xb-c)a^-~(b’^-c<‘)a^+bcib-c)a V4-(&*“C®) 

- (&2 ~C=)flE3 -(53 + 5*c-5c2 -c»)B + 5c(d3 -c=) 

(5® — c® )o® — (5® + b^c— bc^ — c3)b+ 5c(5® — c®) 


Thns, the required quotient = cc+S®— c®. 

Note. It must be noted that the expressions which are enclosed 
Tvithin brackets as co-efficieuts of different powers of a are all arrang- 
ed according to descending powers of h Such arrangements add to 
the neatness of the process and lessen the chance of confusion 

Exercise (38). 

Divide — 

1. a:®--5»+6 by J5— 3 2. 2s®— lla;-t-5 by 2®— 1 

3. 6s*-s-12by2s-3 4. 15®®-s-28 by 8s-i-4^ 

S. 2fl®— 7B6-l-fi6® bv fl— 25. 
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6. by a»+a;y+y®. 

7. 4a!“-9«® by 2a+8a 8 »®+fl®by«+a 

9. a3-fl2d-7a6= + 8ft3 by fl-86 

10. 2m^ -Qn^ by 2m— Zn 

11. fl*-8a8J+8aJ3-i^ by 

12 . 2x*—Zx^y—Zxy^—2y*hjx^+y^. 

13. 2a*— 86a“a“ — by 2ff®+8fla! 

14. 8+2®+4!B®+5®®— 4a*+2®® by l+2«® 

15. «*— 4aj*+12rB— 9 by a!®+2s— 8. - 

16. 4a*-9a®6a+24a&“-16&* by 2o»-8o&+46“ 

17. a*+4fl®a®+16«* by fl®+2a»+4a®. 

18 a*+4&* by a*+2a6+2J® 

19. 2a®-7«*-2a3+18a“-8a-8 by a!»-2®» + l. 

J20. x*—8lhjx—S 21. 32 by a— 2. 

22. 8— 9JB+2a!®+5*®— 7a*+2a!® by 1— 8®+«“. 

23. 82i*+40-452^+18«*-67a! by.6®®+8-7« 

24. 64-aj®by2-a! 25. 1+®®— 2*® by *“+1- 

26. 18a6®+2a®6® + 6a*— a®6+4&* by 4fl6+6s + 8a* 

27. a®J— 166*— 8o®6®+o*+19a&® by a*+86»— 2a6. 

28. a®— a® by a® — 2®®a+2®o®— a®. 

29. 8a-6®+86®+a®— 9a®6®— 2c6*— a*6 by 2a6— 86®+i 
30 y®+a®— 2a®y® by a®+y®— 2ay 

31. a®— 2a®a®+a® by a®— 2aa+a® 

32. 2a®y®+y®+a® by 2ay+a®+y®. 

33. a®+(a+6+-c'a®+(o6+ac+6c)a+o6c by a 5 +.c 

34. a®+(6— c— a)a®+(ca— a6— 6c)a+a6c ' ' 

by a®+(6-a)a-a6. 

35. c®+c®6+a®c— flJc— 6*<j— 6c® by c®— 6c 

36 a®(6+c)— 6®(a+c)+c®(c+6)+a6c by a—b+e 

37. a®(6+c)+6®(a— c)+c®(a— 6)+a6c by a+6+c 

38. a®— 2aa®+(o®— a6— 6®)aj+a®6+a6® hy tn—a—i 

39. a®+6®+c®— 8a6c by a+6+c. 

40. a®+y®— l+8a^ by a+y— 1 

-41. a®— 8y®— 27s®— 18ays by a— 2y— 8g 

s 
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-42. ic3-y®+r»+8ary£ by «—y+c. 

43. 8ic'’— 

by 4 i»+ 0 y®+£» + 6 a:y+ 2 a: 2 - 8 y 2 . 

44. fl*(5-c)+J»(c~a)+c®ifl“&J by fl-5. 

46. iz^-U+cx)n-hD{xi-at+(x-b+c)z^ by (!C+b)(!j;-&). 

46. ciai-z^)-^(a--b)(z-c)x+z(z^'-ab) by (sc -&)(*- c). 

47. tt3(6-c)+&®^c-fl)+c“(a-i) by aJ+Jc-ac- J*. 

48. -c^)+b^c^ ~rt»j+c3{o» -J») 

by a*6— Jc“— w®--a®c. 

49. aty®-f2y®c— i'y^s+scys*— 7“y--2ys*+sc“c— sc5^ 

by y+s-z. 


50. by (a+&)(sc-f a) 

51. (a-i)»c3+(a-ijc®-(c*-a^)&» + (c-a)&-’ by 

(a — &)(* “ — (c — a)&® . 
(Cnlcntta TJnnersitj Entrsuico Pipor, 188.-}) 
[Amugc ihogi\cnoxpjv‘«}'ionsaccordinRtodc‘«MudinBpovrersof c] 

62. ' {flz+byy ^{az-~byy •~-{ay-'bz)"‘ +{ay-{‘bzy by 

(a+d)®sc® —^ah[z^ *“2/’’)* 

(r-ikuHa Ennei-sitj Eidnincc Paper, 1888) 

tSimpbf% ihc dbidcud and thesj armngo Ibc h%o oxprc^svonb 
^according to dc'wcndiiig powers of x ] 

53. sc(l +y a J(1 +c3) +y(l + 22 )( 1 + sc*) +c(l +sca)(l +y ») + 

izyz by l+zy+yz+cx, 
(Calcutta Umacrsity Entrauco Paper, 1878 ) 
(Arrange the expressions according to dosconding powort> of j* ) 

54. (4«’*— 3a“se)®+(4y®— Sa’y)®— a® bya:“+y*--a® 

(Bombay UinverHilj Matncul ition Paper, 188‘I ) 
Assuming the formula a" = a*"”" to be true for 
all values o£ m and ti, show that - — 

65. a® = 1. [a® = a""" — a'”— a"" — 1 ] 

56. ~ = a^-rfl" = l-a".] 

t O ■# 

57. sc^-sc^='sc. ‘ 58. sc‘4«"^=®. 
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Divide — 

59 , by 60. by ar^l^c^. 

61. 162^2 by v.62. 9a:^-16y^ by 3aj^;b4y^. 

63. ff+Jby a^+&^.64. o3+a^6^+&'’ by 
'65. 4 aj^-- 37 a;%^+ 9 y^ by 2a!^+5a:^y^— 82 /^. 

66 . a-h^ by 

67. 4a-i®+12fl"^V^+9a-=S-®-26&'« ' 

by 2c-*+3a"H"^-5J-\ 

68 9*"® - + 70*“^^“^- 49y“^ 

_* _B _'n 8 

by 3® ^+6®^y 7y *. 

69. by 

70. ®+y+2--3®^y^a^ by 

7. *A few important results 

The student already knows that 

a;®— a® = (®— aX®+al 
and a® = (®--a)(®®+Ka+a®) 

Hence, a*— a* [ which = ®®(®— a)+a(®3— o®)] 

= (a— a){s®+a(®®+®a-f a®)} 

= (a— a)(a’+a®a+aa®+a®). 

Hence, a*^— a“ [ which = a*(a— a)+a(a*— a*)] 

^ = (a-a){a‘‘+a(a®+a®a+a:a®+a®)} 

= (a— a)(a*+a®a+a®a®+^fl3+a*). 

Similarly, it may be shown that a— a is a factor of 
a®— a®, of a’^—a^. of a®— a®, and so on , hence, generally, 
a— a IS a factor of a"— a” where n is any whole number. 

We conclude, therefore, that for all positive integral- 
values of n, a"— a" %s diviaiblB by a— a ^ 

Again, since z"+a" = (a"— a”)+2a", of which a*— a" is- 
divisible by a— a and 2a" is not, . aS"+o" is not divisible^ 

liv tr^n t 
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Divisioisr. 


lUi» 


Thus, •when n is a positive integer, 

aj— a altoays divides a",\ 
,bnt never divides x"+a”.J 


.. (A) 


‘Co7\ 1, a+a divides a"— a" only -when n is an even integer. 


.For, -when n is even, (—«)"= o", fand .* a’*--a"=a’' — (— a)",] 
whenwisodd, (—«)*'=— a", fand 

also, a+a = a— (— a) 

Now, from (A>, we know that a— ( — a) divides 
but not a’’+(— a)". Hence, a+a divides a"— a" when n is 
even but not when n is odd , i e , a+a di'ndes a"— a" only 
when n is an even integer. 

Cor. -2. a+a dmdes a" ^-a* only when n is an odd mteger. 

For, when « 13 odd, (--a)"=— a", and .* a"+a"=a"— (— a)*,] 

’ when w is even, (—a)"= a", and .a"+a"=a»+(— a)";/ 

also, a+a=a— (— a) 

Now, from (A), weknowthata— (--a)dividesa"— (— a)”, 
'liut not a"+(~a)". Hence, a+a divides a"+a" when n is 
odd, but not when n is even , t c., a+a divides a"+a" only 
when n 18 an odd integer 

Thus, we have obtained the following results , — 

. a—a dmdes a"— a" always,"]^ 

a"+a"«ei;flr J 

a+a divides a"— a" only when n is cvck,\ ' 
a"+a" only when n is odd, f 


Exercise ( 39 ). 

Verify by actual division that the following expressions 
:;are divisible by a+a — 

1, a^+a^. 2. a*-a* 3.' a"+a». 


4. a®— a®. 


5. a’+a'^ 


6. a* 


-a* 


tThis follows from Repeated applications of the laws of signs in 



any power of— a is positive or negative according as the index o£ 
the power is an even or an odd integer 
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Verify by actual division that the following expresdone 
are not divisible hy x-\- a — 


7. 

x^ 



8. a!*+o*. 


9. 

, fl® 

10. 

a" 



11. xf- 



12, 


Wnte down 

the quotient 

— 



i 

13. 

X* 

— 1 by 

X — 

1 

14. 

a* 


by aj-hy 

15. 

aj= 

— 1 by 

X— 

1 

16. 

a® 


by x-\-y 

17. 

a® 

— 1 by 

X — 

1 

18. 

a® 

-y^ 

by x+y 

19. 

x’’ 

— 1 by 

X — 

1. 

20 

x"* 


by 


CHAPTEE Till 

FACTORS. 

1. Definitions. When an expression is the product 
of two or more others, each of these latter is called o. factor 
of the former 

An expression is said to be iwfo/oc/ojs when 

those expressions of which it is the product are found 

Note In tins chapter ■ne shall confine onr attentions to 
rational and vitearal expressions onlj (/ c , expressions free from^ 
radical sigjns and in which no letter occui’s in the denominator of any 
term) and bj the factora of an expression will be meant the i Ational 
and integral expressions of which it is the product 

[A few simple cases of resolution into factors hai e already been ' 
incidentall} treated in the chapter on foi ninlrr and then application.. 
These cases, however, will not be altogether passed oier in, the 
folloiving oiiacles os the present chapter is intended for a more 
systematic treatment of the subject ] 

2. Simple cases. Any expression ail the terms of 

wAic/i have got a common factor may, on inspection, be at once 
resolved into two factors, one of which is simple and the 
other compound, thus — ' ‘ ^ 

' (1) a^x+ax° = ax(a+4B), 

(2) 2an^-ZaH^ ='an^{,2a-Zl) < ' 

(8) 40a!3a* + 56x®a® = — 5!ca+7fl!®).. 
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£xex>cise (40). 

Resolve into factors — 

1. ah+ac 2. 3. 

4. 2«®ya+4«y*2— 5. 4a®5— — 

6 . ax-y—^a-z^y* -{-Zaz^ 

Zx^yH'^ — 12z^y^z^‘{-21z^yH*‘, 

✓ 8. 28a®6®— 42a®i® v 9. 72»*®2/® +108**2/^®. 

10. 656®fi"fl"— 91c®c’5’. 

3. Expressions of the form a® - & ® . 

The method of resolving into factors an expression of 
this form has already been treated in Art. 4 Chap VI A 
few more examples are added here for the exercise of the- 
stndent. 

Exercise (41). ^ 

Resolve into factors • — 


1. go^-iej®. 

2. 4c®— 25c®*. 

3. 36®* -1 

4. 1G®*-1. 

5. lG®®-9® 

v6. 16®®— 81®. 

l-16fl*. 

,8. ®®-81®®. 

9. S6-z*a", 


10. G4fl'^-49a;«. 11. 121-7W® 

'12 49»®aJ‘'-81. 13. fl»5=-25c*<f®. 

14. 81aj»®-64a^“- 15. /?=?*- 100/7®. 

16. 144a:^-25®®a* Jll. 192a®-243o««'*, 

18. 98a®a®-128ax. 19. 324a;i"a‘'-484aj«a3.. 

20. 245m~^n^^—G05Jn^°n'^ 21. («+SJ)®--25c®. 

22. a®— (3&--5tf)®. •✓23. (*+yJ®--(ic— y)®. 

24. (3a+2a)®— (2a+a)®. 25. 4(a-&)»~9(c-^?)8. 

267^^4 9®®~-(5y— 32)® j '"'27. (8a; +5) *—(2®— 7)®.. 

2 ^.’ ia+l—cy—{a—i+e]-. 

2^ 1[2o--8J+4c)®~{«+4&-6c)=. 

30. 6i(ff+8®-4y)®--9(2a-®+8sr)®. 

31. , (4a®~6a*)®-(5®®~4a®)®. 

32. (5fl®‘-8a+7)®-(5a®-3«-7j». 
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4. Expressions •vstMcIl by mere inspection can 
be put into tbe form a® — 6“ The following examples 
are intended for illustration 

Example 1. Eesolve into factors ~ 

= {(a®+6“)+a&}{(a«+&»)-a5} 

Example 2. Resolve into factors a* +4. 

a* +4 = (0*+4a!®+4)— 4»“ 

= (a!=+2)“-(2a!)“ ^ 

= {(a?2+2)+2a!}{(a;2+2)-2aj} 

= (x‘ +2x+2){z^ —2x+2). 

JiXample 3. Resolve into factors as*— 6a;®+l. 

x*-Gx^+l = (as*-2a5“ + l)-4a5“ 
z= (a»-l)a-(2a5)» 

= {(®»-l)+2as}{(as»-l)-2as} ; 
= (a5a+2as-l)(a5*-2as-l). 

Example 4. Resolve into factors a®— &“+25 (J—c*. 
flS_5s^2&c— c* = c®*— (6®— 2&C+C*) 

= {a+(&-c)}{a-(6-c)} 
s= (a+&— c)(c— 5+c). 
lExample 5. Resolve into factors 

2(a&+ft?)— a® — J® +c*+<i®. 
The given expression = ’(c® + 2cd+ d^) — (a® — 2db + J®) 

= (o+rf)®-(o-&)® 

= {(c+<?)+,(o-5)}l(c+«?)-{«--W} 

s='(®+^ +fl— •&)(c+t?— ff+ 

Exercise (42), 

f ^ \ 

, Resolve into factors — ^ ^ 

•J1., «*+»“+! ^2. as®+as*+l. *^3. a*+fl®as^+»*. 

J*4. + aH*‘ + a; * . {Calcutta Umveraity Entrance Paper, 1 88f ) 
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5. 

*♦+64 6- 4** +81. 

'<7, 9®* +36. 


a*+2a®+9. ^9.^ **- 

7*®+S 

L 10. 4**+S** + 9. 

LI. 

4** -16**+ 9 

12.- 

4**+8*®+9. 

L3, 

4a*-37«=+9. 

14. 

4a* +625 

L5. 

9**+23a!- + lC. 

16. 

9a* -25a® +16. 

L7. 

9**--33**+16 

18. 

9c* -a® + 16. 

L9. 

16**'+4**«*+25a*. 

20. 

9a* — 19a®** + 25**. 

21. 

®*+8** + 144 

22. 

a*-85c®5s+25&*. 

23. 

36a*-lGfl*J®+M. 

.24. 

4ajw*+16«*-60ffi®a*, 

25. 

64a* +81**. “ ' ' 

26. 

4**+(7o)*. 

27.. 

y®+2y2— 2*. 

28. 

4a*-5®-9c*+6&c. 

29; 

9*® - 4y * +12^2- 92*.*-^ 


30. 

a2_4j3_252®+20&tf 


- 

31. 

30*2 + 16y * - 9*® - 25a*. 




32. a®+4i®-9c=-452-4«5+12«f. - 

33. (*“ —2xtj)—{3^ —2yz). 

34. 4aJ»-l+9ff2-25&*+12ara-105. - 


35. 9aj*-4y=-492=-80»+282^2+26“ 

36. 16a»-16c»-9J»-ko+245c+9. 

37. 49y*+202+a;®— 14a:^— 252®— 4. 

38. I6a®_+42&y-9y® +40*fl-496® +25fl®. 

39. 4g®=-l+16y®-642®+162-5622r. 

40. tf®-5®-c®+<f®-2(<K?-5c) - 


5. Expressions of the form a®+5® or a^-d®. 

The rcEoIntioir of Huch expressions into factors has al- 
ready been considered in Articles 7 and 8, Chap. VI. A f e'w 
cases, however, of a little more complicated character may, 
"With advantage, be added here. _ 



lie 1. Resolve into factors a“+a;®. 
rj = (a+h)(fl®— a5+J*), 

ave s= (a®)®+(aj®)® 

= (o®+a;®)(fl®— «®aj®+r8®) 

- ' = (a+aO(a^— ««+**){«* 

3—8/ ■>- - . 
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ExEUUplG 2. Resolve into factors c”— 

Since o®— 5® = (a— J)(a®+fl!&+6®), 

\7eliave o®— a;® = (a®)®— /a®)® 

= (fl®-a!®){(o®)®+(a®)(®®)+(a:®)®} 

= (o®— a;®Ka“+fl®®®+®°) 

= (a— a;)(a®+fl 2 +a!®)'fl®+o®«®+a®)^ 

Examplo 3. Resolve into factors 64z^— aa“ 

64®^ — «fl® 

= a(64a®“0®J 

= ®{(8®®)®--(fl®i®} /' 

= ®(8®®+fl®3(8z®— fl®) 

= ®{(2®)®+fl®}{{2®)®-fl®} ~ 

= a{(2z+a){4a:®~2®a+o®)}{i2z— «)v4®®+2®a+«®) 

= ®(2®+a)(2®— fl)(4®®— 2®fl+a®)C4a®+2ro+a®) 
Otherwise — ^ 

64®’— afl* =®(64®®— a®) 

= ®{(4®®)®-(a®)®} , , ' 

= ®(4®®— a®)(16®^+4®®a®+fl^) 

= ®(2®+a)(2®— a){(16®*+8®®ff“+a^)-4®*a®}' " 

= ®(2®+a)(2®— a){(4®®+a®)®— (2®a)®} ,, 

=i“®(2®+a)(2®— fl)(4®-’ +a® +2®o)(4®® +a® — 2®fl) 
= ®(2® + a)(2® — c)(4®® + 2®a + c®)(4a;“ — 2®a+ a®) 

Note Althongh the resolution can be effected lu. either of the 
two waj s diown above, it is generally found com ement”-to adopt 
the first method 


Exercise (43). 

Resolve into factors — ' ^ 

1 . c®-8J®. 2 . a*— 27az® 3 . 612®°*+!. ", 

4 a®-532t® '^5. 27a®+125®® }»®-iJ®/-. - 

*^7. 848®® + 512y® (CalcuttaUniversxty Entrance Paper, 3882), 
8. 64®^ 2-1. a® -64®“ 10 . 12S®®-216o®. 
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11 . 64ai3j+s4Sfl&i8. 12 . 729ir» V-64a;V®« 

13. (fl’'+&=)®+8a3&3. ' 14, (2«s~8yT+2/''. 

15. (2flf-53)3_ji.. 

6. Expressions of tlie . form oj® 4 jpa54 q resolved 
into factors 'by inspection. 

Prom the relation a^4(fl4-5)a4a5 = («4«)(a4;&), it is 
clear that to resolve an expression of the form g into 

two factors we have to find two quantities a and h such that 
.a+ J = p and ab — g This can be done by inspection 
whenever a and b are rational and integral The stndent 
can very well refer himself to the examples worked out in 
Art. 9 Chap VI , for a clearer comprehension of Bnch 
cases. 

EiXample 1. Resolve into factors 417*480 

We have to find two numbers whose sum = 17, and 
product = 80. . 

Pairs of numbers whose product is 30 are — (i) 1 and 80» 
(u) 2.and 16, (ill) 8 and 10, (iv) 6 and 6 Out of these four 
pairs then we must pick out that of which the sum is 17 j 
the second pair, therefore, is the one sought. 

Thus, 2 and 15 are the numbers required. 

Hence, *^417*480 = (®42)(a;4l5) 

E2[aillpl6 2. Resolve into factors 11*4-24. 

We must find two numbers whose product = 424,fand 
sum = — 11 Clearly then the two numbers must be 
both negative 

The pairs of negative numbers whose product is 24 
are — (i) —1 and —24, (ii) —2 and —12, (in) —8 and —8, 
(iv) —4 and —6 Out of these four pairs we must pick out 
that of which the sum is— 11 , the third pair, therefore, is- 
the one sought 

, Thus, the required numbers are —8 and —8 
Hence, -11*424 = (*— 8)(*— 8) _ 

.Examples. Resolve into factors, *“4G*— 40. 

We must find two numbers whose product = — 40, and 
' sum =46, 
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The pairs of numbers whose product is ~40 are — (i) 1 
and —40, (ii) —1 and 40, (mj 2 and —20, (ivj —2 and 20, 
(v) 4and -10, (vi) -4 and 10, (vii)6 and —8, (viui —6 and 
8 Out of these 8 pairs we must pick out that of which the 
sum IS +6 , the sixth pair, therefore, as the one sought 

Thus, the required numbers are— 4 and 10 
Hence, a;® + 6«— 40 = (jc— 4)(a!+10) 

Note From tlio fact that the sum of the two nnmhei s is posi- 
tiie it is clear that the positiie number must be mnnet icallf/ greater 
than theiiegatiic Hence we might at once reject the first, thud, 
fifth and sei enth of the above paus 

Example 4 Resolve into factors a® — 5a:— 86 

We have to find two numbers whose product = —86, 
and sum = —5 Clearly then the numbers must have 
different signs and the negative number must be numeri- 
cally greater than the positive 

Hence, the only admissible pairs of numbers whose pro- 
duct IS —36 are — (z) land —86. (n) 2 and — 18, (m) 8 
and —12, (iv) 4 and —9 Out of these four pairs we must 
pick out that of which the sum is — 5 , the last pair, there- 
fore, IS the one sought Thus, the required numbers are 
4 and —9 ^ 

Hence, a:”-5s— SG = (a;-t-4)(a;— 9) 

Example 5. Resolve into factors a® + 7a&-l-12J® 

The factors will evidently be o+pJ and a+gb where 
p and 2 are such that jj+j = 7, and^^ = 12. 

Arguing as before it is easy to see that 8 and 4 are the , 
numbers whose sum is 7, and product 12 

HencC a^+7ab+12b^ = {fl+Zb)[a+lb) 

Example 6. Resolve into factors jra“— 12>n« + 20«® 

We have to find two numbers whose sum = — 12, and 
product =20 - ' 

Arguing in the usual way we find that— 10 and —2 
are the required numbers. 

Hence, w*— 12»in+20n* = (m— 10«)(»»— 2 m) 

Example 7. Resolve into factors a*— a*— 12. 

Patting ® for rt®, the given expression becomes 

.1.19 if ifl pflRv fn RAP fhpf <i**..<r_19 — li» 
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Hence, a*— a* — 12 = («*— 4)(ff“+3) 

= («+2)(o-2)(fl»+8). 

Example 8. /ftesolve mto factors 

' (®3+2aj)®-^a(s5»'f2a!)-18. 

PattuDg a^for + the given expression becomes 
o’ — 3fl— 18', and it is easy to see that 

g^.3a:=.2g = (a-8)(o+8) ^ ' 

_ Hence, the given expression= {(®“ +^x) — 6}{(®’ +2®)+8} 

= (®’ + 2«-6)(®’+2®+8). 

i^ample 9. Besolve into factors 

(5fl+&)® +(5o+J)(fl+2&)-20(o+2&)’ 

Patting ®for 5a +b and y for ff+2J, the given ex- 
pression becomes ®’+ay—20y’. 

Ko'v? it can be easily seen that 

^ *’+®y-20y’ = («+6y)(®— 4y) 

' Hence, the given expression - 

^ {(5o+J)+6(«+2J)H(5a+&)-4(o+26)^ 

- ^ , (10o+ll&)(o-7J) 

^cample 10. Resolve mto factors 8®’ +2®— 8 

8®’+2®--8 = ^(8x8®’ +2x8®— 8x8) 

= +2o— 24) ' [ Putting a for 8® J 

- Nowit can be easily seen that o’ +2o— 24=:(«+6)(a— 4). 
Hence, the given expression = |^(fl+G)(o— 4) 

- ^ ^ — g(8®+6)(8®— 4) 

= ^{2(4®+ 8) X 4(2®- 1)} 

= (4®+8)(2®— 1) 

EsBmple 11. Resolve into factors 12®’ +7®— 10 
12®’ +7®-10 = Vjf(12 X 12®’ +7 X 12®- 10 X 12) 

, = xV(®°+7fl— 120) [Putting o for 12!r ] 

Hovr-it can be easily seen that 

- ' -o’+7o-120 = (®+15)(o-8) 

Hence, the given expression = :^ 3 ( 12 ®+I 6 )( 12 ®— 8) - 

' ~ = ,^{8(4®+ 5) X 4(8®- 2)} 

= C4®+5)(8®-2). 



118 


ALQBBR&. HADB BABY. 


[OHAP. 


Exercise (454>). 

Resolve into factors — 

1. »2+4®+8 2. jb®+ 5®+6 3. 2»+7aj + 12. 

4. «*+9a!+20. 6. ai®+9a+18 6. aj®+lla;+28 

7. a!*-10a!+24. 8. a»-8i+16 9. a:a~ll®+80. 

10. a2-12®+82 11. aj*-14aj+24 12. a:=-22aj+40. 

13. aS + Taj-SO 14. a=+2a-48 15. a®+16a-86 

16. a«'+9a-86 17. a=+lla-42 18. a® + 14* -72. 

19. a®-8a-40. 20. a=*- 11a -80. 21. a=-29r-96* 

22. a®-10a-56 23. a*-a-42 24. a’'-a-72 

25 a“+22a+120 26. a“+lGa-80 27. aa-21a-72. 

28. a®+5a-84 29 a»-20a+96 30. a3+23a-78. 

31. a’*-fia-72 32. a=-25a+84 33. a“-26a+88. 

34. a’+7a-120. 35. a®-2a-80. 36. a*+8a-84. 

37. o*‘-c-56 38. w=-9m-90 39. c®+17b-C0 

40. a’'-15a+64. 41. i?»-22p-48 42. w®+»i-72. 

43. »n»+27?n-90. 44 B®-29a+120 

a* + 7a- 78 46. o= -40a- 102 

47. o*- 19a +60. 48. a»+l2a-64 

49. a= -260-120 50. a»+8a-105 

51. a’«-ay-42y= 52. o>-12fl&+32&®. 

53. w®+»n»— 80n*. 54. a®+a&— 12&“ 

55. a=-2a&-166». 56. a2-7ay-8j/* 

S7. a“+8ay— 40y*. 58. — 14pj+482°, 

"^59. ■\‘2pq—9lQq^ , 60. a“+20ay— 96y® 

61. a^ + la^-S. - "<'62. a*+2a»-15. 

63. a* + 8a* -28. -^4. a® +2*^-8 

<f65. o“-10o*+16. *^66. a® +26*3-27 

v67. -a®+7a3-8 ' 68. a8^20a/.+ G4 

69. a3-lla*-80 V'^O. a”-7a0-8 

7 71. ta*+5a;*-(a»+2a)-2.72. (a*+3a)* + 8(a*+8a)+2. 
'^73. '(a*-2a)*-2(a*-2a)-3 
74. (o*-8a)*-3(a*-3ol-4.' . 
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75. («*— 4:Z)®— 4af)— 5. 

-76. («»-a)»-8(aj*-*)+12 

77. (®«-6z)®+30(®*-5®)+24 

78. (a»+7a)®-8(a“+7a)-180 

79. 6fl)«-32(ff’‘+6fl)-820- 
^0. {a»~8«)=»-29(®®-8z)+l80. 

81. (8a;+'4y)®+(8*+4y)(a;+2j/)— 2(®+2y)® 

82. ~ (2«-5J)s+2(2a--56)(ff+2J)~3:ff+2i)= 

83. (4w — 3?i) ® + 8 (4W — 3«)(w+ 5«) -■ 4(« + 6»)**, 

84. (5<i'f*86)® +4(5flt+'86)(fl+5)“*6(flf 

86. ^ (6«+7y)“-2(5®+7i^)(®-y)-8C«-y)». 

80. ' (7a+8A)'*-§(7a+8J)(fl-4J)-10(«-4&)2. 

87 (9fl-4J)»-5(9ff-4J)(a-85)-6(fl~85)=. 

88. ^ (2/tt*+3«')“ + 6(2m»+8»®)(»i“-2»2)-14(«i®-2«»)*. 

' 89. (®“+6®y)®~8(®“+6®y){a:y--6y“)+2(®y-6y*)®. 

*90. {«» - 5«6)» - 9(a’ - 5«J)(fl5 - 4&=*) + 18(a& -4J»)®. 

•91. -2®*+®- 15 * . 92. '6a® -a- 15 ’ 

93. 8wa~6w-9. 94.- 6z®+7®y-24y®. 

95. lOa®— 41a5+215®. 96. 12nt*— »z»— 20«®. 

97.~ 12®®+28®y-i-5y®. 98. 20a*+a5-805®. - 

89. 'l8®»-51a^+35y®. 100. 12®®+23®y-24y®. 

7, Quaatities oftlie form a?® + 2 >a;+gf resolved 
Into factors by expressing them as tbe dLifference 
•of two squares. 

, . The method ■will be best illustrated by the solution of 
a few .typical cases . • . 

Example 1. Resolve into factors ®* — 7a+12. ’ 

- ®®-7® + 12 = ®»~7a+(f)®-(|)®+12’ 

^ [adding and subtracting ] 

= {z®-7®+an-(^-12) ' 

= (®— 8)(®— 4). 
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Note It mnst be noticed that Tve ha\e added "tor’ — Tribe 
square of half of 7 (» c , the square of half the co-efiBcieut of t) to 

f et a perfect square Generally ^eahing or (c“ — Sarlr 

ecomes a complete square yrhen a* is added to it 

Example 2. Resolve into factors 

a° + ® — 4s® + 12ys, 

The given expression 

= (a® +2a:y+y®)— (9y* +4s® — 12ys) 
s= (aj+y)®— 2s)® 

— {{a!+y)+(3y-2s)}{(a!+y)-(8y-2s)} 

= (<B+4y—2s)[a;—2ff+2s) 

Examples. Resolve into factors 3a:®+lla:— 4. - ' 

3aj® + lla!-4 = 8(sE®+J^a!-|) 

= 3{(a!+^)®-(W-+^)} 

- 8{(a+V-)®-J^} =. (1^=-)® X 

* 8{(ir+-V-)+V-}{(®+-V-)-^} r 

=s 8(aj+4)(a!-^) 

- (a!+4)(8®-l) 

Example 4. Resolve into factors 8a;®— lOaJ+3 
8a;®-10a;+8 = 8{a;=-^a;+^} 

= 8(a;*-fa;+Q®-(|f-i)} 

= 8{(a:-i)®-^} 

= 8{(a;-f)+i}{(a;-^)-i} 

= 8(a;-^)(a;-|) 

= {2(a;-^)}{4(a;-i)} 

= (2a;— l)(4a;— 8) * 

Examples. Resolve into factors 2ti*+5ffJ— 126®. 
2«®+5fl6-126* = 2(a®+^«6-66®) 

= 2{(fl+|6)®-J^6®} 

= 2{(a+|6)+V-&}{(«+i'5)-^5l - 

= 2(a+46)(a-^6) 

= te+46lf2fl’-851 
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Example 6. Resolve mto factors oa!®+(a® + !)»+«► 


“+(a» + l)a+a 

- a(.+a)(*+i) 

Similarly, it may be shown that 


az° — {a^ + l)z+a = {a:—«)(ai— 1), 
ax^+{a^—l)x>~-a = (aj+/j)(«a— 1), 
a2*~(a*— l)a— a =: {z-~a){az+l). 


Note ft IS osefnl to remember these results as we are thuh 
enabled to write down at once tlie factors of any expression which 
agrees in form with any of those vconsidered abo\e For instance, 
we can at once say that — 

" ' = (j— 3)(3a,-l), 

4a!'* — 15r — 4 = (a- — 4)(4a:+l), 

5x®+24a'— 5 = (a'+'jXSa,'— 1), an9 so on 

Example 7. Resolve into factors 

4(aj® + 2® + 5) » + 1 7(a;3 + 2a: + 5)(a:® + 6a:l + 4(a;= + 6 j;) ^ 

' Putting a for a:®+2a; + 5 and b for a:^ + 62*, the given ex- 
pression becomes 4a“ + 17a&+4&®, and it is easy to -see that 
,4a2+17aJ+46= s=s (a+4J)(4ff+&) 

Hence, the given expression 

= {(a:» + 2a;+ 5) +4(a!3 ^ 6a:)}{4(a:= + 2a; + 5) + (a:® + 6a;)} 

= (5a:**f 26a;+5)(6a:»+14a;+20) 

. (®+6)(5«+l)(5*» + 14a;+20). 
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Exercise (45). 

Resolve the following expressions into factors applying 
the method of this articlS — , , 

{e®+4®+S. ^^2 !E“ + 6a!+5 ®“+8®+16 

4. a»-10®+21 5. ®®-2®-48 6. ®“-4®-46. . 

7. ®«-12®+82. 8. ®®-6®-55. ^9. a®+2fl6-c^+2&c 
^10. «“+2®-y*+2Ar. 11. a“+6a-y=+4y+6 

12. a^+4a6-5d^-c<‘+6ic 13. a=-Gry+8y®~g=+4yz. 

14. ®“-10®y+16y®-42«4-12yz . 

15. fl=-sl2flJ-18S2-9c“+42Jc 

16. ®®+12®y— 9z®+86yz 

17. ®“-14®y-15y3- 252® +80^2 18. 2®®-6®-S. 

19. 8®®-5®-2 20. 8®®+14®+8. 21. _4®®+7®-2 

22. 6i®+®-2 23. 6®®-52-4 24. 6®®+7a!-8. 

25. 8®- + 2®--15 26. 4*®+4®-85 27. 6®®-a-l2 
28. 8®® -16®- 12 29. 2*® -9®- 85 30. 2®®+6®-42 

31. 8®® +18®- 80 32. 12®®+®- 6. 

33. 2c®+7fl6-155® 34. 6®®-18®y +Cy®^ 

36. 6m® — ll7M«— 107t® 36. 8 p®+ 6 ;? 2 f— 12 g® 

37. 8ti®-14fl6-165® 38. I0m®+llm»-6n® 

39. 12®® + 13®y-4y® 40. 15a®-ll«*-126®. 

41. 2fl®-5«J+2d» 42. 8o®-8c5-85*.'J'’ 

43. 8®®+8®y— 8y® 44. 4«®+16®— 4. 

45. 4o®-17a6+45® 46. 5®»-24®-6 \ 

47. 5®9-2G®y+6y®. 48. 6®9+87®+6. 

■*49. 6fl® + 86a5-Gft9 50. 6a®-35a&-66®. . 

51. 7«®-60«6+76®. . 52. 7a®+48a6-76». ^ 

53. 7®»-48fl5-7&®. 54. 8®®+68®y-8y®. 

J55. 9®®-82®y+9y® .56. 10®®+99®y-10y». 

i.‘j57. 5(0+5)= +8(a+5)-2 

58. 2(®®+y®)®-3®yC®®+y®)-2®®y®. - 

59. 2(o® + 5®)® + 5o5(o= + 5®)+2o=5®. 

50. 4(®® — 42gr+y®)® + 15®^(®= — 4®y +y®) — 4® ®y ®." 
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61.- 2®*-6aj"~12. 62. 

63. 9a*+2a”b^--82b* 64. '8i«~65»»+8. 

65. 4a”’-17a*b*+4b\ 

‘ *8.- Factors found by suitable arrangement 

:and grouping of terms. 

There aie some expresaione of -which the factors become 
<jb-nons after re-arrangement of the terms in a certain -way ; 
but there are others again -which do not exactly come under 
this category Hence, no definite method can be specified as 
applicable to all cases that may be practically included in 
this article We must, therefore, content ourselves only 
/vnth directing the student’s attention to a few important 
cases, more or less isolated, which will fairly introduce him 
>to the subject under consideration 

Example 1. Resolve into factors 

’ The given expression s= 4fe®a-l-8ai®J— 4®®J 

=a (82-«+3fl®i)-(4J®a+42*5) 
liakin^ the 3rd term with the 1st and the 4th mlh the 2nd ] 

= Sa(x^ +ab)—4b(ab+x’‘) 
rs {x°+ab)(8a-‘4b). 

Example 2. Resolve into factors s*. 

It ' 

Combining the 4th term with the Ist, and the second 
“Nvith the 8rd, we have x* — 2 * 

s= (a®+s®)(3:“— s®) 

= (®®-2®){{a;»+0®)+y®} 

, ' = ( 2 -i-s)(a;--s)(«®-hy®-hs®). ^ 

Example 3. Resolve into factors a;®-!-?®®— 21«— 27. 

The given expression = (2®—27)+{7x®— 21a:) 

’ ' = (a;-8)(2®+32 + 9)+72,a;--8) 

= (a:-3){(2® + 82-|-9)+72} 

= (a;-3)(a)®-M0a:+9) 

= (a;-8)(»-i-9KaJ+l). 
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Example 4. Kesolve into factors 

4a=+12B&+96=~8flr-rl2&. 

The given expression = (4o® + 12fl!5+9&“)—(8a+125). 

= (2fl+8&)2-4(2fl+86) 

= (2a+8&){(2a+86)-4} - 
= (2a+8J)(2a+8&-4). 

Example 5. Besolve into factors 

2a®— 2&c+6i’’+ac— 7«&. 

We observe that the 1st, 8rd and 5th terms are of the 
second degree in a and 5, whilst the 2nd and the 4l^.terms^ 
are of the first degree in those letters 

Patting the former set of terms in one group and the 
latter in another, we havje the given expression 

= (2a®-7a&+66a)+<a-2&) . 

= (a— 2&)l2a--85)+c(a— 2&) 

= (a— 2&)(2c— 8&+c) ' 
Example 6. Besolve into factors 

jjs _y2 — +2^2+3;+ y — a 

The given expression = (*“— y®~e®+2yz)+(aj+y— g) 

=: {®--(y-'2;^}+(«+y-s) 

= («+y— s)(®-y+g)+f«+y-g) 
= (a;+y-2){(a!-y+g)+l} 

= (a;+y-g)(«-y+g+l). 

Example 7. Resolve into factors 

o®aj8 + o®-2a&a;3+5®aj®+a8i®--2a^6 ' 

We observe that the Ist, 8rd and 4th terms'have got sc® 
for a common factor whilst the others have got a® 

Hence, pnttipg the ’1st, 8rd and 4th terms in one group- 
and the remaining terms in~ another, we have the given 
expression 

= (a®a® — 2a&a®-f-5®!i®)+(a® +a®d® — 2a^6) 

= a®Ca®-2a6+J‘®)+c»(a®+6»-2a6) 

= (o®— 2a6+i®;(a®+a®) ' ^ -i 

= (a— J)®(!S+a)(«®-;%a+a®) 
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Example 8. Resolve into factors ^ 

(fl + & + c)(a5 + 2 c + ac) — 

Arranging tlie expression within brackets according to 
■(powers of we have the given expression 

t= {a+0+c)}(«(5+c)+5c}— aJc 

s= a’*(&+c)+ii(5+c)®+5c(54'c) j 
, = (6+c){a®+«(5+<5)+Jc} 

= (i+c)(a+&)(«+c\ ' 

' Example 9. Resolve into factors 

— c)+ J®(c— &) 

c) + 6®(c— a) +1c®(a— 1) ~ 

„ - = a3(J--c)— + — tf®) 

[arranged according to powers of a ] 

=: (5 — + + + 

= (J— c){— J®(u— c)— c2)j 

[arranged according to powers of 5 3 

s= (5— 

« }b - c)(a -cl{c(a- J) + (ff« - &»)} 

[arranged according to powere of t ] 

, ‘ = (5— c)(«— c)(a— J)fc+a+ft) 

Note ' -It must be observed that (i) as soon as the given 
'expression 18 arranged according to powers of a, one of the factors, 
namely 5— c,, becomes obvious 7 (m} when the expression within 
larger brackets is arranged according to powers of h, the next 
Tactor, a~e, becomes obvious , (in) when the expression now 
witiiin larger brackets is arranged according to powers of c, the 
third factor, a—h, becomes obv ions The ordei in which the letters 
-a, 6, c, occur in the mven expression should also be noted , evident- 
ly we get the second term by changing a, 6, c of the first respectively 
into i, c, a and the third teim by changing b c a of the second 
respectively into c, a, b The letters in the given expression are 
hence said to be arranged in cyclic order. 

Example '10. Resolve into factors 

In this expression also the letters occur in cyclic cider 
and we can at once proceed as in the last example. 

-c2j -a«)'+c®(a'* - &*) 

[arranged according to powers of a 7 



128 


ALGBBB/L MADE EAST 


[Char 


Example 3. Resolve into factors aj®+6a!®+ll«+6 

On inspection it is observed that we can split np the 
expression into parts each of which is divisible by a; +3 in 
'-either of the two following ways — 

(i) aHz-\-B)+Seiz+S)+2(x+d} 

( 11 ) a!(a!=» + 6a;+9)+2{aj+8). •- 

Hence, choosing the latter way, we have 

a: 3 + 62 =+lla :+6 = fl!{a:+8)2-f2(aj+S) 

= (a5+8){a:(a!+8)-f 2} 

= (a;+3)(a:®+8a!+2) ' 

= (x+2)(x+l)[z+2) 

Note Here also the student may observe that the given 
expression i anishes Avlieu — 3, — 1 or — 2 is substituted for r 

Example 4. Resolve into factors a®— 2«®—52+6. “ 

On inspection we find that the given expression, can be 
-split npinto parts each of which is divisible by aj—l in 
either of the two following ways — 

(i) 2«+1)~6(®--1 )t 

(u) a;(a;— 1)— 6(a!— 1). - " 

r „ 

Hence, choosing the former way, we have 

a;3_2!c“-5a!+6 = «(a?-l)»>-6(aj-l) ' 

5= (sc— l)(a}“— aj— 6) 

= (aj— l)(a;+2)(a!--8). 

Note Heie also it must be noticed that the given expression 
vanishes when 1,-2, or 3 is substituted for x Thus, the student 
mav well remember it as a general mle that if any expression in\olv-^ 
ing ® vanishes when r = n, a is a factor of that expression We 
ehall apph this principle in the next example 

Examples. Resolve into factors 21a— 38 

By trial we find that the given expression vanishes 
'When X = —2 Hence z+2 is a factor, ’ ‘ 

Thus, we have 21a5— 88 

« »®{«+2)— *(*+2)— 19(j5+2) 

— («+2)(®®— a— 19). ^ 
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Example 6. Resolve into factors Sa:® + 16!5--9. 

We find tliat the g^ven expression can be ^lit np into 
parts each of which is divisible by 2® — 1 in either of the 
»two following ways * — 

(i) -(8®3-l)+812®-l) ; 

(ii) 2*(4a;*-l)+9,2®-l). 

Hence, choosing the former way, we Tiave 
8®3+16®-9 =(8®3-l)+8(2®-l) 

= (2®-l){(4®*+2®+l)+8} 

= (2®-1)(4®®+2®+9). 

Example 7. Resolve mto factors a3 + 7aJ*—225®. 

We find that the expression can be spht np into parts 
•«ach of which is divisible by a—ib in either of the two 
following ways — 

(i) (fl3-853)+7J»(o-2i) , 

(ii) a{a^ -45*) + ll5®(«-25). 

Hence, choosmg the former way, we have 

a3+7flj9-22&3 = (aS-86»)+76»(a-2&); 

= (a-2&){(a2 + 2fl5+45*)+76»} 

= (o— 2J)(a®+2c&+llJ*). 

Example 8. Resolve into factors 

®**+2(fl®+5“)+8c®— 5(8®+5fl). 

Arwaigmg the expression according to descending powers 
•of z we have it = ®2+8(a— &)®+(2a®— 5a&+25®) 

= a*-l-3(a— &)®+(2a— &)(a— 25) 

= a* + {(2a— 5)+(o— 25))®+(2a— 5)(o— 25) 

' = {®+(2o--5)}{®+(a--25)} 

— (®+2a— 5)(®-i'fl—25), 

Example 9. Resolveintofactors®® — 6®y-h8y®— a“*f2ya. 
T?he given expression =s (®®— 6®y+9y“)--(y®+s“— 2ya) 

= (a;-8y)®-(y-s)® 

= {(®-8y)+(y-g)}{(®-8y)-(y~s)} 
=: (®-2y--s)(a— 4y+0)}. 
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Ezample 10. Resolve into factors 

(fl® — J® )( — 2/ ® ) + 4n6*y 

The given expression 

= («®a® + &®y ® + %abxy) — (a®y + &®a:® — 2aJay) 
= (fla+&^)®— (ay— 6a)® 

= {iax-\rly)-\riay—lx)}{{ax+ly)—{fly—lx)\ 

= {{a-b)x+{a+l)y}{{a-\-h)x^{a—h)y] 

Example 1 1 Resolve into factors 

a^ + 6a-‘+4»®-15a+6 

The given expression 

= (a^+6a®+9x®)-(5x®+15»)+6 
= (a®+8aj®-5(a®+Sa) + 6 
= {(a®+8a)-2}{(a®+8a)-3} 

= (a*+8a-2)(a®+3a-8J 

Example 12. Resolve into factors 

x*+2x^y+Sx^y^+2xy^'-i-y*. 

The given expression 

= (**+2a®y®+y^)+a®y®+(2*®y+2ay®> 

= («®+y®)®+(ay)®+2(a!y)(a®-fy®) 

= {(®®+y*)+a^r 

= (®®+ay+y®)= 

Example 13. Resolve into factors " . 

(a-l)(a-2)(a+g)(%+4)+4/ 

(»--l)(aJ-2)(a+8)(a+4) 

= {(®-l)(®+8>}{(a-2)(®+4)} ' ^ 

= (a®+,2a-8)(a®+2a-8) 

. Hence, putting 0 for a® +2a, the given expression 
, = rs-8)(2-8)+4 ' « 

^ = g®- 112+28 ~ - 

^ = (s.^4)(s~7) ' ' 

= (a®+2®-4)(»f+2a-7} 
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_ Note The student must carefnlly notice why' in mnltiplying 
toijether the four binonuols x — 1, x — 2, a+3, a+4, vre combine a+S 
with sr — 1, and a+4 with a— 2 

Example 14. If a+y = a and ay = 5®, find the valne of 
(i) X* +y*, and (ii) x^ — aj®y— ay® +y® in terms of a and 6, 

(i) «*+y^ = (a®+y»)®-2a®y» 

= {(a;+y)®— 2ay}®-2a®y®, 
and the reqnired value = (a®— 26®)®— 2J* 

= a*— 4a®J®+26* 

(li) a®— 2 *y— ay®+y® = a®{a— y)— y®{»--y) 

= (a— y)(a®— y®) 

= (®-y)®(a+y) 

= {(®+y)®-^*yK«+y) 

= (tt®-46®)a. 

Example 15. Find the value of a*— a®+a®+2, when 

a*+2 « 2a. 

a*-a®+a®+2 = (a'‘+a®+a®)-2(a®-l) 

= a*(a®+a+l)-2C*--l)(a®+a;+l> 
= (a»+a+l){a®-2{a;-l)} 

= (a®+a+l)(a®-2a+2\ 
and . the required value = (a® +a+ 1) x 0 

= 0 

Example 16. Find the value of 

26®c®— 2c®a®— 2a®6®, when a+d s= c. 

The given expression 

= a<-2(6®+c®)o®+6‘‘-l-c'‘-26*u® 

= {a* -2{6=+c»)a* +(6® +c®)®} 

- (6® +c®;® +6* -Fc< -26®'*®- 
= {a9~(»9+c®)}®-46®c® 
'={lft®-6®-c®)+26c}{(aS-6*-c®)-26c} 

== {o®-(6-c)«}{a®-(J+c)®} 

^ = (o+J— <5)(o— 6+i;)^+6+<5)(a— 6 — c), 

and .* = 0, when c+6 —e. 
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Find the quotient of — 

1 . a^+5®— c®+8flic by u+J— c 

2 . — 

3. a® - 8y ® + 270® + l^xyz by a— 2y + 80. 

4. 8a® - 276® -c® - 18a6c by 4o® + 96® +c® + Ga6+2ac~36c. 

5. a!®-26a®-27 by (a!»+8a+9)(a®-a+l). 

6. (fl»-6c)3+276®c® by c*-5a*6tf+186*c®. 

7. 126 - 8a® + 6® + 80a6 by (a + 6) ® + (a + 5) » + 2a® - 56. 

8. 2a®— a®+a+4 by a+l. 

9. a*— 4a®+7a® — lla+10 by a— 2 

10 a-‘-8a®-18a® + 18a-G by a+8. 

11. a®+4a— 89 by a— 8 

12. a®— 4a®6+246® by a+26 

13. a*— 5a®6+8a®6®— 7a6® + 36* by a— 36. 

14. a*+a® — 10a®+7a— 4 by y+4. 

16. a®+8ay®— 76y® by aj— 4y 

Resolve into factors . — 

16. a3+8a® + 19a+12 17. a® + 9a® + 26a +24. 

18. a®— Ga®+lla— 6. 19. a®+5a®— 2a— 24 

20. a®— 4a®+a+2 21. a® + 5a®— 2a— 6. 

22. a® - 6a® + 18a- 10. 23. a* - 8a® - 9a® + 12a +20. 

24. a‘»-8a»-a®+18a-10 25. z*-5a®+a®+18a+6 

26. a^+6a®-8a®-30a+86 27. a‘‘~7a®+9z»+26a-66. 

28. a®-7a« + 18a-16. 29. a®-6a+12. 

30. a®— 6a®+82 >•- 31. 2z®— 8a®— 4.^i ' 

32. a®-9ay®-10y® 33 a3+4a®6-96®_ 

34. 60®— 8a®6— 286®. 36. 8a®+^a— 8 

36. 2z®+5a®-4a-8 37. a3-8a-2. ' 

38. 2a®-a®6-6® 39. '3a®+8z®-8a-8 

40. a®-6zy®+9y® 41. a»+6z-(aa-8c6+*26*). 

42. a*+4o6a®y®— (o®-6®)®^*. 
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43. + 

44. fl®+(®+y)a— 2®*+5zy— 2y*. 

45. a;ri5,+«)~2fl®+3J(fl+a)+2J®. 

46. a* +4ay + 8y* + 

47. 4o*-4fl6--85= + 12&c-9c«. 

48. a* + 6a«+8a® + 6a-9 

49. + 

50. 4a^— 20z®+24a® + Ga— 9. 

51. a*— 2z®+2a*--2a+l. 52. a* — 9fl“+80a—25. 

53. o“—2a5a“(flc— 6*jz*+5cz®. 

54. a^y*+a-y=— £*+2ay5+l. 

55. a*(y*— a*)+4ay3— y®+s= 

56. (fl=-i>)(z=+y*)+2(fl=+&“)a;y. 

57. «^--4z*— a®+10a4-4 58. — 18a+5. 

59. 4a^+12z®~5z*-21a+12 

60. a^— 6z®y+6a®y®~6zi^®+y^, 

61. a<-6z»-+14a*-20a+16 

62. a«-7a®6+14o*5=-14a63+4&*. 

63. a*+4z®-na=+20z+25. 

64. fl* +4a®6— 10a®6“+4a&®+5'*. 

65. a*+8»®+24aS + 82z-20 

66. (a+l)(a+8)(a-4)(a-6)+l3. 

67. (a+2);a+8)(a+4)(a+5)-8G0 
68 a(2a+lKz-2)(2z-3)-63. 

69. Find the value of ay(a+y) +y3(y+c)+ez(s+a) +8z^3; 

Tvhen a = c(&— c), y = &(c— a), 5 =e(a--&). 

70. Find the value of 

“S)(y“ -s®)-a{(y--s)9 +afy + 2 )}+a®, 

•when a = (I®— 6®, y = J®— c®, s s= 

7 1. Find the value of a® — 2{y — 2Jz-- 3y® + 20y-- 82, 

•when a+y = 4 

72. Find the value of a® ~y® +4z+ 14y — 45, 

■wTipti 'fX.n = 9*5 nnd fr—n = fi 
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73. Find the value of +y® -s« +8aj»y®s», 

■when X = a*— i“, y — s = 

74. Find the value of 8a!y(a®+y“), when se+y = ^3) 

and x—y = .y2/ 

75. Find the value of aj® +y® in terms of a and h, 

when a+y = a and ay = 

76. Find the value of a® +y® +g® — Sayz, 

when a = 658, y = 668 and z = 674 


CHAPTER IX 

HIGHEST COMMON PAOTOBS.' 

1. Definitions. A common factor of two or more 
algebraical expressions is an expression which divides 
each of them without a remainder 

N B By expies8i07i8 ■we shall moan tatioml and niiegial expre8~ 
oions only [See note, Art 1, Chap VllL] 

An elementary common factor is one which cannot" 
itself be resolved into factors " 

The product of all the elementary common factors of two 
•or more expressions is called their Highest Common Factor , 
or, in other words, the Highest Common Factor of two or 
more expressions is that common factor which is resolvable 
into the greatest number of elementary factors 

Thus, since 6fl!®5{a*— 1) = 2x8xaxax5x(a+l)x 
<a— 1), and* 15a6*(a®— 3a+2) = 8x5xox5x!)x(a-l)x 
(a-~2j, the elementary common factors of the two expres- 
sions on the left are 8, a, I and x— 1 , hence their 
H. 0. F. = 3a&(aj— 1) 

Note 1 Other common factors of the given expressions are 3a, 
6(a;— 1), oh7 30*— l)i 3a?i, &o , but none of them, is elementary 
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Note 2 When the expressions considered ha^e no iiumetical 
common factor, it is easj to comprehend that the Highest Common 
factor 18 ail expression of a higher degree than any other common 
factor Hence, "wheii two or moie expressions have no numeiical 
factor common, their Highest Common Factor maj be defined to be 
the expression of the highest degree by which each of them is 
divisible without a remainder 

Note 3 If any expression A divides an 3 other expression B 
without a remamder, then A is evidently the H C F of A and B 

Note 4 If H be the H C F of anj number of quantities 
A, B, C, &c , then the quotient of_ A, B, C, &c, by H have no 
common factor ~ 

Note 6 If an elementary factor occurs more than once in each 
of two or more given expressions, then the Jiii/hest power of this 
fdctoi common to the giien exmossions, and no higher power, must 
•occur as a factor in the H C F of these expressions 

Note 0 If A = pX(i, and B = p'X(/', such that and o' have 
up common factor, then the H C F of A and B, if any, will be the 
!same as the H C F of jj and p' 

Note 7 If A = ffiXM, and B = m'Xw' where m and m' respect- 
ively include all the monomial factors of A and B, then the 
HOF of Aand B = (the H. C F of m and m')xCthe H. C F of 
M and w') 

^ Note 8 The H C F of A aud B is the same as theH" C P of 
A and mB, if m is not a factor of A 

2. Hig-liest Oommon Factors of simple expres- 
sions. Such expressions can be at once resolved into their 
elementary factors, and so their is no difficulty in finding 
the H 0 F of any number of them 

Example 1 Find the H. 0 F of a-b*<c'^, and 

The elementary common factors are c, I and c , and 
the highest powers of them common to the given expressions 
iire respectivly a-, d® and c*. 

'Hence, the HOF required = a^b^c* 

Example 2.> Find the'H C'F of 24flrJ®aj»«S 
and 

We have Mab^z^y* = 3 x 2® x ab^x^y*^ ' " 

' ^ 8Ga®aj^s® = 2® x 8® x a®aj‘s®, 

240J®a;®^®s *= 8 X 5 x 2* X J®ajOy®« 

Evidently then the elementary common factors are 8, 2, 
■and X , and the highest powers of them common to the 
^iven expressions are respectively 8, 2® and a?®. 

Hence, the H.‘0 F. required = 8x2® x as® s='12®®* 
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N'ote» After exhibiting each expression as a product of powers 
of different elementary factors, the elementary factors common to 
the given e-cpressious are at once obtained by ivnting down in 
succession sach of the elementary factors of the first expression as 
are also found in ever]/ one of the remainmg expressions Thus in 
the above example the elementary faotois of the first expressioa 
are 3, 2, a, i, x and y, of which 3, 2 and ce only are to be found im 
each of the others 

Exercise (48) 

Find the H 0 F of — 

1, an^^n^.aH* 2. and 20aV. 

3. Qxy^z^ and 2iz^y* 4 20a^x*y’^ and 76aV®* 

5, and46»i®«3 0^ IQa^z^y, iOa^yHzndi 28x^0, 

7, 2im'^np’^t QOmn^p and 8im^p‘. 

8, 46jc^y®8^, 75z‘y^z^ and 90x^y^z^ 

9, 86fl;*5°c*a!®, 84a^c^x* and 90a^J®c* 

10. 72an*c\ and 120c^d^a^. 

11. 4:8a»x*y^z», 60x^y*z^b^,72yW^a^ and 8iz’‘b*a^x^ 

12 . 75in*n^p'^q^, QQm^n^p^g*, 105ni^n*p^q^ 

and 186»i®w®/5*^8^ 

13. 54a®J®<j3d*, 72aH^c^d^, 108a^b*c‘^d‘ and 126aH^e^d^ 

14. 4:2a*y^z*, and 78a^x*z^. 

15. Z2aH^x*yH^^ 40a»a!«y%®, 565®»®y’^s*, 72aj®a®y*3® 

and 96J*o®»®y®. 

4. Hlgrliest Common Factors of -compound- 
expressions -wliose elementary factors can he- 
easily found. 

The method illustrated in the last article wiU also evi,- 
dently apply m such cases 

Example 1. Find the H O P of 

o®4*+2a®ft® andfl®6--4fl3J3. 

and a®&--4o®&® = aH[a'^-U^) 

= a®5(a+25)(a~2ij|;. 

^ence, the required H 0. P = aH{a-\-2b)^ ^ 
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Example 2. Fmd the H C F. of 

and 

, ' = a:y®(a!^+y®) 

and - x^i/+2x^tf^+z^i/^ = x^ff(x°+2xi/+i/°) 

= x^^Cx+yy. 

Hence, the required H. 0 F. = xi/(x+y) 

Example 3. Find the H. 0. F. of 

24(x*—2ax^—8a^x^) and 54(®®— 6a®»®). 
The first expression =3x8 xx*(x‘—2ax—8a°)‘ 

= 3 X 2® X ®“(a+2a)(»— 4fl!). 
The second expression = G x 9 x x^(x^~-ax—6a‘) 

= 2x8® X»®(a+2a)(®— 8a)^ 
Hence, the required H OF =3x2 x«4(®+2®) 

= 6 ®*(»+ 2 «). 

Example 4. Find the H. C. F. of 

16aj^ and a^+c®«‘-18fla5®+8«®. 
The first egression = (a®+4aj®){c®— 4*®) 

= (a^ + ix’‘)(a+2x)(,a—2x)^ 
The second expression = (a— 2a;)(fl®+3aaj— 4*®) 

= (a—2x)(a—xXa+4:X) 

Hence, the required H C iF. = o— 2r 

Note It, may bo obsei\ed iii this example f hat although the 
factors of the second expression ore not so obvious ns those of the 
first, still there is no great difiiculty in discoi ering them as it may 
be presumed that the given expression have at least one common 
factor Hence, after the resolution of the first expression mto 
factoioi, by a little trial it maj bo seen that of these a~2x is also a 
factoi of the second expression , thus the factonsation of the 2nd 
expression is much J!acihtated 

... 

Exepeise (49). 

Find the H. C' F of — 

1. uJ® and fl*+2a®5+o®J®.' 

2 . and«®y*+aj*y'', 

3. 61a®-9)and 15(a®+27). ’ 
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4. ~a»6»c®) and 20fa'^6»c3 +aH^c^) 

i5. —2m%^ +m*n* and (m^n—mn^y. 

6. 4a*a5— Oa^a’’ and 4a®a!®+6flr®® 

,7. 18flf*i3-82«>&® and 18a*S®H-24«=»i3 

8. 9®*y*~86®®y® and 24:a*y*— 48a®y® 

9 . 6a®J®-T24a&* and ~ 

10 48a®fl®(a+fl)®(a®o®— afl®) and 

64(a®ff“ --a®fl®)(a®a+a®6“). 

11 . 24(a®— fl®) and 40(a*+a®fls*+a^) 

12 . 56(a®a®— a®a®) and 72(a®o®+8a®a®+2a^)®. ' 

13 . 30(fl!*+4a&+3&*) and 42(o*+fl6-6J®) 

14. 28(®® - 8z® - 10®) and 52(a* -8*® + 16®“) 

15 . a‘^y+8a®y® — 18®®y® and a®y® + 10®*y®+24a!y*^ 

16. fl'^a®— 4a®®'*— 12«®a® and a®a®+8a*®®+12o®®'* 

17. 4®®+12®® + 9®and4®*~2®-l2 

18. a®— a6— 2J® and o®— a®6— 4a6®+4&®. 

19 . ®®+8®— 10 and ®®— ®* — 14® 1-24 - 

20 . 54(®® +8a®) and 90(®® +7a®® +lGa®®-|-l2a®). 

21. (a3_i3X«+i)”, a*-5* and 8a*-l-2a®6-5a»*®. 

22 . (2®-3)=(®®+®-2), 4®®-®-18 and 2®®-28®-54.' ' 

23 . 8(27a®J-|-a»J*), 12(6a*6»-7a®6®-8a®5*) and ' 

40(8fl®J»+l8o»&®+4aJ*). 

24. ®*-13®*-J-36, 8®® + 18®®-h8®-12 and 

4®»+17»®+9®-18. 

4 Tlie ordinary metliod of finding the^. O. P. 
of t'wo mnltlnoiriial expressions wliloh liave no 
monomial factors 

Let A and B stand for two sncli expressiohs both 
arranged according to descending powers of some common, 
letter* and let the index of the highest power of that letter 
an A be not less than the index of the highest power 
of that letter in B 


* 


This lettei is called the letlei of reference 
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Divide A by B, and let Q be the quotient and 0 the 
remainder' 

Then we must have 0 a= A— BQ . (1) 

or -A = BQ+0 (2) 

From (1) it is clear that every common factor of A and 
B 18 a factor of 0 [for if A = and B = we have C 
= iQ)] Hence, if H denote the H 0 F of A and B, 
H also IS a factor of C, and is therefore a common factor of 
Band 0. 

It is clear therefore that the H 0 F. of B and 0 is either 
'H or an expression of higher dimensions than H (a) 

Now from (2) it is evident that every common factor of 

B and 0 is a factor of A and is therefore a common factor 
of B and A Hence the H C F of B and C also is a com- 
mon factor of B and A and therefore cannot be of higher 
■dimensions than H. 

Hence from (a), the H. 0 F of B and 0 is H. 

Thns the H C F, of B and C is the HOF reqnired. 

Similarly, if B be divided by C, and D be the new 
remainder, the H 0 F of 0 and D is the same as the 
H 0 F of B and 0 and is therefore the HOF required. 

Now divide 0 by D and let there be no remainder. 
Then D is the H 0 F of 0 and D and is therefore the 
H O'F reqnired 

Cor, jt. As the H 0 F of any divisor and the corres- 
ponding dividend is the H 0 F required, it is clear that, 
for the sake of convenience, either of them may be mnlti- 
phed or divided by any mononual expression which is not a 
factor of the other. [See note 8, Art. 1 ] 

Cor. 2. In dividing A by B if we stop before the com- 
)plete*^quotient is obtained so that q is the partial quotient 
und 0' the corresponding remaindei, then the H 0 F of 
B and 0' just as the H 0 F of B and 0 is the H 0 F 
Teqmred - Hence, by Oor 1, in dividing 0' by B (or if con- 
venient, B by 0' when 0' is not of higher degree then B) 
we can multiply or divide either of them, if necessary, by 
any monomial expression ivhich ts not a^f actor of the other. 


The quotient obtained is said to be complete when the 
remaiuder is of lower def^ree in the letter of reference than the 
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Hence, we have the following rule — 

A'i } ai\g^ ihi tioo expressions according io descending- powers 
of some common Utter , divide tJie expression ivliicli ts of higher 
degree in that letter hj the other, or if they he of the same degree, 
either of them hy (he other , if there he any lematnder, take it 
foi a new divisor and the preceding divisor for the dividend, and 
continue the process till there is no remainder The last divisor 
mil he the HOF, required Of any divisor and the correspond- 
ing dividend eithei may he multiplied or divided hy any nimher, 
which IS not a factor of the other 

Example 1. Find the H 0 F of 8a“— 7*® — 18a;— 8 and 
2aJ*-8»®-17a-12 

The H C F required is evidently the H 0 P of 
3i®-7a*-18a-8and3(2a^>-S*®-17a-12l [Cor 1]. Let 
•ua therefore multiply the 2nd expression by 8 and divide 
the product by the let , 

2a=‘-8a®-17a-12 

8 


8a''-7s®-18a-8\G®''- 9a-®-61a-8G/2 
y(5T3-14a°-8Gi-16V 


5a®-25r-20 

Hence, the H C F required is the H C. F. of 8®'’— 7i® 
—18®— 8 and 5®“— 15®— 20 [ = 5^®®— 8®— 4)1 and is there- 
fore the H C F of 8®“— 7®® — 18®— 8 and a®— 8®— 4» 
[Cor IJ We must proceed then as follows — 

5 ^ 5 ®®— 16®— 20 

®®- 8®- 4\8a'’-7®®-18®-8/8®-h2 
M®~9®®-12® V 


2®®- C®-8 
2 ®*— 6®— 8 


Hence, the H C F required = a®— 3®— 4 

Example 2. Find the H C F of 

■ 22®®-78a®-lGa® and 2®»-78®®-44'a.. 
The Isfr expression = 2®®(lla*— 89a®— 8) 

The 2nd expression = 2®{a^ — 89®— 22) 
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Hence, by note 7, Art 1, the H 0. F required 
= (the H 0 F, of 2®° and 2®) x (the H. C. F of 

ll®*--89®®— 8 and ®‘*— 89®— 22) 
= -2®xX, putting X for the H C. P. of the multinomials 

I^ow let us find X, as in the last example — 

4c«-89®-32\11®<-89®3- 8/11 
yil®*-429®-242V 

- 3 )- 39 ® 3 + 4291+284 

1 3)18®=* -148®- 78 

®=*- 11®- 6 

-®=*-H®-6\®*-39® -22/® 
y®^— 11®“— 6®V 

11)11®“ -83®-22 

*2- 8a;-. 2 

3 ®— 2 \ a ‘’ — 11®— 6 /®+8 
/*“— 3 ®“— 2 ®\ 

8®“-9®-6 

3®“-9®-6 


Thus X = a*— 8®— 2 

Hence, the H C F required = 2®(®*— 3®— 2). 

lEzample 3. Find the H 0 F of - 
12®*fl“ + 54®“ff’ + 6®=a'»-72®a« and 

8®“«-f*60i + 160®*®“ + 180®afl* + 72»*«c. 

The first expression C®«“{2®“+9®“ff+®a* — 12®“) 

The 2nd expression ;= 4r*«(2®* +15®®®+40®“fl“ 

+46®®“ +18®*). 

Hence, if X denote the H. C P of the multinomial 
factors of the given expressions, we must have the required 
0. F. = (the H 0. F. of 6r®“ and 4®“a)xX = 2®a xX. 
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Now to find X. 

2®® + — 12<J®\2®^ + 15®®a+40®®a“ +45®fl*’ + 180 “* /as* 

}2x*-\- 9 ®^«+ x*a'‘ — l2ra^ \ 


2a)Gz^a+ 39®® a® + 57 ®<t® + 18«* 


2®3+18®®a+19®a*+_ 6a® 

Hence, X is the H. C F of 2®®-l-2®®a+®fl® — 12o® an( 
2®® + 13®®o+ I9®a® + 6a®, and as they are both of the sam^ 
degree we can divide either of them by the other 

2®® + 9®®a+®a®-12o®\2®®+lS®®a+19®a®+ Ga®/! . 

/2®®+ -9®®a+ ®a® — 12a®V 


2a)4®®c+18®o* + 38fl® 


2®® + 9®c + 9a® 

2®* + 9®a+9o®\2®3'+9®®a+ ®a®-12a®/® 
/2i®+9®®a+ 9®a« I 


-4a®)-8®a®-12a® 


2® + 8a 

2® + 3a'\2®® + 9ra + 9a® Z® + 3a 
y2®®+8®a V 

6®a+9a® _ 

6*o+9o® 


Thus X = 2®+8a. 

Hence, the H. 0 F required = 2®a(2®-;l'8a). 

Bzaiuple 4. Find the H. C, F. of 
4®‘‘+11®®+27®®-+17®+6 and 6®* +14®® +36®® +14®+ 10 

The second expression = 2(8®* +7®® + 18®®+7®+6), 
but 2 IS not a factor of the let expression. Hence, the 
H C. F. required is the H C. P. of the 1st egression and 
8®*+7a®+18®®+7®+5. - - " ^ a 
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4®'* + lla® + 273!= + 17»+ 6 

a 


Sx* + + 18®* + 7® +5\ 12®^ + 88® ® + 81®* + 61® +15/4 

yi2®* + 28®» + 72®» + 28® + 20V 


5®*+ 9®* +23®— 5 
8®^+ 7®* +18®=+ 7®+ 5 
5 


. 5®* + 9®* +28®- 6X15®'^ + 85® ‘ + 90®= + 35®+ 25\3® 
yi5®*+27®= + 60®=-16® J 


8®= + 2I®= + 60®+26 
5 


40® = + 1 05®= + 250®+ 125/a 
40®=+ 72®* +184®- 40\, 


88X83®-*+ 66®+ 165 


»=+ ^®+5 
®=+2®+5X5®*+ 9®= + 23®— 6/5®— 1 
;5®» + 10®*+25® V 


— ®=— 2®— 5 
— ®=— 2®— 5 


Thus the required H. 0 F. s= ®= + 2®+6 

Example 5 Fmd the H C F. oE 

4®'*-16®=+l08 and 6®''-14®*-40»®+86^ 
The first expreesion = 4(®*— 4®=+27). 

The second expression = 2(8®** — 7®=— 20®*+18). 

Hence, if X denote the H 0. F of the multinomial fac- 
tors of the given expressions, the H C F required s=: 2X^ 

Let UB then find S. 

-4®= +27X8®*'' - 7®* -20®= + 18/3® + 12 
;3®«-12®'‘+81® V 


12®“— 7®=-20®*-81«+ la 
12®“— 48®= +824 


41i??=-20®=-81*-S06 . 
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a;^-4a!®+27 

41 - 

41a3-20«=-81a-806\41sB*-164®® + 1107 fx 

)Ux*- 20 g°- 81 iB°-- 806 g\ - 

- 9^ - 144®3 + 81®^ + 806® + 1107 

16®3-9®®-84®- 128- 
41 

656®8 - 869®* - 1804® - 5048/16 
666®3--S2O®»-1206®-4896V - 

-49^- 49®*- 98®- 147 

{B»+ ' 2®+ 8 

a!*+2®+3\41®®- 20®*- 81®-806/41®-102 
M®*4- 82®* -i- 128® 

-102®* -204® -806 
-102®»-204®-806 


Sence, the H C F. required = 2(®*+2®+8). 

Exercise (60). 

Find the H. C. F of — 

1 . 2®* +5®— 3 and 2®* +8®*— 82® +15 

2. 3®* + l6®— 12 and 8®*+4®*— 28®+16 

-3. 2®*— 8tf®— 20a* and 2®®+8a®*— 45o“«— 100a*. 

4 . 3®*+7®® — 14®*— 24® and 6®*— 10®*— 24®*. 

5 . 6a* -11a® -3a +2 and 3a*+20a“+28a-10 
"6. 6a*— 25a*6+82a&*— 12t® and 

4a* + 12a*J-7a&* -80J*. 

7. ^ 3®* + 5«*+_6®+2 and 2®*+5®*+6®+8. 

8. 4®*— 7®*y+7®y*— 8y* and 3®*— 7®*y+7a!y*— 4^* 

9. ,6®* +7®® +6®* +2® and 4®®+18®*— 8®*— 10®*. 

10 . _3®*+l0®® + 7®*+4®+l and 2®*+8®® — 7®— 3. ' 
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11. '4a-’+1823-8»~S and 82* + 182'* + 023+92+2. 

12. 12fl»+ll(z*»+Cff2^+2® and 21c®+17a®2-l-9aaj*»+2^ 

13. 35a®+31rt“2+lSa2®+2*® and 

G5fl® + 64fl®2+ 22^2= + 32''. 

14. 702 ® — 9(72“ + 11 <i’ 2 + 6 «^ and 

9l2» -25(72® +20a»2+4«®. 

15 752»-852=+242+4 and 852® -3G2® +252+6. 

16. 852® -342® +82+2 and 492®-402®+52+S. 

17. 42®+2(72«+14(i®2*+l0a®2®+24c®2® and 

62® +21(72® +30a*2‘’ +24(7®2®. 

18. 4(7*+S2(r®+72fl®+44ff+8 and 

6(7‘‘ + 54fl® + 1880® + 78a +12. 

19. 22® — 192® +212— 6 and 62®+2l2®+82— 6 

20. 122*-802*+1262+ 90 and 152® -252® + 1452-75. 

21. 182® + 1172® + 1622= +722+9 and 

122® + 682® +722® + 1082+20. 

22. 2®— 52* +62+12 and 2®— 82®— 242— 32. 

23. 2®+52®+32®-142-40 and 2® -42® +452 +75. 

24. 42* — 82®(i® +282®a® —242(7® +24fl® and 

62 ® +242®(7— 122®(i® — 24zfl® +96a*, 
‘25. 92®— 182®y— 13z®y®— 882^'’ — 12y® and 

62® + 42® y + 62®y® + 42®y *"+ 8y ®. 

26. 2z''-ll2*-9 and 42'’'+ll2®+81. 

27. 82(7®+104fl®-20(7*-122a+80 and 

/ 60fl'’+10a® — 45(7® +46(7* — 50(7 

28. z®+2z®— 52*— 72+8 and 

82®-82®-182®+2* + 22+3. 

*6. In some cases the H. 0. P. may be found 
more easily by the application of the following: 
principle 

If A and B donoto two expressions having no monomial 
factors, and if m, fi^p, g be any four mmmcal quantities 
-such that mg-^np is not equal to zero, then the H 0. P, of 
A and B is the same as the IT C. F. of wiA+wB and 
;jA+yB, 7iumcrtcal common factors^ tf any^ Icmg left ouU 
This may bo proved as follows . — 



146 


algebra hade east. 


[Chap.' 


Let H denote the H C F. of A and B, and H' the 
H C F of »raA+«B and pA+?B, after removal from 
them of any nnmencal common factors that may occur 

Now, smce every common factor of A and B is a factor 
ofwjA+?zB and also of joA+^B, therefore H is a commou 
factor of miA+«B and jjA+jB Hence H' is either equal to 
H or IS an egression of higher dimensions than H {aj 

Again, since ^(jmA+wB)— nf^jA+^B) = 

and jn( 2 JA+gB)— J5 (jwA+wB) = (^mq—np)% 

it IS clear that every common factor of jnA+wB and 
^^A+g-B IS a factor of {mq—np)A, and also of {mq—np)B 
Hence, as mq—np is only a numerical quantity, every 
common factor of those expressions other than numerical 
must be a factor of A as well as of B Hence H' is a 
common factor of A and B and therefore cannot ,be of 
higher dimensions than H 

Hence, by (a), H' = H, which proves the proposition 

Cor, 1 The H C F of A and B is the same w the 
H 0 F of A+B and A— B Here w = 1, « = 1, « s= i 
and g = — 1 

Cor, 2 The H C F. of A and B is the same as the- 
H C. F of A ±B and B , here m — l,n=± l, p = 0 and 
g = 1. Similarly it is the same as the H 0 F. of A±B 
and A. 

Example 1, Find the H 0. F of , 

—3x+2 and o:^— 8®®+a;“-+Sa— 2 
Let A 5*2— 8a;+2, 

and B = a*-.8a;3+a«+3®-2, ‘ 

then A+B = 2®*— 2®® — 4 j 5 ® = 2®®(®*“®— 2), 
and A-B = 4®a-6®=-6®+4= 2(2®3-8®“-8®+2). 
Hence, by Cor 1, the reqmred H C F is the H 0 FJ 
of ®=(®®—®~2) and 2®3-8®®-8®+2, and' therefore of 
a*—®— 2 and 2®®— 8a2_8®+2. 

Let ' A' = z^—x—2 
. and B' = 2®®-8®®-8®+2. 

Then A'+B' = 2®®— 2®* —4® = 2®(®®— a— 2). 
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Hence, the reqnired H. C F. 

= the H 0 F. of A' and A'+B' [Cor 2] 

— 85*— a— 2 

HzamplO 2 Find the H 0 F. of 

4a5^+ll»®+27!C* + 17sB+5 and 8a5*+7a5®+18«* + 7®+5. 
Let A = 4®* + 11*3 + 27® “ + 17® + 6 

and B = 8®* + 7®® + 18®* + 7® + 5 
Then A— B = ®*+4®3+9®*+10® 

= ®(a3+4®*+9®+10), 
and 3A— 4B = 5®3 + 9®*+28®— 5 

Hence, the H. C F of a3+4®*+9®+10 and 

6®3+9®*+28®— 6 is the H 0 F. required 
L^t A' = a3+4®*+9®+10 

and B" = 5®3+9®*+28®-5. 

Then A'+2B' = 11®* +22®* +55® = ll®(®*+2®+5), 

and 6A'-B' - ll«*+22®+55 « ll(®*+2®+6). 

Hence, the HOF. required is the H. C, F. of 
®{a*+2®+5) and a*+2®+5, and is therefore =s ®*+2®+5. 

Example 3 Find the H. C F of 2®* — 11®*— 9 and 
4®3+lla'‘+81. 

Let A = 4®3 + ll®^+81 

and B = 2®° — 11®*— 9 

Then A-2B = 11®^ +22®* + 99 = ll(®^+2®* + 9), 

and A+9B =22®* + 11®^— 99®* = 11®*(2®3+®*— 9). 

Hence, the required H. 0. F. is the same as the H. 0. F. 
of ®*+2®* + 9 and **(2®*+®*— 9), and therefore of 
8*+2®*+9 and 2®*+®* — 9 
Let A' = a** +2®* +9 

and B' = 2®*+®*— 9 

Then A'+B' = a*+2®3+8®* = a*(a* + 2a+3). 

Hence, the H. 0 F of 

H.p. F. reqmred. 
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Now, since B'+8C' = 2z^+4:X^+6x 
= 2®{a:»+2a4-8) , 

theH 0 !P required = the H C F of C' and B'+8C 
= x^+2x+S 

Exercise (51). 

Find the H C F. of — 

1. a:3-8a*-4!B+12 and a:3-7!j“ + I6se-12. 

2 . 2a!®-17a+12 and 4a:»-2®®-81®a+41a;-12 

3 4!c3+18a= + 19jJ+4 and 2a;“ + 5x“+5a;— 4 

4. 8®^— 5s®+7 and 6®^ — 7®® — 5®® + 14®+7. 

6. 6®* — 11®® + 16®^— 22®+8 and 

6 ®* - 11®3 - 8 ®“ + 22 ®-^ 8 . 

6. 2®*+19®®+20®2-81®+8 and 

2®^ + 7®®-64®“ + 62®-16 

7. 8®^ - 7®3 -27®** ~ 6® +2 and 8®^ - 18®^ -40®“ - 9* +8 

8. 52* - 18®® - 7®“ + 12® + 8 and 

5®*-28®®-9®“+16®+4 

•9. 2®*-6®®-17®“-2®+2 and 

6®* + 28®* + 84®® +21®* - 2®- 2. 

10 . 6®®+9®* — 18®®— 4®* +9®— 8 and 

9®® + 12®*-18®®-5®“+12®-4 

11 . ®®— ®®+8 and ®®— ®“+4 

12 . 8®® + 189®“ -44 and 89®® + 189®* -16 

*6. Tlie H C F of tliree or more expressions 
wliose factors cannot be easily found, 

* Let A, B, C stand for any three expressions of which 
the H 0 F. IS to be fonnd 

Let G denote the H 0 F of A and B, and H that of 
G and 0 

t 

Then G being the product cf all the elementary com- 
mon factors of A and B, every factor of G is a common 
factor of A and B, and therefore every Common factor of 
<3- and 0 is a common factor of, A, B and 0 
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Hence, H also is a common factor of A, B and 0, 
Therefore the H. 0 F reqnired is either H or an expres- 
sion of higher dimensions than H (/3> 

But, since every common factor of A and B is a factor 
of G, tvny common factor of A, B and C is a common 
factor of G and 0 Hence, the H. 0 F reqmred is a 
common factor of G and C and therefore cannot be of 
higher dimensions than H. 

Hence, by the H 0. F required = H. 

By a similar reasoning it follows that if D be a fourth 
expression, then the H. C F. of H and D is the H. 0. F. 
of A, B, C and D. 

Thus we have the following rule . — To find tJio H. G, F. 
of any number of expressions A, JB,CtD, dc, first find the 
II C, F of A and B, then the ff,C.Fof this result and 
and so on ; the result obtained last of all is the II. G F 
required 

"Example FmdtheH.O F o£2»^ — 7»®— ITse^+hB*— 24, 
Zz* + Uz^ -\lx^-70x+24: and 5x-*+9z'*-47x®~81a;+18 
Let ns first find the H C F of the first two expressions^ 
Put A = 2x«-7x5--17x»+68x-24, 

and B = + — 11®“— 70x+24 

Then, xV+B = 5®*+7®®— 28x® — 12® 

= ®(5®3+7®»-28®-12\ 
and -•8A-1-2B = 49®^+29®*— S14®-M20. 

Hence, the H 0 F of A and B is the H C F. of 
5®® +7®* — 28®--12 and 49®® +29®® - 814®+120. 

Let A' = 6®® +7®® -28®- 12 

* and B' = 49®® +29®®- 814®+ 120. 

Then, lOA’+B' =: 99®® + 99®* -594® 

= 99®{®*+®-6) 

Hence, the HOF of A and B is - the same as tho 
H. C F. of 5®®+7®®-28®-12( = A')"| 
and ®®+®— 6{ s= C' say). ' J 
Now, A'— 20' == 5®®+5*®— 80® = fia-fa-a , 
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tho H. 0. F of A and B = tho H. C F. of C' and 
A'-2C' = *9+a:-C 

Hence, the H C F required is the H C F, of 
and 5 a!*+ 9 a;'*— 81 a:— 18 , which can he found as 
follows — 

a;9 + a; _ C \6a;< + 9a:3 -47* ® - 81a; + 18/5a;> + 4a: 
/5i<+52»-80a;* V 


4a:®-- 17a;® -81*+ 18 
4a;® + 4a;®— 24a; 


-3^-21a:®-67a;+18 

7a:® + 19a;- 6/7 
7a:® + 7a;-42V 


12\12a:+86 


a: + 3 

a:+8\a;®+ a:-6/a:-2 

Jz=+Sz V 


-2a:-G 
-2a;- 6 


Thus tho required H. C F — a; +8 

Exercise (62). 

Find tho H. 0. F of — 

1. 2a;®+7a;®— Ca;— 4, a;®+8i® + lla:— 20 and 

2a:® + l9a!*+49a:+20. 

2. 2a:* + Sr® +8*® + 15a: -10, 2a:*-6z®+12a:»-25a:+10 

and 2** — ’ir® +10a;®— 20z+S 

3 . 2z*+7a:®-192®-14a:+80, 2z*+5r®-lCr®- 102+24 

and 22 * + ')z®-10z®+52-12 

4. 22* -4z®- 692® -22-85, 22 * -Gz®- 662 ® - 32-28 

and 22*+182®+4l2»+92+20. 
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6. 8a» +28o=6+52o6=-485*, 8a3+4a*6-28a&*+166® 

and 8fl® + 10a®5~44c5’4-246® 
6 Gfl»+5fT=J-84fl5- + 15P, 6fl®-S7fl“*+57fl5=-20i® 

and 8o®-8fl*i — + 

7. 82<+11x»-82i»-44® + 80, 8«‘ - - 52x“ + 124® - 80, 

8x^ + 2x=* - 20x* - 8z + 82 and 8x* + 2x3 _ 88x® -SOx + 200. 

S. Cx5 + 14x^ -53x3-87x=+6Gx + 24, 6x® ~28x*+17x3 + 
54x=-89x-18, 6x®+8i< -79i3-8Gx* + 105x+86 
and 2x'‘— 2x*— 8lx3 + 51x* + 42x— 72 


CHAPTEE X. 

LOWEST 00MM05J MULTIPLE, 

1, DeduitiOHS. Ono expression is said to be a mid- 
■itph of another when the former is exactly divisible by the 
latter 

One expression is said to be a coinmon multiple of two 
or more other when it is exactly divisible by each of these 
latter 

Of the different common multiples of two or more 
-expressions that which consists of the least number of ele- 
mentary factors IS called the Lowest Common Multiple of 
those expressions In other words, a common multiple of 
two or more expressions is said to be their Lowest Common 
Multiple when it is the product of just as many elementary 
factors as it must necessarily have and no more. 

Thus the common multiples of a and J are a&, 2a6, 
«*&, aV, a'b^, 4-c ; but of these ah consists of the least 
number of elementary factors, and hence it is called the 
lowest common multiple of the quantities a and i. 

Cor. Hence every common multiple of two or more ex- 
pressions IS divisible by tbeir Lowest Common Multiple. 

Note The Letters L C M arc usually ^r^Uea for “Lowest 
•Common Slultiple " ^ 
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2. L. 0. M. of simple expressions or such, com- 
pound expressions as can he easily resolved into 
their elementary factors. 

In such cafles the L C M can be written down by 
inspection The following examples will illustrate the 
process — ■■ 

EiXample 1 Find the L 0 M of and 
The 1st expression = 2®xa“xJxc 
The 2nd expression^= 2x8xflx&“x<f 

Hence, 2^x8xa^xi>°xi:xd musi nocessaf/^y be a factor^ 
of every common multiple of them 

Hence, the L 0. M required 

= 2“x8Xfl®x J®xcx<f 
= 12aHHd 

Example 2 Find the L 0 M of 18zy^z* and* 

27z^yH\ 

The 1st expression = 2^x8xa!*xyxs 
The 2nd expression = 2 x 8® x a? x y ® X s'*. 

The 8rd expression = 8® x a;^ x y® x 2® 

Hence, 2® x 3® x a?* x y® xs® must necessarily be a factor 
of every common multiple of them. 

Hence, the L C M required 

= 2®x8®xa:«xy®x^^ 

= 2l6*^y®2®. 

Example 3 Find the L 0 M of 

4a;®(a!+fl)*, 6c®a?(a:®— a®) and 9a!®(a:®— 6®),. 
The 1st expression = 2® xa5®x(aj+fl)® 

The 2nd expression = 2x8xa®xa;x(a;+a)(a:-a) 
The8rd expression = 8® xa:® x(aj-fl;)(a!®+fla!+a®}’ ' 

Hence, 2® x 8® x o® x a:® x (a;+c)®(a - a){x^ 4 <w;+o®) must 
^ necessarily be a factor of cwcryicommon multiple of them; 
Hence, the required L 0 Id 
= 2® x3®xflt®xa!®x(a!+«)®(a:-a)(a;®+ai!+c®) 

‘ s=:'8Ga®a!3(aj+c)®(aj3-a®) 
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Example 4. FmdtheL 0 M of 

x^—3x'{-2, a®+2a!*— Sa: and — 6®“.^ 

The 1st expression = (a— 1)(®— 2). 

The 2nd expression = flj(a*+2®— S) = ®(®--l)(»+S). 
The 8rd expression = 6) = a®(®— 2)(a+3). 

Hence, ®®(d5— 1)(®— 2)(a+8) nmsi necessarily be a factor 
of every common multiple of the given expressions 
Hence, the L C M reqmred = a®(®— 1)(®— 2)(®+8) 

Example 5. Find the L 0. M of ®®--8®“+8®-’l, 
a®— a®— a+1, a^— 2a®+2a— 1 and a*— 2®®+2®®— 2a+l 
a®— 8a“+3a— 1 = (a— 1)® 

a®— a®— a+1 = a®(a— l)--(a--l) 

= (a-l)fa®-l) = (a-l)®{a+l). 
a*— 2a®+2a— 1 = (a*--l)— 2a(a®— 1) 

= (a*--l){(a®+l)-2a} 

* (a®-l)(a~l)® 

= (a-l)®(a+l) 

a*— 2a®+2a® — 2a+l = a®(a®"-2a+l)+(a®— 2a4-l) 

= (a®-2a+l){*® + l) 

= (a-l)®(a= + l) 

Hence, (a— l)®(a+l)(a® + l) must necessarily be a factor 
of evety common multiple of the given expressiODS 

Hence, the L C M required = (a--l)®(a+l).a®H-l) 

Exercise (53). 

Find the L 0. M. of — 

1. and 2. c®J® and a® Sc. 

3 Gz^y* and lOa^^® 4. 4w®«® and Um^n’^p 

5. 8a®y®3 and 12 a®y= 2 ® 6 4o®Sc, 10o&®cand 14flSc®. 

7. 8a®S=^ 12fl6®6® and 20a®Sc®. 

8 . Ca^y, 8 a®y® 2 , 12a®ay® and iSaas® 

9 fl®S— flS® and a®S“ 
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10. 4 («-y)®. 6(a»-y»)aiid8(a+y)=>: 

11. s®— 4a+3 and ®®— 5®+6 

12 . <z®+ 2 o®®— 3ffs® and 

13. a®(o® -4) and a+2fl®--8ff®. 

14. 4 a®a!®, 2x(x^—a^} and Ga^x(x^ +a^). 

15. 12(aj®+3a-10) and 16.«® +42-12). 

16. 2=+22-15, 2®+92+20 and *“+42-21 

17. 12c*-27«“6“, 2fl!“+fl5-36“ and 2»“-fl6-8J“ 

18 8fl®+27&®, Sa^-27b^ and 16fl^+86a“i“+8l6^ 

19. 82 ^— 602 “y“, 122®+242“y— 152^* and 

16*“ — 482y+20y® 

20. 42“— 12fl2+9a“, 62 *— 702 — 8 fl“ and 62 ®— llC 2 + 8 a- 

21. 22 ® + 62 + 9 , 4*“ — 122 “ +18* and 42* + 81. 

22. 9 o®— 602 + 2 ®, 6 fl* + 1002 — 42® and 9o®— 2 I 02 + 62 ®. 

23. 82 “ — 122 * + 62 — 1, 8*“— 42 “— 22+1 and 22“+52— 8 

24. 2 “ — 62 y+ 8 y®, 2 ®— 72^+12^®, 2 ® + 22 y— 15y“ and- 

2“+2y— 20y“. 

25. 6 *®— 2 — 1 , 32®+72+2 and 22 ® + 82 — 2 

26. 1 + 42 + 42 ®- 162 * and l+ 22 - 82 ®- 162 * 

(Calcutta University Entrance Paper, 1874 ) 

27. 92 *- 282 “+ 8 , 272*-122“ + ], 272* + 62®-1 and 

2 * — 62 ® + 9 (Calcutta University Entrance Paper, 1886 ) 

I 

[The factors of the last expression suggest a factor of the first 3 

3 L 0 M, of two expressions wliose factors 
are not otovious by inspection. 

Let A and B stand for two snch expressions, and 
•suppose their H 0 F is found to be H 

Divide A and B by H and let the respective quotients 
be a and b Then we have 

A = oH\ 

B = IB.] 

Hence, since o and J have no common &ctors, fvery 
common multiple of A and B must necessarily jcontam 
•oxHxJ as afactor 
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Hdnce, the L. 0 M. required = aWf. 

A 

{But aKh = fl(H6) = ^xB 

or s= = Axg r 

A B 

Hence, the required LO M =s^xB, or = Axg* 

Thus, to find the L. G. M. of any tm expressions ire have 
to divide one of them hy their JI C. F, and mulfipty the quotient 
iy the other 

Cov» If L denote the L C M of A and B, we have 
X«xH = AxB , thatif, the product of the L 0. M. and 
HO F, of any two expressions is equal to the product of these 
expressions. 

Note ICatn two expressions ha\c no common factor, their 
X C IS 01 idoutly equal to their product. 

fiSomple Flud the L. 0. M. of 

Oj:® + 25®* + +7 and 6® » - 11®= - 8® - 5 

G®^-11®= -8®--6\6®=+25®* + lC®+7/l 

yo®»-ii®®- 8®-5V 

12\ 36y-+243’+12 
/ 3®*+ ®*+ 1 

3®* +2«+ L\6®=-ll®*~8®-5/2®~6 
/6®=+4®* + 2® \ 


—16®* -10®- 5 
-15®=-10®~6 


Thus, the H. C F of the given expressions = 8®=+2®+l. 
Sence, the L C M. required 


6r3-ii®=-8®-5 


8®'’+2®+l 
=s (2®-5)[6®=‘+26®=+lC®+7) 
~ 12®<+20®®-98®»-GG®-35. 


(6®=+25®® + 16®+7) 


t (*-** 
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Exercise (54). 


Find the L 0 M of — 

1, 3x^+2x^ — ll®+4: and 8a!® + 14a® + 18® -"8. 

2. 6a®+17a® + 9a— 4 and 6a“ — 7a*--27a+8 


3 12a®— 4a® -25a +12 and 12a®— 28a® + 7a +12. 

4 * Oa®— 12a®-15a+20 and 15a®+12a® — 25a— 20 

5 . 4a® -10a* -18a +45 and Ca®+8a“-27a-8G 

6. 4a*+4a®+7a® + lla+4 and 6a* + 7a® + 4a* + 5a +2 

7 . 8a*-6a®-8a*+9a-6 and ICa*- 12a®+20a*-9a-l^G 
8 4a*+8a® + 21a* + 18a+27and 8a* + 6a® + 17a*+16a+24 

9. If 7i be the Highest Common Dmsor and Z the Lowest 
Common Multiple of two quantities a and y, and if A+Z= 
®+y) prove that h^+l^ = a®+y® 


(Punjab Uunersity Entrance Papei, 1891 ) 

*4 L. C. M. of three or more expressions 
whose factors are not obvious by inspection 

Let A, B, C stand for three such 'expressions , to find 
their L Cl M 

Let L denote the L C M of A and B, and M that 
of L and C. 

Then evidently every common multiple of L and C is 
a common, multiple of A, B, G , (11 

also every common multiple of A, B, C is a common 
multiple of L and C . (2) 

From (1), M is, a common multiple of A, B C Hence, 
either M or an expression of a lower degree than M is the 
L C M of A, B, C 

But an expression of a lower degree than M cannot be 
the L C M of A, B, C , because, from (2), the L C M of, 
A, B, C IS a common multiple of L and C 

Hence, the reqmred L C il = M > 

Thus, to find the L C M of any numh^ of 
A, B, Ct D, (Lc , toe have first to find the L C M of A and B, 
then the L G M of thts result flwjf C, and so on , the last result 
thus obtatned^ts the L 0, M required 
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Example Find the L C. M. o£ 

G«»--lla;+8, 42»-4a!-3 and 6a;®+25sB~9 


- 1 la + 8\G2= + 25* - 9/1 

yGa^-lla+aV 


12N86a-12 

; 

8®-l 


8a-l\6a®-lla+8/2a-8 
;6®=- 2x V 


~ 9a+8 
- 9a+8 


Thus the H C. F. of 6a® — lIa+8 and 

6a=+25a-9 = Sa-I. 
■Hence, the L C iE of these expressions 

- ®jlzll£±®(62®+25a-9) 

3iC— 1 

= f2a-3)(6a®+25a-9) 

= 12a®+82a®-93a+27. 

l^ow to find the L. 0. M. of this expression and 4a* —4a— 3. 

4a® -4a-8V2x« +32a® -98a+27/8a+ll 
yi2a9-12a®-9a V 


44a®-84a+27 

44*2-442-83 


-20j -40a +60 
2a— 8 


2a -3N4a® -4a-3/2a+ 1 
/4a® — Ga \ 


2a— 8 
2a-8 


Thus the H 0 F of the expressions considered = 2a — 
Hence their L C M 

4^^ —*43!— S 

= ~ - {12a® + 82a® - 93a+ 27) 

= (2a+l)(12a®+82a®-98a+27) 

= 24a* + 76a®- 154a® -89a+27. 
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Exercise (55). 

Find the L 0 M. of — 

1. 3®“— lOaj— 8, 4®“— 20®+9 and G®®+®—2 
'2. 3®“— 28®— 8, G®“— 7®— 3 and 2®“ — 11® +12 

3. G®°— 19®+10, 12®^— ll®+2 and 8®° + 10®— 8. 

4. 2®^+4®®+®®* + Gx— 3, 4®*+8*®— 7®’* — G®+3 and 

8®* + 4®® — 2®® — 8® —3.. 

i 

Miscellaneous Exercises (2). 


I. 

1. When IS one number said to be multiplied by 
another ? From the definition deduce the result when —8 
is multiplied by— 4 

, 2 Arrange the following expression (i) accordmg to- 

descending powers of y and (iij according to ascending 
powers of ® — 

®3g+®y»— ®y®2!— ®23 + ®y2a — 2^2®— 2y®g 
/ 3. If ® — — y, prove that®® — ^ =;?3+8/?. 

4. Write down the quotient of ®® — y® by ®— y. . 

5. Simplify 

(a+J+cJ® — («— J+c)®+(a+6— c)®— (J+c— a)®, and' 
find its numerical value when a = & = c= — 4. ' 

6 . Reduce, to the form of (A+B)(A— B), 

(<? — 5 + C + i?j(fl! + & + C— 

7. Resolve into factors 4®® +Jlj® y_+ 9y ° — 8® — '12y 

8. Find the H 0 F of ’ 

2®“* — 12®® + 19®®— G®+9 and 4®® -18®® + 19®— 3. 

II 

1. Prove that a x & = 5 x a, when a and h are any two - 
positive integers 

2. Multiply ®®+2®^+8®®+2«®+l by ®'^— 2®® + l. 

1 



X.] MISCDLLANEOUS EXERCISES 

3. Prove that 

{(«c+ W)a+ (erf— + {(or +M)y — (ai— lc)x\ - 

= (o»+6»)(c=+rf=*)(»»+2/'’). 

4 Write down the cube of 2*+!. 

t 

- 5* Divide z'^—px*-\-qx’^—qx‘^'\-j}x—l by x—1. 

^ 6. Resolve into factors — 

(i) ab—ae’~l*-t'br , (ii) 12uc— 4a*--9«^. 

7. EindtheiH C. F. of 

2z'’- 152+U and a*-l5®=*+28®-12. 

8. Find the L. 0. M of 

and x°— (a— h)x—aK 

111 . 

1. If 0 +& = 8 and ah = 6, find the value of 

2. Find the value of 49c’ + 9(c + i)® --42(a + h)c, 

when « s=: 89, J =-* ~69, c = 8- 

3. Divide ®)+s®(®-y) by 

y’— ars—g’ + iry. 

4 Resolve into factors 4fl--8 + lG«’ + G4fl’, after 
reducing it to the form of (A— B)+(A®— B®)+(A®— B®). 

5. Show that (l+®+a®)®-(l-®+®®)® - 4®(1+®®). 

6 . If Ci+«2+C3 + . .+a„ = show that 

= Ui“+«9’+C3®+«.. + <?„’. 

7. Find ^the H. C F. of x* —px"^ +(q-~l)z^ +px—q 

and x*—qx-^ + (p^Dx°+qx-'p. 

8. Find the L. C. M of 

®® — 7®*+16®— 12 and»8®®— 14®® + 16®^ 

IV. 

, 1, Multiplya®—2fl*5^+4fl®i^—8«5+16a^P—82&fby 
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2. Arrange the following expressions according to 
-descending powers of a — 

(1) SaJc , 

(u) c“(6— c)4-i“(c— «)+c°(fl— 5) ; 

(ill) a*[b—c)-{-b*{c—a)-\-c*{a—l) 

3 Write down the prodncfc of a+a, x-\-l and 
Hence, deduce the co-efficients of a® and x in 

(a-7)(a-l-8)(a-12) 

4. Prove that 

^db-\-cd-\-aD+'bd){ai-\-cd—ac—M) = a*c“— 

5. If a = ?+r-i-s, I = r-l-s— p, c = p+g-—r, 

prove that 2fl6— 2cc-f2ic = r® 

6 Divide — 18fl&c by 

a® -f46*-H9c®-6Jc-8cfl-2fl& 

7. Define the Highest Common Factor of two or more 
■algebraical expressions 

Find the H. 0 F of 

86a®a^c®, 24!ry®<i®&* and 240y®c®&*c 

8. Find the L C M. of a®— y®, (a— y)® and a®— y® 

V. 

1. Find the valae of 49a° +126ab+81b^t 

when fl = 46, & =—87. 

2. If 2a = a+i+c, show that ' ' 

(fi-a)»-Ks-5)®-l-(s-c)*+5® = o®+5®+c3. 

3. Simplify 

(5a-7c)3-l-(8c-8a)»-l-8(2a-l-c)(5a-7c)(8c-8a)“ 

4. Divide a—b by 0^—6^ ^ " 

-4. Resolve into factors — 

(i) 6a*a®-i-o®a— 6a®a®— a®a® , 

(ii) a:y(l-fs®)+s(a*-l-y®). ^ , 

‘6. Find the H 0 F of o&-l-2a®— 86'*-4?c— oc— c* 

and 9a<!-|-2a®— 6a6-f4c®+85c-125*.‘ 
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7* If H and L respectively denote the H. C. F and 
, the L. C. M. of any two algebraical expressions 
A and B, prove that L x H = A x B. 

Find the L. 0. M. of 

6aj® — llaj®+5a5— S and 9flf®“9aj®+5«— 2. 

^ VI. 

^ 1. Find the value of 

8766943 X 8765948 -8765988 X 8765938. 

^^2. Find the value of 27a® + 108a*J+144a6* + G46®, 

when ff s=s 29, 6 = — 28. 

3. Divide a®+6®+c®— 3a6c by a+6+c , and hence 
-sHow that 

fl ^ + 5 ® + c® — 3o Jc = + J + c){(a — J) “ + (5 — c) ® + (<J -- ®) “ }. 
JjT 4. Show that 

(a— J)(a— c)(J— c) = 6)+J®(c— a)+c®(a— J) ; 

’hence prove that 

(a+2y+8s)®(a!—2y+s)+(y+2s+8as)®(y—2s+a5)+ 
■(s+ 2aj+8y)® (s— 2aj+y) + (a,— 2y + 2 )fy — 2s +a!)(2— 2a;+y)s=o. 

5. Resolve («*— J®— 4(a(?— into four 
(factors. 

/ 6. Resolve into factors . — 

(i) a®— 2a6+6®+2a— 25 , 

(li) 6a®— a5— 5®+6a— 86 ; 

(m) 15a®— 4ay— 4y®+10a+4y. 

7. Divide (2a— y)®a*— (a+y)®a*a®+2(a+y)flK5*— ajc 

by (2a— y)a®— (a+y)aa+a®. 
'B. Find then. 0 F. of a*-(a®+6»)a®+a®6® 

. and a^— (a+6)®a®+2a6(a+6)a— a®6®. 

VII. 

1. If a-f y-f a = 8 and a®+y®+s® = 50, find the 
walue of ay+ys+sa, 

2. Prove that 

(2a-86)a+(86-5c)®+(6c-2c)® 

, « 2('2a-86)(2a-5c)+2(86-5c)(86-2a)+2(5c-2a)(5c-86). 
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3. Divide 

by a-(®— fl)+5a!(®— 2a) 

4. Resolve into factors — 

(i) 6®®+®— 16 , 

(u) 86i(fl!— y)®--41(®— y)+12 , 

(lu) ll®®-64®y® + 63y*. 

5 . Show that 

ipi+y){y-\rz){z-\r«) — (®+y+s)(®y+y3+sa:)-jEyc- 

6. If ®+y+2 = 0, show that 
(®+S')(y+-)(2+a!) = --®y2,and®®+jr®+2‘’ = Zxyz 

7 . Resolve into factors ’ 

(a — 6)(S + c)(c + «) + (6 — c)(c + o)(a + &) + (c — + J) (6 + f) 

8. Find the L. 0. M of 

36®®— 11a— 6 and 40®®— 29®+8 

VIII. 

1. If ®+y+s = 15 and ®y+ys+ 2 ® = 86, 

find the value of ®2 +^*+ 2 ®. 

2. Show that (a+6— 2<;)® + (J+c— 2a)®+{c+a— 2&)* 

= 8(a+&— 2c)(6+<;— 2a)(c+a— 2&) 

3. If a®+J® = 1 = c®+rf®, show that 

{ad—hc)[ad-\-lc) = (a- c)(a+'c). 
4 Find the L 0 M of 

3®® — 11®+C, 2®® — 7®+3 and C®®— 7®+2. 

5 . Find the H 0. F of 

fl®®®+a^ — 2c5®®+J®®®+ff®6®— 2a^6 and 
20®®“ -6a‘‘®® +8o« -2&=®«+6o=6®a®-8o“i® 

6. Divide (o®+&y)®+{a®— cy)®+(6®— ay)®+(i®+ay)® 

by (a+6)®®®— 8aJ{®®— y®) 

7 . Evaluate ®® + -^ » +-4 » and ®“ + -i'j 

»® a® ®“ 

->■1 ^ 

when aj+ — = a 
® 

8. Show that (a®+y®)(»®+2®)+2®(®®+5'2)fy+2)+ 

4®*y2s= (a®+a:y+®s+y2)!< 

1 
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IX. 

1, Show that 

= (fl*-&2)«+(4«&-c3)c=. 

( 2 \ 

»+— j . 

3. Find the H C F of iB'’*+lI®-12 and a^+'llas^+Si. 

4. Divide fl3(&a-c2) + &»(f®-fl»)+c3(oS-J2) 

by afi+Jc+crt. 

5 Find the L C M of 

8zy— lOy®, ®*+2zy— 86y® and z®— 8zy+16y®, 

S. Show that 

<z-«)«(i-tf)+(z-J)*(r-fl) + (z-tf)»(«~&) 

= (fl— c){5—c) 

7. Show that 

(fr+i+c)*--o^— 6®— c® = 8(rt+i)(6+c)((5+ff). 
Hence prove that 

(s+z—y)®--l®+y“-s)'' = 24a;yff. 

8. Find the value of a^—A’+c^ + Soiftc, 

when a = 4278, J = 1*2845 and e = *8007. 

X. 

1. Show that 

(l+fl)=(l+c=)-(l+c)®^l+fl®) = 2(a~-c)(l-ae), 

2. It a-hZ* = 2 and ab = 7, find the value of 

3. Divide a+5+<;+8(J‘*+c^)lc^+fl^l(a^+JJ) 

by a^+b^+c^. 

4. Resolve 2(a®+J’*)— + J°)(2fl&— 8a*+85**) into , 
five simple factors 

5. Resolve into factors . — 

(i) 6a«+48a=‘5--6Ga®i»+48cJ'’ + 6&* ; 

<iiV 12z*-87*»+45z*~87z+12 , 

(iii) abz*^ (flfc-i- 5» +(2c5 + bc)z^ + (sc + b^)z+ab. 


Ltm. 
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6. Show that (6-c)(&+c-2a)»+(c-aXc+«-25)» 

+(fl--&)(fl+S— 2c)“ = ^{a’-V){a—c)(J)—c)t 

7. Find the valne o£ a® + J* +c® — 8«&c, 

■when a = 2668, h = 2664, and c == 2678. 
S. If X = 6+c— a, y = c+o— 6 and 0 = a+J— c, 
prove that aj^+y’+g^— Says = 4(a®+J®+^c®— 3a6c). 


CHAPTEE XI 

- I 

FRACTIONS. 

/ 

1. Definition. The Algebraical fraction SL, where 

a and & may have any numerical values, is defined to be a 
quantity which, when mnltiphed by ft, becomes equal to a. 

In' other words, is defined to be equivalent to a— ft. In 

^ a IS called the numerator and ft the denominator, 
b , 

Note Thus an a?gc& 7 a^ca 7 / 7 ac<io 7 J 18 no other than the (jnotient 
of one expression by another, expreesed hp plauug the dividend over 
the divisor icith a horizontal hue betiveen them , and the dividend and 
the divisor so placed are respectii ely called the mimeraior and the 
•denominator of the fraction 

I 

2. The value of a fraction is not altered if 
both its numerator and denominator are multi- 
plied or divided by any the same quantity. 

If a, ft and m stand for any quantities whatever, to 
prove that ' 

a _ am ' 

b ~ hm ' 


^ defimtionj ; 


then 
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.*. axix?n = aX7??, 
or, xy.hm = am. 

“ Hence, z = am-i-hnit 
a am 

1C, . 

b bn 

Conversely, we have ~ =s ~ i 

bm b 

am _ am-^n 

*' * bm ~ bm—rn.' 


Thns the proposition is established 

<7o»*. ^ * Thus the value of a frac- 

b ox(— 1) — o 

<ion IS not altered if the signs of both the numerator and 
the denominator be changed 

3. Reduction of a fraction to its lowest terms. 

A fraction is said to be m its lowest terms, when its 
numerator and denominator have no common factor. 

Hence, to reduce a fraction to its lowest terms, or more 
briefly to simplify it, is no other than to find an equivalent 
fraction whose numerator and denominator have no com- 
mon factor, and this is evidently done by dividing the 
numerator and the denominator of the fraction bv their 
highest common foctor 

Note In all aiics where the numerator and the denominator 
tan be fictorihcd b> inspection the reduction is at once effetded by 
sjraplj remosnne: the common factors 


Example 1. 


* to its lowest terms. 

__ 2x2xg* Xb^ xc- ^ 2a 
lQab*c^ “ 2 X 5 X a x b‘* x c- ~ ^ ‘ 


Example 2. Simplify 




Sab*{a'^+b'^)‘ 

ala--l) 
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Example 3. Reduce to its lowest terms. 

The numerator = (*+8X^—6). 

The denominator = (®+8)({5— 4) 

VT it- t, (a:+8)f«— 5) g-“*i 

Hence, the given fraction = 

Example 4. 


Simplify 
The numerator 

The denominator 


8o® — 2o i — 8a^> + .lid® 

= 2c(fl!—&)+82(«— &) 

= (a— 5)(2ff+8®) 

= 8a(fl— 6)— 2®(o— J) 

= (o— &)(8o— 2®). 

ffl— M(2a+8®) 2fl+3* 


Hence, the given expression = 

Example 5. Reduce to its lowest terms 

8y^~27g®°->-78g^®-72g» 
2®*‘+10g®*— 4a’‘®--48«“ 


8fl— 2® 


(Calcutta Unixersitj Entrance Paper, 1888 ) 
The numerator = 8(®® — 9a®* +26g*®— 244®) 

The denominator = 2(®® + 6a®*-- 2a*®— 248 
Now to find their H C F ^ 

®®+5o®*— 2o®®— 24a® 

®®— 9a®*+2Gc®®— 24a® 


14c®\14a®* — 28a*® 


®— 2a 

2aN®® — Oa®* +26c*®— 24a®/®* — 7a®+ 12a 
i/®®— 2a®* \ 

— 7a®‘* +26a*®— 24a® ' ' ' 

^ — 7a®® + 14o*® 

) " - 

12a*®-24a® 

128*®— 24a® ' 


Thus the"H. 0. F. required^^sis*®— 2aiv 

* I 
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Hence, the required result 

— 8(fl‘°-“qgg°+g6a^g-"24g°)-rfg— 2g) 
“ 2^g“+5gx»- 2aJg-'24g**)— t«“2g) 

__ S(y^— 7gg-H2g°) 

~ 2tg*+7gg-f*lZa'*; * 

'Example 6. Reduce 

^ 7®-* — 19g“ + 17®— 5 

*4o its lowest terms (Calontta Uiii\crRity Eiilrauce Paper, 1870) 

The H. 0 F. of the numerator and denominator of the 

*given fraction can be found as follows — 

2®*— g*— 9g’ + 18g— 5 [See Cor 2 Art 7, 
7g®-19g» + 17g-6 Chap IX] 


2>yr<-8g=‘ + 10g=- 4g 

g^— 4g®+ 6g— 2 

a;3-4ic’‘+5g-2Vg3-19g® + I7g- 6/7 
/7g'‘-28g*+85g-14V 


' 9^9g*~18g + 9 

g=- 2g + 1 

g2 ~2g+l\g” -4g=' +5g-2/g-2 

yg® — 2g® 4- g \ 


-2g=+4g-2 

-2g=+4g-2 


Thus the H C F. required = g®—2g+3. 
Hence, the required result 

_ f2g+-g3-9r= + 18g--5>‘-fg3_2ir4-l] 

“ (7g**-19g'‘ + 17g~6)— (ga-2g + lj 

1 
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Exercise (56). 

Reduce to lowest terms — 






70a'b^c*f7~ 

105c-*rf»rt3fc» 

a’*— 8® ,, 

8flra—12«“ -- 

a'a-lGrt-' * a 

ai°+2a!— 8 
aj-'+a:— 12 * 

1^7x+12z‘ 

l-8a;+15a:= 

l-4a»-2io* ’ 
Sa^x+da^r- +27ax'' 
a^—27x'‘ 

3a!°— 5ga!+2g° 

8a;’'+ga;—2rt- 

Gaj»-7aj-20 

9a;-‘ + 6a!-8 

10-17gy+3g°a;° 

5—2Gax+da^x^ 


6g®y° 

o 4a®gy» 

• 

00 

10gg“ya ’ 

18g®6c'‘rf® 

g 16g®g^V^c° 

27aH'c'd* 

40g'*s'*a;'*y** 

89jM*M'’;)g<7® 

9. 

g'+g® 

4g“-9g= 

4g“ + Ggg* 

TO 8g®““12gJ 
486^-803 ‘ 


2x^—4a^r ° - - 

X* ‘-4a‘‘x^+4a* ' 

,r» a:“+2a;-15 


4z^+8 x 

x^+5x+G 


* a:=+')a:+20* 

lo 

flj+p • 

21 — 

’ a:®+2a^-S6y'' 

oq g'*~8 a;°-G5 

' g*+g»-20 * 

OK 2®*— -a;— G 

^^-2x-8' 

27 Sg^ + lGgy+Sg^ 

3®®+22ax+7fl‘‘ 

29 ^^°+8gy-~20g* 

8*-*+5g®~28«“‘ 

31 ^“’-(f‘‘-b)X‘^ab 

z^'f-bx-'-f- ax-tab' 


32 Cgc+lO&c-fOgg-t-lsa® „„ 8bT-tl2ab-tGxv+9a>A 


i)C'* + 9c®— 2c~8® 
2g°-l-gS~Z.g 

a^+a^b—a—b' 
fla-5a-2Z»g-c° 
rt“+2g&+5»— c®* 


12bx-t8ab-t9xy-i-Ga!/' 
35. g^ + 4®°+a!-6 
g*+g— 2 
g® — 7g+6 

- g“+2g“~18g+10’ 
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38. 

40. 

42. 

44. 

45. 

46. 

47. 

48. 

49. 

50. 


8g»+4g"y-7gy°+2y° 41 
2a!“+9a‘»y+8a:y‘‘-6y=* * 
a;*— a!^~>g4-l -g 

a* — 2a® — a- — 2a:+~i ' 
2g®+3gg=+6g®g~21g® 
4g®— 12«g* + 19g^g— 16a® * 
2g*+g®— 8g°+2g+8 
8g* +g® --4g® -^8g^-4: * 


g-*+(26^~ff®)a;»4-6* 
g*+2ga;‘*+«V®—6* * 
m-8g— g°--8g* 
l—g+2a®+a®+8g* ‘ 
g*+*®+25 

g^-9g“+80g-26* 


9g®-7gV--2g® 

9g®+6ag*— 5n®g— 2fl® * 
2«®-16fl»J+44a&=-42J® 
8c‘'+6fl*6-24ob®-636® ‘ 
9g* -t-SOg® + 12g° -- Gg-45 
8g* +28g® + lbg®~4g— 48 * 
6g°— 9g°64-g'*6°4-8fl®6®— 
4g“ — Gg* 6 +■ 8a* 6® — a6^ 


24g<^ 4- 1 Gg*y - 28g®?/° ~ 24g-7/® - 12 gv* ^ 
45g^y+80g®y® — 15g*y *— 20gy* — lOy'* * 


4. Reduction of two or more fractions to a 
common denominator. 


Let y- , <5Lc , stand for any numbei of fractions. 

Let L denote the L 0 M. of the denominators, t.e , of 
b, (7,/, <tc Then, since the ralne of a fraction is not altered' 
when its numerator and denominator are bo7?t multiplied! 
by the same quantity, we must have 


g _ ax(L— 6) _ axlL-^b) 
b ~ &xiL--6) “ L ’ 
c _ cxtL— <f) _ cx(L-^-rf) 
d “ dx(L-d) E ’ 

i. — _ gxfL— /) 

/ fx(L-fi L 
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Thus the fractions in the third column are respectively 
equivalent to the given fractions, and they have all got the 
same denominator, namely, L 

Hence, we have the following rule for reducing frac- 
tions to a common denonunator — Find the L C M. of ihe 
denominators and multiply the numerator and denominator of 
each fraction ly the quotient of the L C iL thus found ly the 
■denominator of that fraction. 


Example 1. Reduce — — , - 

a-^b a[a—b) 

to a common denominator. 


and 


X- 


010 ®— 6 *) 


The L C M of the denominators = 06 ( 0 *— &®), and 
the quotients obtained by dividing it by the denominators 
are respectively oi(o— J), h{a-\-b) and a 


Hence, we have 


X _ gxoMo— _ xdh(a—h) 
a+b ~ {a+b)Xab^a—b)~ abjt*—b^) 


9*® _ sr®xWo+i^> _ x^btaA-h) 

0(0—6) ”” a{a—b)xb{a±bj~~ ab o®— 6*)’ 

g® _ g® xo __ g®o 

6(o* — 6®) 6(0® — 6®)Xfl ~ o6^o*— 6*)’ 


Example 2. Reduce 


g — 1 g — 2 

g-— 5g+6’ g®— 4g+S 


and 


~ — ^ to a common denominator. 

g® — 3g+2 

The denommators are respectively 

(g— 2)(g— 8), (g— l)^g— 3) and (g— l)(g-2) 

Henee, th^ir L C M = S) , and the 

quotients obtained by dmding it by the denominators are 
•respectively, g— 1, g— 2, and g— 3 HenOe, we have 

g- 1 _ fl>®-2g-H 

g"— 6g-l-6 (g® — 5g-(-6)(g— 1) g** — Cg'' -t-llg— 6 - 

g— 2 (g — 2)fg— 21 g®— 4g->-4 

g®— 4^+8 ” (g®— 4g+8)(g— 2) ” g“ — 6g*+llg— 6’i 
g— 8 _ (x—^Vx—S) _ g® — fir-t-Q 

g*— 3g-h2 ” (g®— 8g-t-2j(g— 8) ~ g®— 6g*-i-llg— 6 
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Exercise (57). 


, Hednce to a common denominator — 

a ^ 

26’ 4d 


~ a 8c , e 

57;. 2:/andj^. 


_ K" 2^ 

"* 26c’ BC«’ 4 c!6* 


3. 

5. 

7. 

8. 

. Q- 
10 . 

12 . 

13. 

14. 

15. 


ah he 

^ ca 

A ® 

6 c 

’ bx^y 

’ 10®“ * 

a-6’ 

a+6’ a(a+6)’ 

a® 


2a 

a— c 

a’*+2a6’ a 

-J6* 

a-6’ 

ab-‘a^ 

2a 36 

4c 



a—b' b—a 

’ a+6' 



2x 

8y 

42 


a^ia+aj ’ i 

l»*ia— a) * 

« 


a= 

6= 

c® 


2xy-6y^ ’ 

2a® + Say 

’ ^x^y—2xy' 

i • 

* 

a« 

62 

n 

n 4 


jc^-fa+l’ x^—x+1* 
ffl— 26 6c 




a(a^—Jab+ib-‘)' o**-t-86** 
ah c 


a-}ib' «’‘+8fl6+96>’ a®-276»* 
fl h ' c 


6^a— 0 — t-)’ fl(a— 6+c)’ a-* + 6*— c”— 2fl6 * 
c— tf 6— a 6— c 


(a— 6 k 6— c)’ (o— cj(6— c)’ ^c— 6;’ 

5. Addition of fractions. 

From Cor. 3, Art 8, Chap. V, we know that 

fl(6+c+flJ+c)'= a6+flc+ad!+ac, where a, 6, c, d, e are 
4iny quantities whatever Hence, conversely, 

ab+ac+ad-{-ae ^ . ah , ac , ad , ae 

* n — 6+c+a+c — ~Z i~Z'T'rr‘r ~ 

a a a a a 

Hence, putting' ji, », « respectively for ah, ac, ad, ae, 

^ we have 

21±^±I±1 ^ where j?, q, r, s and a 

•are any quantities yvhatever * 
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Thus the Bum of any number of fractions 'v^hich. have 
a common denominator is a fraction "whose denominator 
is the same and "whose numerator is the sum of the 
numerators of the given fractions 

Hence, to obtain the sum of any number of fracbons 
"which have not the same denominator we must first 
reduce them to equrvalent fractions ha"ving acommor 
denominator, and then proceed as above 

Example 1. Find the -value of 

^ a—o o—a 

I -5 

Smce ; = -T : — r* = — i » 

h—a 1 ; a—b 

. a , b a , —b 
we have - — ,+-r — - = - — 7 +- — r 
a—b b—a a—o a—o 

— ^ _ , 

~ a—b ~ a—b ~ ’ 


Example 2. Find the value of 


+ 


a 


x+a x—a 

Since the L C M of the denoimnators = x° —a^y 


we have 


r(x—a) 


x+a 


and 


a(x+a) 


x-—a^ x—a x-—a°' 

Hence, the required value = - 

’ ^ x-'—a* x^-a- 

T(x—a)+a(x+a) 


x--a^ 


g°4-g° 
g**— c* * 


Example 3. 


Find the value of 


1 J a 

a^+b-*" 


In the present example it is not convenient to reduce 
all the fracbons to a common denominator at once. "We 
can proceed best as follo"us — 

1 . b (<i — a 
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Hence* the required value = -j -- + y 

* 

tSxample 4. Simplify 1 

x-2 x+2 a!-+4^«^+16* 


We have 


1 = (g+2)--fa~2) _ 4 

a;=-4 


a:+2 a;=-4 ‘”sc^^’ 

^ i_ = 4fg»+4)~4fg°~4) _ 82 


a:-— 4 a’* +4 *^—10 

lastly, - 82(a;<+ir.)+82fg*--161 
g* — l(j^g^i-l(, g"— 26G ' 


'Tesult- 


64*c^ 

— 2gp * whicli IS the required 


Examples. Simplify -1 L_ L- 4 .„l_ 

«+6 0+2^1 a+Zh^a-^A.b* 

The given expression 

== U L_1 

ia+6 a+2bi l«+86 o+4&j‘ 


Now, we have 


and 


I _ ^ _ (a+2h)- (a+b) 

a+b a-i-2b ‘(a+b){a+2b) 

= ^ 

{a-\-b){a-\-2b) ' 

1 (g -t-4&)-(g+ S^) 


a+Zo C+ 4 & 

_ h 

{a+Zb)(a+U) * 


iLastly, 


(a + 6)(a + 26) ■“ (c + 8 6Ka + 46J 

_ bia+Sb){a^-4:i)—h(a+h)(a+2h) 

fa 4- 6 Vfl +26)f fl -}. 86Hg + 4 Ji ' 
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of ■which the numerator = l[a^ + lah+l'^h^) 

-r-W+Zah^-zb^y 
= &(4a6+106») = 26»(2a+5&). 

Hence, the required result = — — 

{a+b,{a-+ib){a+Zb)[a+4cb} 

Exepcise (68) 

Find the value of — 

fw _l_ T\ f§ ft 

2 
4. 

6 . 

8 . 


1 . 

3. 

5. 

7. 

9. 

11 . 


a +- 

b ' 

“ 1 

z 

a—£ ‘ z 

—a 


a—b 

1 

IS 

2(a+d) 

a 

b 


^-v . y—z . g—g 

ay yz zz 

a+b a—h 
a—b a+b 

2g— Sy 
4a!® — 9y*'”2aTSy ' 


(a+b)-‘ a^—b* 
1 


o®— uS+i® 

+ 


fl+6 


+ 


-{a—h)(a—c) ^ («— c)(J— f) 
1 1 


+ 


a;-*+7aj+l0 a!® + 18®4-40 
Sab 


in u+6 a—b^ 
JLO. T — r— r-r^-T 


. 10 
12 . 
14 


+ 


a—b 

1 


a!-»-3a!+2^!C»-5r+C 
1 (Sr-ZyY 
2aj+8y"'8!B®+27y® ’ 
1.1. 2a 


+ 


+ 


a-b a+b^b^-a^ ** a-k-2b ' a-2b'^4.b*^,af 

15 2fa;®— V® ) _ _ a— 2a! o+2a! 8aa! , 

* x-iyz+y a!®+y® ' a+2a!'“a-2a!*^a®+4a:®- 

3a!+l 


17. 

18. 

19. 

20 . 


a!— 3 6r® + 24a' 

a!-3 8ai + 9'^ 18-2a!*< 

4a— & 4a+& 4Wl— 8a®l 

1— 4a6’”l+4a6 IGa-'d®— 1 ' 
a! . a! . 2r® 


a!— 2a’^a!+2a’^a;® +40** ’ 
b . b 


+ 


2ab , 4a®5 
« + 


a—b a+b d*-\-b- a*+b* ^ 


21 . 


“6aj® 


" 8a?— y 3a?+y Zz^+y- 


XI.] 

22 . 

23 

25. 

L, 

26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 

34. 

35. 
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a 5 2 24 _1 ^ 


abia—b)-^ b a 


«— 1 a^+1 «— 2 a;+2 


a;— a 2a;+a'^a;+a( 2a;— a* 

_i 

a—z a+aa u+z a— aa - - 

2 a ^ 3 

a— 1 a-'+l a+l"^!— a“* 
g-g a-r 

(a— 5;(a— a)la— 6) 

1 +_J + 2 

a’*— 8a-h2~a^— 5a+6 a*— 8a+15 

1 . 1.2 


a* i-5fla-i- 4a-* + llfla+^8a“ ^a“ +20aa+91a- 

1 . 2a , 1 


+ 


+ 




a**'t-8a+2 a®+4a+8 a^+5a+6 

1 1 2a 

1— a-^a* l+a+a* l+z*+z*' 

1 1 2a 

1+a+a® 1— a+a-^1— a*+a* 


a— 2 


+ 


6a 


a— 2 a-*+2a+4~a®+8 
1 1 


2a^ — 6aa+9a“ 2a® + 0aai-9c-^4a*— 81a‘* 

6. Midtiplication of fractions. 

Let — and be any two fractions j to find the value 

-.c g g 
Of-J-X-7. 

0 H 


12aa 
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(i C 

Then we have xxixd = x-^x &x^ 


x=~xhx-^xd 
0 a ^ 


or, 


= axe, 
zxid =s ac, 

ae 

^=^hFr 


t e . 


a c 
d 


— 

bd' 


•Hence, 


a c j oc _e ace 

d^ f ~ / ~ bdf' 


a c 6 a ace a aeea , 

TX-^XjX-^ “ Wf^T ~ and so on. 

Thus, the proditct of my number of fractions ts a fraction 
whose mmeratoi is the product of the numerators of (he given 
ft actions and whose denominator is the product of then denomi- 
nators. 

•COJ* Since c = , we have -^xcs=-^x-^ = ^* 

1 0 0 1 0 

V 

Example 1. Multiply together—, —and—. 

yz zx xy^ 

The required product = ^ 1 . 

^ ^ yzxsxxxy y'xz^xx-* 

Example 2. M^dhply 4|^by . 

The re^mred prodnet = 

_ ax(a—x)(a+x) 

"" (a+a!;®(a— a)® 

ax __ ax 

~~ (a+aXa-®) “ a*—®® * 
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Example 3. Multiply together 


Lri! , and 1+— 
1+^ «+*“* ^1— < 


Since 


1 i_ ® _ 1— *+» 

“ 1-a? 


41ie required product = — ^x— ^ 

1““^ 

^ (H-a;)(l~g)(l+y)(l~y) ^ 1-y 
(l+y)®(H-»Xl--®) « * 


Exercise (59)« 


Multiply together ; — 


1 . 

3. 

-5. 


?5l, »!1 and ^ 
Sab IQao Sbc 




?1 

ZfJ 



l|^aaa555!8? 

7*y'2 96m**w 


2. 

4. 


Dc* 4i- 

Sc** 16rf“ 27i>* 

Uxyz 21a*d^ * 


Simphfy the following ; — 

•6 7 8a= 

aj-1 »»+« * '• fl!=+8a6^«^-8a6’ 

8 (g+&)^ q g°+8g3 ., gg<-4ga!+4a;a 

a“+c6 a-'+afi+d-*’ ' a®— 2a*aj^a”— 2«aj4-4a;“ * 

Tirt aj®+4a;+8^,a®— 8a:+2 

XWB A " ■“ X " "o" 

jb“— 4 9 

T, *®-7!B+10^,a;2-3«-18 
' *--22-15 *•‘-82+12* 

1 SI —42+8 — 7g+10 ft*— 5* a—h 

*'•-62+5 *- — 62+6 * * ft®— 2ft5+&»^ft~8+flJ ' 

■-|y. 2*®— 52+2 8*®+* 

32® -52-2 42-2 * 

*®-62-1G ,«®-11*+28- 
»* -42-21 ^ *= -122+32 * 


^ 5a ^ 
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?!=£!x“1=^x/o+— V 

a +6 tKe+a"* \ a— sal 


1’- (rM)(i+i)- 

19 - {T*m^r}-{T-m-r) 

2*»-7a:+8 8i g° + llg~4 2g°+g->35 
20« 2®-*+7fl!“4:^ 8a!^+8a>--3 lla:+15 

a9_ga_^34.2^g h ^+e^-a^-2ic 

c-'+a^— 6^+2a(J^fl®— &"+ c®-26c* 

„„ <;»~aa~&a+2gZ> ffl»-5°+c^-2gg 

22. jj_ga__g5a4:2flc «“+/>*— C® — 2g6' 

7. Division of fractions. 

Let 4 - and ~ be any two^ fractions , to find tbe 
0 a 

valneof •y*”^ 


T or 

Let ® 

0 0 ^ 

Then we have jsx -^ = ^ 


C [V m— J/Xn = wi, lvll 1 te^€r 
^ 771 aud ’77 maj be ] 


w C « v> 

ajx-rx-r = -r>< — » 
a c 0 c 

" a, d 
z = -rX — 

6 0 




Thns, to dtvide one fraction ly another we have to nwlhph 

the formei by the rcctpiocal of the latter. 

^ a a 0 a \ a 

cor. _-. = _^_ = _x- = jj. 

Eiample 1. Simplify 

Tie reqmrea reenll = 
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_ {a+b)ia^-‘al+b^){a’-iy 
[fl + b){fl— 5)(g“ — «J+ 5*> 
- 1 . 


Sxample 2 Simplify 

«*+«-- 2 g^— 8y— 30 g°— 4a;^5 

g“ + 7®+12 a^+ *— 12 g““-4a!+8’ 

The required resnlt 

_ g®+g— 2 g®+ g— 12 g*— 4g— 5 
*" g* + 7g+12^g2-8g-10^g--4g+8 


_ fg-l)(g+2) fa4-4)fg~8) (g-5)fg+l> 
(g+8J(g+4)^(g— 5)(gi-2j (g— 3)lg— 1) 

— f‘^~lVg+2)Cg+4)fg— 8)fg— 5)fg+l) 
(g+8)Vg+4)(g— 6X*+2Xg— S^g—lJ 

— 

. g+8 

Bxample 3. Simplify 

a a a-\rh a—b 

a—b^a+b . a—b^a+b ct^ 
b b ~ a+b a—b ^ a^+b^ * 

a—b~^a+b a—b c+6 


a 

We have 

^ b 
a—b 


(Calcutta Univorsitj Entrance Paper, 187C ) 

a a(a+b)—a(a—b) 

g-pTfr ^ a^—b^ 

b b{a+b)—b(a—b) 

a+b a^—b* 

2ab 2J® _ ' 

~~ a^-b^ ' a’‘-b^ 

__ 2ab ^a*—b^ 

' ~ a°-b»^ 26“ 


£ 

h 


v*« 






a> 



aso 
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a+l ^a—h (a4-5)“+(fl— J)® 


and 


a*-b^ 


a—b a+b __ 
a+b ~a—b ~~ ya+b\*—(fi—b)'‘ 
a^ — b* 

2ftf®+5®) 4fl& 


a—b a±b 


a^-b* 


a*—b^ 




a^~b^ 

a»+J® 

tab 


4a6 


( 2 ) 


Hence, from (1) and (2) the given expression 


a 


b tab 
_ a tab 
~ 6 ^a‘+b^ 
2a* 


-X 


X 


a- + 6“ 
a^-tb* 


{a- 


( 60 ). 


a^+ab ab 
a—b a'*—b** 

, a*-b* g®+g® 

o“+2ad+6® a+o 
_ m®— 9??® m^—2mn—S7i^ 

m®+5mn+0»-* 

« , jre®+OTW+71® 


9 p+y . g-y\ ^g+y g-y\ 

' ’ v~a;+y/ \®— y ®+y/ * 


a ' ^ ^ 
a—b a^bJ 



Exercise 


1 . 


( 3 


Simplify 

4a®£6 8gft®c 
15aiy®s 25x°yz 
x‘-49 X4-7 
z*—25 a+5 


4 . 
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10 . 

11 . 

12 

13. 

14. 

15. 

16. 


a:9~4 a;*-6a!-14 

a!*’+8!B-18 SJa-aO 

\ 



«°4-^^+8g6fg+ft) fa— •5)°+4g& 

{a-i-b)-‘—Aab * g'*--6*— 8g6lg— 6) * 

8gy gy 

(g— y^^+Sgy g®— y® ^g-*— y*' 

gfg«-&l^+4g°6 g® — ft® ftfg+ft^® — 4gft° 

ab+b^ gft ^ g»— gft ' 

g®-g~80 g®-f8g~-10 g+4 

g’'-8G * g®+2g-8 *2g®+12g‘ 

g®+8g~108 . g®+(>g— 72 . g®-16g+r>3 
g'*--t)4 g-'+g— 56 g“ — 14g+48’ 


17 / g°+V* g®— y® y / g+y g— y \ 

\g-*--y® g®+y*/ W— y g+y/ 

IQ ffl + &,fl'+ft^'| fg-ft g® — ft®] 

\rt.-6+a»-6»J \g+ft“o® + ft®|* 

.jq g*"-ft* (g4-ft>°-~4g5 g 

(g+ft)''— Sgft^g+ft) (g+ft)®— 8gft^(g+ft)®— 2g&* 
<g— ft){(g+ft)’— gJ} (g— &)®+8gft 

[ft-by+2ab • (g+ftJUg~ft)®+gft} 

_fg+&)®— 2aft 
^(g + ft)8-8gft* 


21 . 


ft® g® 


ft 


g 




1+i+i 

J • 4.U ^ -t 


a 


ft® ' gft 


(Calcutta Uiu^orsitj Eatmuco Papei, 1874.) 

*8. Miscellaneous Examples. 


2(g+ft) 


g+ft 


g+ft 


Example 1 Simplify —14 


g 
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a«2 


S„oe ^ , we have the give.L 


expression = — 1+- 


a 


2(a+i)- 


a+b 


(d^) 


= -1+ 

2Ca+5) 


a 


a 

a 


= -14 


a»-i» 
Example 2 Show that 


{2a^ +2ab)—{fl' •^2ab+b*) 

~ a 

_o« + J»+o8 J2 

-aa_ja« 


a*' 


4- 


«■*+«* « 

Let ns divide a by a” 4-a® — 


1® a/ 

1 

a 

> X 

«> 


a 



a*- 

a 

a® 


a’~a’^a“+«*; * 


a' 


a' 


_ 

a® 

tC 


rV 


2__^L 

a® a^ 

a’ 
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Hence, proceeding no'fnrther with the division, we have 

m - 


aj®+a“ 


2 

X 






1 o“ . a* o® 


a“ 


iEzaBiple 3. Find the value of 

" iB+2fl!jaj+25 « 4aJ 

«— 2« x—2b a+b 

The given expression 


40 


U 


+2 


*—20 ®— 2A 

« ( *-26 ) +»( *-2<» )}+2 

^{(o+s)*-4«»}+2 

(a+&)i; = 4a& ] 


(®— 20X® 
= 0+2 C 
= 2 


Example 4. Find the value of 


■•Sn 


.311 


®"-l «"+! *"-1 '^*"+1 


/ a®" 

- ^ ^ 

\a"-l 

a"-l/ 

a®"-l 

a®"-! 

a"-l 

a"+l 


•sn 


^*" + 1 *" + l 


y 


_ (*"- !)(**"+»’•+ 1) (a" + !)(*"- 1) 
a"-l ^ a"+l 
= (*3"+a’*+l)-(a’»-l) = x^”+2. 

Example 5. Reduce to its simplest form 

ga—fy— e)a yg— (g-,g)g - ga_(a._y)8 

'(a+s)2 -ys "^(a+y)® ~g» ‘‘’(y+s)* -a* * 
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We have 1st fraction = 


{g+fy-2)Hg— g)} 

{(a+2)+y}{(fl!+s;-y} 


— fa+y~“gVg~*y+g) _ g+y—g 
~ (g+ 2 +y;ig+ 2 -S^j ~ «+y+s* 

Similarly, Slndfraohon = (»±5z^fc*±?) ^ |t2±?. 

(g+y+2Xg+y-g) g+y+g 

and 8rd taohon = <?+E=.»)fe-£±y) = ?+»-V . 

(y+s+®Xy+s— g) g+y +2 

Hence, the given expression 


(g+V— g)+f7/— g+g)+(g+a!--y) . 

®+y+g 

g+y+g _ j 
®+y+g 


Example 6. Show that 

+(M')=*+(l+TXi-^f)(T4)- 

We hare (.l+i)V(^+l)“ 

= {^+®+^} + {|5+^+S5} 

= ‘+I^(t+4)+^(t+t) 

= ^+(T+T)(^+a-)' 


the given expression 
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:£!] 


= 4+(l+ 


f){(4-+l)+(f+S} 

){T(v+i)+-f-(T+T)} 


=*+(M)(fH)(T4) 


Example 7. If 
' + ' 


S — fl 


2s = a+J+c, show that 
1 1 dbc 


We have 


and 


s~-b s— c & 
1 . 1 


+ 


s{s— a)(s— 5j(s— cj ’ 
2s— a— I 


s—a ' 8 —b (s— fl)(s— J) 

1 ^ _ s—js—c) 

8{S—C) 


{ 8 —a){ 8 —b) 

c 


8 — C 8 

Hence, the given expression 
c . c 

-c) 


s(s— c) 


+ 


(s—a){s—b)8(s’ 

— gfg— g)+fg— gUg—5) 
“ s( 8 —a)(s— 6 )(s—e) 

__ ^ 2 s^— 8 (a+b+c)+ab 


-c) 


28-—s{a+b+c) 

= 28*-28® = 0 ] 


s(s— a)(s— 6}ts- 
_ fl6r 

“ s(s— a;(s— ^j(s— c) 

Example 8. Simplify 

Putting 2s® for o® + J® +c®, we have 
a® + J»-c® = («®+J®+c»)-2c® = 2(s®~c®), 
J'*+c®'--fl® = (<i®4-5®+c®)— 2o® = 2(s®— ff®), 
c»+fl®-5® = (fl3+i«+cS)-25* = 2(a®-5®). 

Hence, the given expression 
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^ 2|'~(2s3-62-c2^+i(2s!'-c»-a=)4- 

= 2(fl+&+c). 

Szample 9 Show that 

a a* _ 1 /a+l o® + l\ 

— 2\a-l a®-!/* 

1 


a _ 1 2fl 
“ ~2 a*-L 


2 




1 /o+l . 

” 2*U-1 o»-iy ’ 

a* _ 1 2«® _ 1 + 

a ^-1 2 a ^-1 ■" 2 * 

_ 1 /c» + l a*+l\ . 
” 2 Va*-1 a*-l/ ’ 

_ 1 2a* _ 1 te*+l)*-fa®+l) 
c®-l 2 «®— 1 2 a«— 1 


_ 1 fa*+l a®+l\ 
“* 2 W~1 a®-l/* 

Hence, the given espresaion 

_ 1 f/a+1 fl® + iy c«+l\ /a*+l 

_ 1 fa+1 a®+ll 

Example 10. Hednce to its simplest form 


ff«+I 

fl®-l 



he 


a+d 


+qc 


i+d 


+td>.- 


c+d 


(b-a){J)-c) • "’'■(c-oXc-i) 

Since 5— a =— (a— 5) 

and (c— fl)(c— &)=r^(c— c)3x [— (&— c)]=(a--cKJ— «)• 
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the given expression 

— X g+rf , — ^S4-rf) , c-\rd 

~ ^\a-^h){a—cy^ (a^b)\P‘-cy {a—c){h'-‘C 

— Mc+^(^‘~c)— gc(&-t-<?)(g~g)-}-cS(c+<?)fg— &) 

~ {a^b){a—c){b—c) 

^ow, the numerator = g&tf{(&— c)— (g— c)+(g-«5)} 

+dlbc(b-~e)‘-ac(a-‘C)-{-ab{a'^h)} 

= d{dc(jb—c)—aela^c)+db(a—l)} 

- rf[g*(&-c)+5»(c~g)+c*(a-&)} 

= rf(g— 6)(g--'C)(d— c). 

[Formula 10, page 96 ] 

Hence, the given expression = d 

Sample 11. Simplify 

g3 . . c» 


(a--b){a~e){x+a) (b--a){b-e){x+b) {(>-a){c-^b){x+c) 
The given expression 

. c« 


(g-6Xg-cK®+g) (g-6)(6~cXg-f-6)^ (g-c)(6— 6)(a+c) 

Q*(&— c)(y-^6Xy+c)— &*(rt--eX'g+rX;c-fg)'fc*(a— &)Cr+o)(«+&) 

(o— i»Xa— cX*— cK«+o)(J-i-&X*+‘’l 

Now, the numerator 

-i- J*(c +g(<; + g) +cg} 

+c*(a— +g{g-f J)+cJ} 

= g*{g®(6— c)-i-J=(tf~rt)+c*{a— t)} 

+«|g»(&2 -c«)+ J«(c3 -n«)+c®(a= ~ J2)} 

+g6c{a(6— c)+i(c— fl)+c(g— J)} 

= ®={g»(t~c)+i*(<5~ff)+c*(a-J)} 

= x%a-’b)[a—c){b—c). [Formula 19, page 96 J 

Hence, the given expression = '-r . 

(® + g)(g + 6x<c -1- c) 

Example 12. Simplify 

g^ ^ ^ 

(Calcutta TTunersity Entrauce Paper, 1887 > 
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The given expression 



{a—b){a—c)^{.b—c){fl—b) (a—c){Jb—c) 

_ c)+<;^(g— &) 

~ («--6j(a— cj(6— c) 

Nov?, the ntiinerator = a^i1>—c)+l^\&—a)+c^{a-‘l) 

= (a— i)(a— c)(J— c)(a+J +c) [See Example 9, page 125 ]> 

Hence, the given expression = a+b+c. 


t Alternative Method — 


Since 


(a—b){a—e) ~~ {a—b)[b-e) (a— c)(5— c)’ " 

* the given expression 

_ f 1 —b^ 

~~ \[a—b){b—c) {a—c){b—c)]^ (a—b){b—cy {a—c)[]b—c). 


a^-b^ 


a^—c^ 


{a--b)(b—c) {a—c)[jb~-c) 
a^+ac+6^ 
b—o b—c 


b—c 


= a+b+e. 


Exercise (61). 


1 . 


Simplify 

a 




‘*+7 


3.' a® + 


5^ 




a + 


*3 


a—b 


2 . 


a- 


»— 1 


x+1 
m ' 




m^—1 


»M + 


»»+l 


t This method is due to my fnend aud pupil BabuBimala Charau 
Shome, Head assistant, Eoiest Surveys, Behrv Dun 
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c « x^(x+2) 

x+v * ^x‘*—^^ 

-1 4a;+8+ — 


as+y. 


(g-y)* 
' «+y 


g+2-t 


jg— 2)(g— 2) 
g+2 


iV B In the follomug 14 examples the expression on the left 
-o£ in each case is to be transformed into that on the nght 


7. 

9. 

10 . 

11 . 

12 . 


Prove that : — 
a^+h^ 


a—b 

a^-b^ 

a+b 

g^+2g&-t-38° 

a+b 

a-+2ab-Sh^ 


= ga+g&+5“+-^. 

a—b 

= g=-g& + fc“— 

g+0 


a+b 


= g+J" 
= g+&* 


2&= 


g+6 


g« 


g^+y-* 

g° 

x^—y* 


g+6 
= g*—g®y®+y< 


y« 


g“+y3 




x^yz+xij^z+xyz 


x-‘y^z-‘ 


= g*+a2y®+y*+ a 

ya 

= l+i+i 

ys gg'^gy 


Til xy-z^+yz-x^+zx^y^ 1,1,1 

x'‘y*z^ X y z 

-- Sg— G 

15. 


(g— l)(g— 2j(g— 8) 
1 


+ 


tg-2)(g-8;'*'(g-8)(g-lj‘*'^g-lXg-2) 
8g*-U 


16. 


(g+lX®+2jtg+8) 

g~l g~2 g—S 

tg -f 2 ) tg + 8 ) *'’ (g + 3 n* + 1 j (g + 1 ) (g + 2 j ' 

2g‘‘ 


17. ^ = l-2g+2g2~2g®+.-^ 

1+g l+g 


s n g g g® g“ g^ 

g»^ ” g^ ‘*'g« ■*'g«tg“ -g») * 
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— 1 g® 

~ ^■"^3+;^""oi)+a®(»^+a®) 

^lui = ®3 — fl®3 +a®®— o® +- — 
x+a J5+® 

Find the value of 


®+2ffl , x—2a , 4a6 

2d—x~2d+x~x^—4d~ a+d 


ov 4.V I. *+<* . I *+<5 O 

Show that tH 3 

x—a x—d x—c 


(®— flK®— J)(®— c) 


, if a = 


2({ih+lc4rca) 

c+i+6 


H * = show that 

flt + 6+C 

fl+2g ^ +2® <;+2z , Q ^ ^ 

a— 2g^J— 2®'^c— 2®"*" ~ (a— 2®X^'^2 ®)(c— 2®)*" 
Find the value of 

x^—(bA-r^T g®— fc+g)g ®®>-(g4-&)g 
{p:—b){x—cy{^—6}[^x—ay[,x—a)\,x—hy 
, SgJc 


when X = 


ao+bc-i-ca 


Find the value of 

®®— 7/®+g , a—b , a+J 

i/^—X'+y* -a+b ^ a—b 

(Calcutta TJni^ ersitj Entrance Paper, 1883 )> 
j^The given expression = — &o J 

Find the value of gl + |. ? . ^y° - ^ 

x*+7aox-‘ + 10a^b^ a‘—2ab+b’‘* 

when ®“ = o®+5®a. 

Find the value of -Jv^J^ mx--y-)ab-lBan^ 

y*+9a^» + 18»»d® 

X , when X = a-f t and ^ = a—bt 
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28. Find the value of 

^•3y» ^ ^ 2y‘*)ab i- 2«*6® «■*— -g^+i*’ 


when ar =s a+h and y s=- a—hk. 


29. Simplify 


a* 


4 


a*’ 


-.-•1 


a^-M^a-’-l^a^ + l a»-l 


30. Simplify • 

{fl+2Ma-69 . (a-&l3-46= , (2a+Zh)^-b^ 

31. Simplify . 

oo ,a»-fa=-.ll= , a«fa-l)«-l 

32. ^ (a.3^1ja_a,a+jp9^2.^1^j_2.'^ a-‘-.{a+l)‘'* 

33. If 2s ss: a+i+c, shew that 

ff» + 7ya_c9 2(.^-.(zKs-.« 


2ab 


(lb 


34. Simplify 




e-~a a—h 

> — fC— 


35. Simplify ^(„+i-c)+^'(6+t-n)+g((!+«-6), 

36. Simplify 

37. Simplify 
rt+ft 


2 rt 6 


^ _ g« + J 9 ~tf 3 

2 «J 

find in its simplest form the value of (J+c)a+(c+a)y+(rt+d)2. 

39. If p =1^, ^ « 1^, r = fiud the value 
of 71+17+r+pjr. 
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40. Show that 

M I 1 I M’ = 

Xb—c^c—a^a—b) (b—c)* Jjs 

>.•1 ou ^ 1.2®, 4®3 ^ 8®^ 

41. Show that 


1+® 1+®-* 1+®* 1+®® 
1 16 ®* « 


~ l-» l-®*o' 

Simphfy — 

42. 1 I ^ ^ 

•" cj ^ (6 — — c) (c — o)(c — 6 ) ' 


43. 

44. 

45. 

46. 

47. 

48 


a- 


6“ 


{ji—b){a—c)^Xb—a)(Jb—c)^{fi—a)[e—b)' 
®®+wa , y^+2® , z^+xy 


ix-yiix-z) „ iy-z^y-xr iz^xiiz-y\ ' 

be , eg ^ ah 

(«— c)^Q6— cX6— g) {c—a){c—b) ’ 

x^—yz ?/°+ g® g°+®y 

t® - y}i® - sr (y + 2jiy -®) (z - ®;iz +y) 
1 . 1.1 


®(»Tyn»“Z)'^y(y-®j(y-2}'*'0vg-®Xs^y) * 

(Calcutta tTiuveraity Entrance Paper, 1872 ) 

I + I 

{fi—b)xa—c)[x-'a) (b—a)(b—C)Xx—b) 

1 


+ 


+ 


49. 


a 


+ 


Xc—a){c-b)xx—c) * 
b 


(a—b}{a-‘C)xx—a) \b—a)[b—c)[p—b) 

c 


SO. 

} 


6“ 


la—b){a—c)'x—a)‘^(b—a)(b-‘Cj(x—b) 


+ 


(c-g)(c— &)(a-c)' 
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(a— 6)(a— c^a—o) 


T}^ •^•lib^Tc 


(6-0X6 

-f 


■c)(®— 6) 
c^+Zmj+X; 


(c— a)(c— 6 )(s5— <!) 


i52. Show that 


•■J-i)«(T-T)«(!-T) 


'53. 

'54. 


55. 


56 . 


Show that 

g3(63 -ga)+ £3(^2 _fl«)^.c8(gg _ ^3) 

«'*(6— fl)+6’(c— a)+<5^{a— 6) 


= o6+6c-t*tfo. 


Show that 

«(fl!+6Ko+c) 6(6+o)(6+c) , cCc+o)(c+6) , ,, , 

{a-h)ia-c) ■*’ (6-«)(6-c) (c-o)(c-6) "" 


Prove that 


'he , cc 

0(0“ -6»)(a!8 6(6= -«-p= -c») 

. ah ^ 

■*■<?(<;= -6=)(c=-«=) abc* 


Simplify 

- hc(x—a)* cg(g— 6)° g6(!g— c)4 

(o— 6;(a— c) ^(6— cX6— o)^(c— o)(c— 6} ’ 


CHAPTER XII 

SIMPLE EQUATIONS. 

1, Definitions. Any two expressions connected by 
•the sign of equality constitute an equahoni and each of the 
‘expressions thus connected is called a aids or member of the 
'equation 

The term equation, however, is hardly used in this ex- 
■tended sense. "When one expression is put equal to another 
1—18 
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the equality may hold either for all values of the letters in- 
volved as m (o+&)(a— 6) = or for some particular- 

values of the letters only, as in 4aj = 8 (which is true only 
when a = 2) The latter class of equations alone are,called 
eguahone (more correctly o/" Gondi1i07i\ whilst any 

equation of the former class is called an Identity (or an4 
Identical Equation) 

Thus (»+!)+ (2a +3) = 8a + 4 is an Identity, 

whereas (a+l)+(a+3) = 8a+2 is an Eqxiaiton , 

the former being true for all values of a, and the latter,. 
only when a = 2 

The letter, to which a particular value or values must' 
be given in order that an equation may be true, is called 
the unlnoion quantity It is usually represented by one of 
the last letters of the alphabet a, y, z, &c 

Any particular value of the unknown quantity, for 
which an equation IS true, IS said to satisfy the equation 
and IS called a root or a solution of the equation. 

To solve an equation is to find its root or roots 

Anequation containing only one unknown quantity 
- IS said t6 be an equation of the first degree or a simple equa- 
tion, when the unknown quantity occnrs only in the first- 
power. 

2. AxiOliiS The procees of sol-ving an equation is- 
primarily based upon the following axioms — 

(1) If to equals the same quantity or equal quantities 
be added, the sums are equal. 

(2) If from equals the same quantity or equal quanti- 
ties be taken, the remainders are equal 

(8) If equals be multiplied by the same quantity, or by 
equal quantities, the products are equal. 

Cor 1, Prom axioms (1) and (2) we deduce an import- 
ant principle which is of great use in solving equations, and - 
which may be enunciated as follows — 

' Any term may le'transposed-from'ont side of an equation 
to the otKer by simply changing lis sign, r 
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For, let z—a <= i+c ; ‘ 
then adding a to both sides we mnsfc have 

= J+c+ff [Aiiom (1)1 

or, z = J+c+fi ; 

again, subtracting c from both sides we have 

z^a—c = i+c—c [Axiom (2)1 

= b 

Thus —a removed from the left side appears as +fl on 
the tight, and +tf removed from the right side appears as 
—c on the left 

Similarly, if jr— a = b—c+d, we have 

z-‘a—b-\-c—d = 0. 

Such removal of terms is called Transposition. 

Cor 2* The sign of every term of an equation may be 
changed without destroying the equality 
For, let a;— a « J+c , 

then (x«-fl)x(~l) = (d+c)x(—l) [Axiom (3)J 
or, — jc+rt s= — d— f. 

3. Simple Examples. We shall now work out 
some examples illustrating the general method of solving a 
simple equation by the application of the foregoing princi- 
ples The unknown quantity will always be denoted by z 

Example 1. Solve 8*-|-5 = ®+19 

K. B. The question may be otherwise put as follows — 
*Tf 3*+5 = y-t- 19, what is the value of z /” 

Since 8*+5 = ar+lO, 

by transposition, we must have 

Ox-z = 19-5 

or, 2x 14, 

and therefore, (dividing both sides by 2), 

« = 7. 

Thus the required value of z is 7. 


[Axiom (4)1 
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Example 2. Solve (a!+2){8®+4:)--6a! = 10+(8e+2)(«+l). 
The left side =8i;= + 10jJ+8-6aj 

= 8a!»+4«+8, 

and the nght side = 10+8is®+5«+2 
= 8®®+5®+12 
Hence the equation stands thus — 

835® +4 ®+ 8 = 82 ;® + 5®+ 12. 

Removing 8x° from both sides, we have 

4®+8 = 5®+ 12 [Anom ^)] 

Hence, by transposition, 

4®— 5® = 12—8 
or, — ® = 4 

and .*. ® = — 4 [CJor 2, last article 1 

Thus the required value of ® is— 4 

Note The student can easily see for himself that when x has 
this value, each side of the given equation becomes equal to 40 - 

Example 3. Given •§•+5 == 4+*t » fiiid® 

o o & 

a ^ 1 c -2: « 

Since _+6 = _+-, 

Multiplying both sides by 12, (which is the L C. M. of 
the denommators) we have 

or, 2®+60 = 4®^8® = 7® 

Hence, by transposition, 

2®— 7® = —60 
or, —5® = — 60 

and therefore, (dividing both sides by— 5), 

® = 12 

Thus the reqmred root is 12. 

yi ®*“6 2®"“I5 , ^ ® ®'— 12 

Examples. Given — ^ — +1 = ; 

o 0 Id o 


find ® 
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Multiplying both sides by 8x 9 x 5 or 860, 'which is- the 
C. M of the denominators, we have 

^ 860fa:-6) 860(2®- 16) , 860® 860(a-12) 

— 8 9 = -16 6""“ 

or, 45(®-6)-40(2*-16)+860 = 24®-60(®-12) 

nr, 45®-270-80®+600+360 = 24®-60®+720 

or, —85®+ 690 = — 86®+720, 

Hence, by transposition, 

-85®+ 86® = 720-690 
or,' a s= 80. 

Example 5. Given -^+1 = find a. 

ti+6 a— 6 a+6 

Multiplying both sides by a® — which is the L C. M. 

nf the denominators, we have 

(a— 6)®+(«*— J=) =s (a+J)«-f (o— J)*. 

Hence, by transposition, 

' (o— J)a— (a+J)a =s (a— 5^1 

or, {fa— J)— (a+J)}® = — 2o6+2J“ 

or, —26® = — 26(fl— 6). 

Therefore, dividing both sides by —26, we have 

X = a— 6. 


Exercise (62% 


Solve the following equations * — 

1, 4®+8 = 2®+5 2. 8®+2 =a+6. 

3. 5®-6. = 2®+S. 4. 15®-9 = lla-25. 

5 -4{®-3) = 2(a-6). 6. 2(a— 15) = 5(a-ll)+4» 

7. 19-3® =s 5®+35 

8. 8(®-2)+7(2®-8) =5(1-2®)- 59. 

'9. 18®-4(5®-8) 1-17 =0 - . - - 

10. 14(a-4)+8(®+5) = 6(7-2®)+4 

11. 8(2®-7)--9(8®-14) = 15. 

12. 8®-18{2®-lS) - =4a-20. ' ^ 
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- 13. 49-f-13C5®-}-27J = 8,o+x)-3r 
14 16-5t7®~2) = 13{a-2)+4{lS-a). 

15. 8j;+5(z+7j+9v2z-i-23)-3{2+6) = 0. 

'16. (z-7)(4z-29) ^ (2z-5)(2z-17)+l 

17. (3z+2;(2z-6; ^ {4-Sz)|l-2z)-I0 _ 

18. (3z+5)(6z-7) :«= (3z-h2J(9z-lS)-(3z4-l){3z-l). 

19. (z+2)t2z+5) =*= 2(z4-l)'*+IS 

20. <z-M)C4z-7)-(z-l)(®-i-5) = 3(z+2}»+5. 

21. 3(z-4)*+5 z-3J= = (2z-5){4z-l)+24 

22. C6ic-f9)*+t8z-7)» = (10z+S)»-71. 

(Caicntta Umvereitj- Entrance Paper. 

23. 5(z+1)''+7iz+ 3)» = 12(z+2)». 

'24. (3z-14)=+(4z-19j=-(5z-23)2 = 22. 

25. {5z-8)=+(12z- 7)= = (13z-10)®+37. 

2& (z-l)*+(z-hl)s = 2z(z*-l)+4. 

27. (z-2)»+2z’-f-(z+2)3 =4z»(z+2) 

28. (z+2Kz+3Ki5-f4)-f96 = z=(z+9j-f 5(3z-f 13) 

29. 3(z»-14) = (z+l)=+(a;-2)*+(z-5}= 

30 a{x-a) = i(z- J), 31. 8(z-c)+5(2z— 3a) = Sa. 

32. (z+aX»+ *)-(«+&)’ = (z-a)(z-&). - 

33. fl®(z— ff)+&®(z~{) = aix. 

34. m*(z-'OT)+n’(z+n)+wnz = 0. 

35. d[x-2d)+a{x-Sb) = (o-{)*. 

36. a[ix—a)+ti4x—i)—2al> = 0. 

37. Ztz— a)4-Jc{z— &)— 2(z— c){z— &) = 0 

38. (z+3a)(z-S&)+3(z-3a)(z-i-3&) = 4(z-3a)(z-35). - 

39. (2&+2«-z)=+(2&-2c+z)» = (2J+2J-Z)* . 

-i-(2J-2rf+z)» 

40. (z— a)®+(z— 5)^-f-(2— c)3 = SCz— a)(z— S)(z— -c)-^ ' 

41. (z-}-a)®+(®-f-5)''+(z+c)3 = 3(z+a){z-f5)'z-{-4;). 

42. 1+5 = - 43. = . 


44. 


z iJ" , 

^5 T 15 


45. 


X x.x „ ® ^ 

2 “ 3+4 ~ -^“6 • 13 * - 
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46. = a^-i^ 

oz ax 

47, K«4'l)+^(«+2)H(®+8) = 16. 

49. = 

^"+7 , ib+ 33', a+17 «+27 

OO. ■'~ + ~j-+-j- = 

t;i cl *“7 4z — 2 

6i 

4:;0 ®”“I 0 82 — 2(®— 23 

t»Z. ~+ = 4i 

tiQ 2if— -0 a; 31—3 Qj 

®8- ^+18-—“®^-* 


02+7 


72+0 


. .. 


2+7 _., 22+5 , 10—52 

56. — sJ = _^+_^ 


«7. = i(2*-S7)-|- <0 E”*- tdSr)' 

58. ^+rg+^.5^ = *+8J-2^+i. 

59. K“’-3)-i(*-?)+l(*-i) - O- 

erk ®“"8 ^—8 ?r2+2 2—6 . 2 

8°- --rr- = - 2 — T'+T- - 

61. ■^{2-2)-i(2-4) = tV(2»-3)-2|' 


csr» , 2flf— 2 , 8a— af 

_ a 2a ~’s'~3r 


(C U Entr Paper, 1870) 
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eo 2a;-18 g-1 _ ®_ . (CIT Eutr Paper, 1876). 

9 11 “ 8^7 

64. = 4iC+lS ^J^ -g Eutr Paper, 1877). 

6 11 33 2 


cc 4!B+8 . 13a; _ 8a;+19 

9 "^108 18 


(C TJ Entr Paper, 1878)* 


66. . (C U Entr Paper, 

4 5 8 8 1^)_ 

67. . (0 U Entr Paper, 

bz e b cx 1886). 

68. (C U Entr Paper, 1888);- 

lo 25 55 . ' 

lla;--13 . 19a:+8 5x-25i _ 17a;+4 

tjy. —^+— I 28^ — 21 — 

rrn 2 - 60 ; „ 5a;-KlO-8a;) 

70 . = 0 ; 

8a;— ■§'(H-o;) 1— yo; _ 2f 4*'gV(o;— 1) 

■ 4 “ 2i ^ 

72 . ^(a;-o)-^(2a;-8&)-J(a-a;) = lOa+llJ. 

73 2a;+g a;— ft _ 8ga;+fg~&)* 

6 g ~ g6 ’ 

#» 

ryyi 2x+l 402-8a; „ 471-6a; _ 

29 U 2^* 

75 _ ®+10^ rrg 7a;+2 7a;+6 

■ 4a;-9 4a;-7 17a;+14 17^+26' 

2a;— 7 _ 3(2a;— 1) „q 18-6j* 7—9x 

8a;-8 “ 9i;-2 ' ' - 8+4a; “ 7+6a;‘ 

10(7+4a;) 27+8a; ~16-#a; 2a;+5 ' 

-j+isi — i+to- - ®°- - 6 — :- 2 r 

' - 8 ; / 

fCalcntta tTmversitv Entrance Paper, 1874) 
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4. Eqxiatioiis involving Decimals. 

The decimals, if necessary, may he converted into- 
Ttilgar factions. 

x—2 Z—4: 

Example 1. Solve 56. 

« A- 5 1 - 625 1 

Since, -Oo = 55 = ig . and 0626 = 55555 = J 5 ^ 


we have 


aj_2 t —4 


1 

TK 


1 

Tir 


56, 


or, 18(a;-2)-16(a-4) = 56, 
or, 2^+28 = 56, 

2jj = 28, or, x = 14. 

Example 2. Solve 

•585a!- 975_1_;56__ 89a!-*78. 
2 


*65a:+- 


Since 


and 


6 2 9 

•5852- 97.5 5’85z-9 75 1 052-3 25 


2 


156 


2 


7 8. 


•8qj._-78 8 92-7 8 l*82-,2 6 


9 


3 


the equation stands thus — 

Hence, multiplying both sides by C, we have 

8'92+(5 852-9 76) — 46 8-(2 62-5 2)^ 
By transposition, 

(8 9+5*85+2 6)2 = 46 8+6 2 + 9 75 
or, 12 852 = 61 75 

6175 


2 = 


r2 85 


= 5 


Bx^pcise (63\ 

Solve the following equations : — 

1. * 62 - *22 «= •82-15. 2. 8 762+ 6 = 2262+8. 
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3 = 4g^-8i) I 

. a;4- 75 a— 25 

vJ* C .nt • 


■ 0 , 52 *f 


6 *05 006 0005 

•46J'- 76 12 *8®- 6 


= 0. (C TJ Entr Paper, 1883 ) 


2 


•9 • 


7. 


a+2 


®-2 
2 ®-- 
3®— 4 




f 6 8 = 6 8S 8. *7®+ 4 = 67®+ 5. 

4®- 6 


10. *16®- 


06®- 07 
136®- 226 86 ‘OOi-'lS 


,, ^ . •02®+*07 ®+2 

11 -51+ 53 g- =9 5. 

4 06 *3 18 86 . 

12. -9r“8:i^=T“J4:i^ (CUEni. Paper, 1881) 

001®- 125 6-® 


13. -Oil®-) 


6 


*145 (0 XJ Entr Paper, 

03 ' 1886) ^ 


5 Solution of fractional equations facilitated 
1)7 suitable transposition and combination of 
terms. 

iSxample 1. Solve 

28®-29 19®+ 18 _ 97®+72i . 7®-8^ 

12 7 ~ 85 4 * 

By transposition, we have 

28®-29 7®-8^"_ 97®+72i 19® + 18 . 

12 4 35 7 

r23®-29)-(21®-26) _ f97®+72^)-r96®+65) 

^ 12 . - 85 


or, 


®— 2 2® +74 

6 “ 85 * 
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Hence, multiplying 
Hence, 

Sxample 2, Solve 


both sides by 6x86, 

852-70 = 12«+46. 

23® = 115, or, aj s=s 6. 

7«-ll _ 812-41 72«-4 

G “ 24 662-47* 


By transposition, "we have 

72® -4 _ 812-41 72 
*>62-47 24 “ 6 

(3l2-41)-(282-44) . 
*“ 24 

_ 8^2+1) 2+1 

24 - 8 ‘ ‘ 

✓ 

Multiplying both sides by 8(562—47), we have 
8(72® -4) = (2+1)(562-47) 

or, 662® - 82 = 562® +92-47 ; 

-82 = 92-47 


Hence, 92 *=—82+47 = 15 , 


Hxample 3. 


Solve 


* = Y- = Is 
25—42 162+4-)- _ 23 
2+1 32+2 ~ 2+1"^ 


By transposition, we have 


162+44 g_ 23 25-42 

82+2 ® 2+1“' 2+1 ’ 


or. 

Hence, 

or. 

Hence, 

or. 


2-54 _ 42-2 
82 + 2 2+1 * 

C2-6J)(2+1) = (42-2)(82+2) 

2®-(4J)2-5| = 2® -(54)2-4 

( 64 - 44)2 = 54-4 
— ly “ ^ » 


2 = Y- - Y = 8^ 
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Biam.ple4. SoIt. ^+^ = 515. 


Since 
we have 


8 ^ 8 5 

SB + S iB + S ® + S * 


_3_+_L. 

a— 2 a— 6 


S ^ 5 


Hence, by transposition, 
3 8 


a+8 ‘ a+8 
S 5 


or, 


a— 2 a+8 a+8 a— 6 

15 -46" 


(a-2j(a-8) (a+SX®— 6j' 

Multiplying both sides by a+8, and dividing by 16,.* 

we have 


-8 


a— 2 a— G 

Hence, «— 6 =— 8(a— 2), 

4a = 12, or, a = 8, 

laamples Solve 

^»l>.ve = 


Hence f ^ i. \ +/__£_». -L-l— n [Bytraus- 

’ \2a-l a+lj^tsa-l z+lj position ]) 


or. 


12 


+ 


-f ^ - 

8 

\8a-l 

a+1 

12 



(2a-l)(a+l) ' (8a-l)(a+l) 
Hence, =0. 


2a— 1 8a— 1 
Multiplying both sides by (2a— l)(8a— 1), 
we have (8a— l)+(2a— 1) = 0 

Therefore, 5a = 2, or, a = y 


Example 6. Solve 
We have 


a—c h—c __ g+5— 2c 
2ft+a^2o+a ~ ^+d+a *, 


a—c ^ l—c (a— cl+(6— c) 


26+a 2o+a 


a+b+x 
tt’-e 1-6 
a+6+a’**a+6+a* 
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Hence, by tranqjosifaon, 

(®'”^^{26+<c""a+6+»} ~ ^^\^a+b+x'~2a+xl 

> _ . a —d « x' g— 7^ 

or? C<* (26i-rB)tg4-i+«) ~ ^ _ (g+^>+aX2®+af; 


Hence, 


g— c __ b—o 
2b+x ~ 2g+a;* 


^•. (g— <;)(2g+ic) = (i— <;)(2&+a), 

.’. g{(g— c)— (J— c)} = 25(5"-c)— 2g{g— c) 

or, z(g— i) = 2{jb^ —a^)—2c{b—a) 
= 2J5— g)(J+g— c) 

= 2(g— J)(c— g—J), 

X =s 2(c—a—b). 


Exercise (64<). 


Solve the following equations • — 

a 5z+6 . 64Z-35 _ 20z+23 , 13Z-7 

4 15 “ 16 3 ’ 

^ 17Z-13 , 108*+75 _ 27Z+19 , OO/rl^-SO 

9_ 82 8 27 * 

o 29Z-18 . 189Z-93 _ (86^1z-64 , 27z-18 

8 *** 49 24 ■** 7 * 

. 16Z-17 23Z-15 _ {142tVz-15S 92z-65 

- 9 16 81 64 

- 18Z-19 , l'35z + 62^ 27z+14 , a06r*ff)2-144 

~7^+~Sb = “IS— +— r~i2 — 

g - 83“-19z 41+27fl- 184+(107jf)z 164^-9oz 

15 28 ^ 112 75 ”■ 

„ 18-41Z "17-16Z . 9jf-10z 14-32z _ ,, 

9 ,8 5 "" 7 

^ 982-73 _ 14z-9 13®- 16 

21 8 " 15Z-9 
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„ 951-159 191-29 17a!-47 

35 “ 7 28® -59 

91®-21 24®-93 l3®+9 

56 "^35®- 188 8 


11 . 

12 . 


117®-26 16®-77 18® + 4 3J 

135 "^SSa-llO “ 15 "^27 

6r-7^ ‘ 1 + 16* , 12#-8* 

__+2a!+-^ -4x5 3 


2*+8i 13*--2 X 7* *+I6 

9 17*-82‘^y ~ 12 86 

41-85* 7-2*2 ^ 2^8* 2/-2^ 

105 14(*-1) ~ 21 C 

15. 1 _ 2 ^ 1_ 

*— 1 *+7 7(*— 1) 

jg 2 ^ 4 6 

* 5(8* +4;*** 2* +8 ” 8F+4 

17 ® 7 2 

* 3*-5 7(4*-7) ■" 9^3*-5)^4*-7 ' 

•to 11 j 7 3 2 

* 12(14*-19j'’'9(18*-14) ■“ 14*-19 13*-14' 

19 50 ■ 37—^* 85 ■ 49 — j&m 

8*-l'^12*-l ~ 12*-l’*' 8*-i ^ 


20 (lT)g+1914 ^*+8 _ 20j4-(l^)* fl^)*-9 

' _ 2*+5 *+8 “ 2*+5 ■’■2(*+8)* 

21 G5*+4^^ _ 75*+^^^ f4if^g-29 . 

4*+7 8*+29 8*+29 4*+7 


22 . 


24. 


25 . 


^ - I - ^ ^ 23 " ^ I _ ^ ^ - 

*— 1 *— 2 *— 8 ^ 4 *+ 1 ^ 4*+5 4*+3 

15 8 _ _ 7 - ' 

3 *+ 1173*+17 “ 8 *+ 5 ' ^ 

-6 ' 4 ' _ 9 - 7 

5 *+ 7 "" 5»+18 6 *+ 18 "' 6*+19 * 



xtr] 

26. 

27. 

28. 
30 
3L 
33. 
35. 
37. 
39. 
40 

41. 

42. 


8 
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2i+l7 2af+25 2 j:+ 25 2a:+8»‘ 

_±_+._9 L-. = 0 

8— 4« 4®+lJi 42+5 

^ 7 29 7 ^ ^ 

5— b®**" 62+19 b2+7* ' 4-62 17 — 52 52+9 

9 18 

8-72 ■^72+ 15 12-72* 

2 1 _ 0 
22-6'’'2-S 82-1* 


32 ^0 , 1 

22-5‘^2+6 82-5 


9 


+ 


20 


8 


82—4 42 + 1 2+7 

12 20 1 


34. 


10 . 14 

» * a 


9 

52-9 ' 22+9 ' 2+8 

b 


,. 36 , 


82—8 42—13 2+9 2 — C 2— « 2—5 

JL = 2^. 38. 

02—0 te— O 2 + C 2 + 5 2 + 0 

g-.5 _ 

2+ff*’*2 + 5 2+C* 


2 g — 85 25 — So __ 5(0— 5 ) 

2—0+5 2+0—5 


2+0 + 5 
_ 6 

2 — 60 ' 2+80 * 2— 20 2—0* 


1 .+._J._+ 


+ 


+ 


36 

62-1' 


2+1 ' 22-1 • 82-1 

6 . Solution of fractional equations facilitated 
by tbe division of each numerator by its deno-* 
minator. 

Example 1. SolT. _+_ = jj_g. 

■Wo have - 

”■ =^+ra' 


or, 


66 


2-1 ' 2-2 


112-18* 
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Hence, by transpositon, 

2 22 44 


or, 


x-i lla-18 ■ 
-14 

(s- 1 X 112 - 18J 
7 


Therefore 


11a;— 18 a;-2 
-16 

' (lla;-18)(a;-2j* 
8 


x—l x—2 
or, 7a:— 14 = 8a:— 8, 
. a; = — 6 


rt ^"*+7 . 6a;3-8a:+ll_4a;2 +8*4-6 

Example 2. Solve . 

•Wei.,™ 2«tte-l)-2(8ii!-l)+9 " 

‘Ze-L ^ iz-l 

4*(* + l) -(*+!) + 7 


*+l 




= 4*— 1 + 


*+l 


Hence, 


8 


+ 


9 


2*— 1 3*— 1 a;+l 

For the subsequent part of the solution the student is' 
referred to example 5 -worked out on page 204 

Example 3. Solve Z£r|5^2*rl7 ^ 6»;:i71^8*^ 

*-8 ^ *-9 *-12- *-5 


We have 

7(*-8)+l . 2(*-9)+l 


*— 8 - 


*-9 


_ 6(g-12) + l 8fg-5) + l 
®— 12 *— 6 
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Hence, by transposition, 

_1 1 _ _ 1 _ 

«— S”"®— 5 a— 12 {JJ— 9_ 

3 _ 8 

(a5-8)(a;-6) {x^l2){x-2)’ 

(a-8)(a~5) = (»-12)(aJ-9) 
or, ®" — 13a+4.0 = a®— 21«+108 

8a — G8, or, a = 8^. 

Exercise (65), 


:Solve the following eqnations — 


_ , 2 a— 1 , 3 a — 4 _ 5 a — 12 

a-l‘^a -2 a -8 ‘ 

^ 2 a+ 7 . 4 a +29 6 a- 10 _rt 

a +2 a +6 a -8 


26 a -40 7 a +9 6 a-l 
Sa *— 6 a +2 8 a +4 


- ^ 12 a +5 15 Z+ 11 - 
4 a +3 3 a +4 

_ 15 a -18 12 a +59 

8 a -5 3 a +5 

" 42 a - 87 20 a +13 

Ga -1 5 a +12 
xy 16 a — 7 4 a +8 
5 x -4 '‘■ 4 a-S 


_ 8 a +44 
“ a +6 ' 
_ 9 a +80 
“ a +7 * 
_ lla +76 
a +8 
_ 8 a+l 
2 a - 1 


o 4 a -7 15 a+ll 
4 a+ 5 ‘‘'- 5 a +_7 
rn ' 4 a°+ 4 a°+ 8 a+l ' 
2 a®+ 2 a +8 

Trt I 2 a 3 + 16 a»+ 29 a-l 
3 a* + 4 a +8 


11 . 

12 . 


a*-a+l a*- 2 a+l 
a — 1 a — 2 

a ® +8 a®— a +1 
a -1 a -2 


— 12a+l 
8 a +4 

_ 2 a° + 2 a+l 
” a +1 

__ 4 a°+ 20 a — 1 
a +5 


= 2a4 


2 

a — 8 


2 a®- 4 a+l 

a -8 
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13. 

14. 

15. 

16. 

17. 

18. 

19. 

20 . 
21 . 

22 . 


2®“-8aj+7 , 6®=+2 jb+21 

+ 


2aj-l 
3+2g 5+2g 
1-4-2® 7+2® 
2x—S , Sx—20 
x—2 g— 7 
3g""8 , 4g^85 
g— 8 g— 9 

8g— 18 4g— 41 
g-4 "^g-lO 

4g+21 5g-69 
g+6 g— 14 
5-6g 2g+7 

8g— 1^ g+8 


8®+l 

= 1- 


8g^ + 8g+7 

g+8 

4®* -2 


7+16g+4g“ 
g— 3 4g— 19 
®— 4 *’* ®— 5 
2®— 9 6®— 84 
g--5 ,®-7 

2g-18 5®- 41 
g—6 g—S- 

3®— 5 . 6g--41 


x—2 


x—7 


81-12® , 4g+21 
-+ 


3®-7 


®+6 


g® + 8g+8 , g»-16 g»+7®+ll , ®“-4®-2(> 


®+5 ^ ®-7 

4®+18 16®-47 


g+2 g— 4 
2®+ 11 9 ®— 9 
g+5 8g-4 ^g^8 8®- 10 ’ 

®— 2 , g- 8 g-1 , g— 4 

g^'*'®^ “ Paper, 1887) 

7. Miscellaneoiis Examples. 


Example 1. Solve 




(2B+5)6=g , ix 

a+b • {a+by^-^~^a+br \ 


By transposition -we have 
db 


fqgi } - Jura. ^ (2a+&)6n 

a+dl (o+d)®/' a fl!(<i+6)= / 


a[a+b)" 


■ ="{ 
Therefore x = 


8c+ 


ah 


{(t+b) 




ah 

a+b' 
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Sxample 2 


Solve 


gz* Hh bx+ e 
“pt* +j7z+r 


az-^b 


We have 


z(gz4-^)+c __ gz+& 
z(pz+ff)+r ;«+<? * 


Hence, putting m for oz+i and n £oi 


we have 


mr+e 


tn 


nx+r , n 
min+cn » m»z + rm, 
en =s rm 

or, - «(;>«+?) =s r{gz-}-J), 

z(ep—ar) =» —< 7 , 

. 2 - 

• « ap * 

cp—ar 


Examples. Solve (z~2g)»4'(a!~26)» « 2(z-g~J)3, 
By transposition, wo have 

-{z--a-b)^ - (z-g-J)3-.(z-2i)\ 

Potting X for z— 2g, Y forz-«2fr, and Z for z— g-*5, 
we have X®— Z^ = Z^— Y®, 

or,(X-ZKX» + XZ-hZ«) = (Z-Y)(Z«+ZY+Y»). 
But X—Z = Z~Y, because each of ibem = 6— n. 

X» + XZ+Z* = Z» + ZY+Y». 


Hence; by transposition, 

X»-Y’ = Z(Y-X>. 

Removing the common factor X— Y, which = 2&--2g, 
we have X+ Y = —Z, 

»e, (z—2fl)+(z-'25) = — (z— g— J). 

•s 

Hence, Sz « 8(g+&), and z ss g-f J, 


Example 4. 


Solve 


z4-g _ / 2z+g-fg \ ® 
z+i> *" \2z+^+c/ 


z+a __ (z^f &) 

z+5 z^hb 


14 


a—b 

z+b* 
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and 


2 i + a+c ( 2 ®+ 5 + c )+( fl — J ) _ ij _. 

- SS — ■ . f ‘ ^ J-T . t . 


2a+^+c 
we have 


2a+6+c *^2a+6+c’ 

i+en! = /i+_^:iL.V 
, ^*+6 t ^2sB + d+cf 

= 1. 2(g-&) , (a-i)*~ 

2a+b+c'^{2x+6+c)* * 

Hence, transposing and dividing by a— &, we have 
1 2 a— J 


or. 


x+6 2x-i-d+c 

c—6 

(x+6)(2x+6+e) 

' l=i 

*• ai+6 


■ {2x+d+c)^ 
a-^i 

(2x+d+c)^ 

a — I 
2iB+i + c 


2a!(c— i)+(c“ — J®) = a(a— J)+&(a— J), 
a(a+S— 2c) = c®— a&, 
x^—ah 


X = 


a+J--2c' 


Example 5. Solve 

4 jb 125 a ;® -6 
3 


5 8a;® 

(6a;-l)(a4-5; * S a;i-5 


96-45; 


Since 


’8- 

125a;® -5 ~ 5(25a;®-l) _ 6(5a;+l) 


and 


(5a;- l)(a;+6; {dx-l){x+b) " x+6‘ 

5 8a;®-l _ #(8a;® - 1) _ 5a;® -g 
8 a;+5 a;+5 ' x+S'-* 

wetove 

8 *+5 *+5 a- 8" 

Hence, trahiSposing and dividing by 6, we have 

a;+6 ^ 

Hence, a® 6a; - 1 J = a;® - (l^)a; - 81|. 

‘ (8|)a;=80^,- 
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Exercise (66). 


' Solve the lollowing equations • — 

2« , 7a!--8 _ ft „ fl!+4a+6 , 4®+a+26 _ ^ 

n 81 B +6 _ 4{S+8 , 10a5+l ^ 6®+8^2®+88 __ ^ 

ffi+1 3®+8 6 i!+8 2®+1 ®+12 

g g-f-18 27—8® _g g g-^ g—g _ 2(g—&) 
g—2 8 g — 19 ~ * x—a g— J g— («+&) * 

„ g+ 2 ff g— 2 ffl Adb _ ft 

26-g'^26+g‘^g“-46* “ 

8 (g— c)fa— <?) 

g— fl — 6 g— c— 

Q “ 1 2 ® 1 __ ,.60+4® 

* g''+8g+2'^g»+4g+8’^®® + 5g+6 g +8 " 


10 . 


11 . 


12 


g+g g—g 8g 

a“+g®+g-**^g“— g®+g® “ ®(a*+g’*g“+®*)’ 
g g— 9,_ g+1 g— 8 
i-2‘*‘g-7 ■" g-l**‘®-6’ 

1 + I = !_ + I 

(g+g;*-6’‘^(®+6)-'-g» g’'-(g+fr)9^g2-(a-&)a- 


13 

14 

15 

16 

17 . 

18 . 
20 . 
21 . 


8®® + 62+8 _ 8g+5 
5®»+6g+12 ~ 5g+6’ 

68®* + 87®+ 7 _ 2® +8 
STg^ + USi+ll 8g+5* 
a*(a— 2J) ^ 2g6c g® _ ^ g®63 

b[a-b)» g-^*" i ” 

(®-28)3+(®-27)3 t= 2(g-25>3. 

4®- 17 3|-22® _ Qr, g»\ 

— 53 . - 

p-2g \3 _ flj-2g-25 g+19 _ /2®+88\® 

\® + 2W g+2g+2&* * g+10 U®+24/ • 

/®— gy __ x—2a—h 
\g+6y ~g+g+2J* 

8g_ 8rg»-.9 _ 8 2®*-l 67-8® 

2 (8®-l)(g+8)~- 2*^^?+8 ¥~" 
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8. A Simple equation cannot have more than 
one root. Erery simple equation is ultimately reducible 
to the form az=}> liet this equation, if possible, have two 
different roots a and /8. 

Then we must have ara = 5\ 
and also = S/ 

Hence, by subtraction, 

a{aL—P) = 0 . , 

But tbiH IS impossible because a is not zero and by 
supposition a— ^ also is not zero. 

Thus a simple equation cannot have more than one root 


CHAPTER XIII. 

PROBLEMS LEADING TO SIMPLE EQUATIONS. 

Symbolical Expression. The chief difiSculty 
in solving an algebraical probleih lies in expressing correctly 
the conditions of the problem by means of symbols The 
student should, therefore, be first of all introduced to this 
art before the solution of any problem is presented to him 
The followmg examples will serve as illustrations. 

Example 1. If a man earns x rupees per montli, how 
many four-anna pieces will he earn in half a month ? 

Since 1 rupee = 4 four-anna 'pieces, 

X rupees = 4a: fqur-anna pieces 

Clearly therefore the man earns 4a; four-anna - pieces per 
vnonth. - ^ - 

Hence, the number of four-anna pieces earned in half 
a montS ' ' = § of 4® = 2a;. 

Example 2 If an insect creeps up a pole x inches per 
minute, how many feet -v^l it rise in y hours ? 


i 
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Since 1 inch = xjrth of a foot, 
a inches = ^ 

Hence, in 1 minute the insect creeps up ^ths ft. ; 

m 60 minutes „ „ „ „ jgXGOft. 

Thus in 1 hour the insect creeps up 5x ft. 

Therefore in y hours it rises (5x x y) ft. 

Thus the required number of feet xa 5xt/. 

Example 3. If a man travels at the rate of x miles per 
hour, in what time will he finish a journey of 10 miles ? 

Since X miles is travelled in 1 hour, 

1 mile „ „ „ — th of an hour ; 

X 

,* 10 miles is travelled in —hours. 

X 

Example 4. The digits of a number beginning from the 
left are x and y. How would you represent the number ? 

If the digits be 4 and 5, the number = 10 x 4+5 ; 

^ if the digits be 5 and 7, the number = 10 x 6 + 7 , 
if the digits be 8 and 4, the number = 10 x 8+4 ; 
and so on. 

Hence, it is quite clear that when x and y stand for the 
■digits, the number is to be represented by 10* +y. 

Exercise (67). 

1. The sum of two numbers is 15 , if one of the 
■numbers be *, what is the other ? 

2. The diflerence of two numbers is 20 , if a be the 
greater, what is the other ? 

3. The difference of two numbers is 25 ; if x be the 
smaller, what is the greater ? 

4. What IS the excess of 25 over y. ? . 
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5. Wliat IS the defect of Saj from y ? 

6. If * be one factor of 21, what is the other factor ^ 

7. Whatnumber is less Uian 100 by Saj ? 

8. What nninber taken from 4aj gives 8y as a. 
remamder ? 

9. If a man travels a; hours at the rate of y miles an 
hour, how many miles does he travel ? 

10 If a man travels at the rate of y miles per hour, in “ 
what time will he finish a journey of x miles ? 

11. A man is x years of age, how old will he be 20' 
years hence ? How old was he S years ago ? 

12. In X days a man travels 60 miles , what is his. 
rate per day ? 

13. If a train travells 30 miles in x hours, how many 
feet does it travel in one second ? 

14. If I spend x annas a week, how many rupees do £ 
save out of a yearly income of 5x rupees ? 

16. Write down 6 consecutive numbers of which x ib< 
the middle one 

16. Write down the sum of 3 consecutive numbers of 
which the middle one is iS 

17. What IS the odd number next after 2m +1?' 

18. What is the even number next before 2x ? 

19. If X men take 10 days to do a work, in what time 
will y men do it ? 

20 A room is a yards long and 6 feet wide , what is 
the measure of the area of the floor in square feet ? 

21. In the last question find the number of square 
units in the area when the unit of length is 4 feet 

\22." How many miles can a person walk in 20 mmutes^ 
if Bu^alks X miles in y hours ? 

20. '^-vIn'what time will a person walk 16 miles, if he- 
walks X xmlea in a hours ? 

24. "What IS the present age of a man who was (a— 5) 

years old 20 years ago ? What will be his age 80 years 
hence ? " - - . , ^ 

25. If the digits of a number beginning from the- 
right are x and y, what is the number ? 
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A 

26. - If <r, y, z be the digits of a ntunber beginning from 
the left, what is the'nnmber ? 

27, In the preceding question, if the digits be inverted^ 
"" how would you represent the new number ? 

2. Easy Prollleins. We shall now work out some 
problems which will fairly introduce the beginner to the- 
subject of the present chapter The unknewn quantity 
will inT^ably be represented by as 

Example 1'. Dmde 84^ into two parts whose differ- 
ence IS 8 

Let X denote the larger part 

Then 84—2 denotes the smaller part 

Hence, by the question, 

a— (84— ®) = 8, 
or, 22—84 = 8 ; 

.*. 22 = 42, • 2 = 21. 

Thus the larger part is 21 and the smaller part is 18. 

, Example 2. What number is that of which the fhvrff 
part exceeds the fifth part by 4 ? 

Let 2 represent the required number. 

Then, by the given condition, 

- - 2 ® _ 

.* 52—82 = 60, 

or, 22 = 60, *. 2 = 30 

Example 3. A starts upon a walk at the rate of 4 nules^ 
an hour, and after 15 minutes B starts at the rate of 4| 
miles an hour. When and where will he overtake A ? 

Let 2 = number of hours in which B overtakes A. 

The distance travelled by B in 2 hours-='4^X2 miles 
= ^5^2 miles. 

And since A started a quarter of an hour earher, the 
distance travelled by him when he is overtaken = ( 2 +^) x 4- 
miles ='(42+1) miles" ^ ' 
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Thus the same distance is denoted by V« as well as by 
4®+l * 

.. .1^ = 4aj+l, 

19a; =162 + 4, 

*, 32 = 4, *• 2 = 

Hence, the time in which B overtakes A = ^ honni = 1 
hour 20 minntes 

Hence, also, the distance of the place where B overtakes 
A from the place of starting = ^x4j nulea =Y- nules 
= 6^ miles 


Example 4. Two persons started at the same .time from 
A One rode on horse back at the rate of 7^ miles an honr 
and arrived at B, 80 niinntes later than the other who 
travelled the same distance by tram at the rate of. 80 miles 
an honr Find the distance between A and B _ 

(Calcntta Unnersity Entrance Paper, 1873 ) 
Let 2 be the distance m miles between A and B 
Then the time taken by the first man to travel the distance 

fl? ' 

= ^ hours = — hours, and the tame taken by the other = 


- - 

But the time taken by the former is half , an Tiour more 
than that taken by the latter ‘ ‘ ' ‘ ' 

Hence, 

or. 


22 _ 2,1 
T5-'-3tJ+2’ 


42 = 2 + 15, 

*. 82 = 15, % - 2 = 6. 

Thus, the distance between A and B = 6 miles 


'Ezaniple 5. A person being asked his age, replied, ‘Ten 
Tears ago I was 5 times as old as my son, but 20 years hence , 
-I shall be only twice as old as he’ What is his age ? 

Let the present age of the person be 2 years* 

Then 10 years ago his age was ( 2 —IO) years and . that 
of' his son was ^ ( 2 — 10) years. 

Hence the present agfe of his son = {^( 2 — 10) +10} years, 
and the son’s age 20 years hence will be {^{ 2 — 10) +30} 
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years ; and the age of the person 20 years hence -will 
•evidently be (a +20) years 

Hence, by the second condition of the problem, “we mnst 
•have a+20 = 2[|(a— 10)+30} ' < 

^ |(i-10)+60, 

52+100 =s 2Z-20+800, 

82 = 180, 2 = 60. 

Note Fractions nught have been a\oided by assuming the pre- 
^entnge of the person to be 5z years The student can easily pro- 
•ceed on this assumption. 

Hzample 6. A and B have the same income. A lays by 
-a /f/?A of his. but^F, by spending annhaliy £80 more than 
A, at the end of 4 years ^ds himself £220 in debt What 
Avas their income ? 

Let £2 be the mcome of each. 

Then A spends £^2 annually. Hence, B ^ends annu- 
ally £1|2+80). 

But spending at this rate B contracts a debt of £220 in 
4 years, or a debt o£ £55 per year His annual income 
therefore falls short of his annual e'vpenses by £55. 

Hence, we must have 

a = (|2+?0)-55, 

^ = 25, 2 = 125. 

Thus A and B had each an income of £ 125. 

Hz&znple 7. A market woman bought a certain number 
-of eggs at 2 a penny, and as many at 8 a penny, and sold 
them^ at the rate of 5 for two pence, losing 4ff by her 
bargain What number of eggs did she buy ? 

Let 2 = the number of eggs bought. 

Then, sin^ one half of them were bought at 2 a penny, 
-and the othefbalf at 8 a penny, the whole cost in buying 
the eggs_ 

= = (|+f)pence 

By selhng the eggs at 5 fdr two pence, the amount 
Teahsed — 2Xf pence. 
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Hence, by the question, 



or, 2ix = 16a!+10a!-240, .* a = 240 

Thus, altogether 240 eggs were bought 

Example 8 There is a number consistmg of two ^gits,. 
the digit in the umt’s place is twice that in the ten’s place,, 
and if 2 be subtracted from the sum of the digits, the 
difference is equal to ^th of the number Find the number. 

Let X = the digit in the ten’s place 

Then 2x — ,, ,, ,, ,, unit s ,, , ^ 

Clearly therefore the number = 10«+2®. 

(See example 4 worked out in the last article )>' 

Hence, by the second condition of the problem. 

whence 18aj— 12 = 12*, 

. 6* “ 1^, •** S' “ 2. 

Hence, the required number = 24 

Exercise (68). 

1. Find two numbers whose sum is 50, and whose- 
difference is 80 

2 . Fmd a number such that it is equal to five times its 
defect from 96 

3. Fmd a number which being multiplied by ,8, the 
product will be greater than half the number by 90 _ 

4 What number is that from which if -you subtract 40^ 
the difference will be one- third of the onginal number ? 

5 . What number is that of which the excess over 85 is^ 

^ less by 22 than its defect from 67 ? ' ' - - , 

'6. Four times the excess of a numher over 16 is equal 
' to the defect of the number from 416 find the number 

7. Find 8 consecutive numbers whose sum shall be 129.. 

L ' 
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8. Find a number "wbicb "wben multiplied by 7 is as 
onucb above 182 as it was originally below it 

9. Divide 90 into two parts snob that three times one 
<)£ the parts together with four times the other may be 
equal to 835 

10. - The sum of two numbers is 89 and one-fifth of one 
^f them IS equal to one-eighth of the other. Find them. 

11. Fmd a number whose fourth part exceeds its ninth 
-part by 5. 

12. Find a number whose sitih part exceeds its eighth 
part by 8 

13. Divide 21 into two parts, so that ten times one of 
-them may exceed nine times the other by 1 

14. A house and a garden cost >£850 and the price of 

-the garden = price of the house , find the 

pnCe of each 

15. ' Divide £420 among two persons, so that for every 
•shilling one receives, the other may receive half a crown. 

16. Two shepherds, ownmg a flock of sheep, agree to 
divide its value A takes 72 sheep, while B takes 92 sheep 
and pays A £35 Find the value of a sheep 

17. The ages of two men differ by 10 years, and l5 
years ago the elder was 3 uat twice as old as the younger ; 
'find the ages of the men 

18. The length of a held is twice its breadth , another 
field, which is 50 yds longer and 10 yds broader, contains 
6800 square yds. more than the former , find the size of 
uach 

19. If a train, which travels at the rate of 85 miles an 
hour,'start one quarter of an hour after a luggage tram, 
:3ind overtake it in ten minutes, find the speed of the luggage 
tram 

20. A person has' just 5 tours at his disposal, how far 
may he ride in a coach which travels 8 miles an hour so as 
to return home in time, walking back at the rate of 2 miles 
an hour 

21 A father’s age. IS three times that of his son, and 
in 10 years it will be twice as great , how old are they ? 

, 22. The length of a room exceeds its breadth by 3 feet ; 
if the length had been increased by 8 feSi, and the breadtlr 
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dimimshed by 2 feet, the area would not have beeui 
altered , find the dimensions 

23. A and B begin to play with equal sums, and when 
B has lost live-elevenths of what he had to begin with,. 
A has gained £6 more than half of what B has left; 
what had they at first ? 

24. The ages of a father and his son together are SO- 
years , and if the age of the son be doubled, it will exceed 
the father’s age by 10 years Find the age of each - 

«« 

25. A person distributed £5 among 36 persons, old 
men and widows, giving 8s each to the men and 2s. 
each to the women How many were there of each ? 

26. There are two places 154 miles distant from each, 
other, from which two persons A and B set out at the same 
instant with a design to meet on the road , A travelhng at 
the rate of S miles m 2 hours, and B at the rate of 5 mile$> 
in 4 hours How long and how far did each travel before 
they met ? 

27. A labourer was engaged for 86 days, upon the 

condition that he should receive 2s fbr^ every day he 

worked, but should pay Is Qd for every day he was idle.. 
At the end of the time he received 68s. How many daya 
did he work ? 

28. A person bought a picture at a certain price and', 
paid the same pnce for the frame , if the frame had cost 
£1 less and the picture 15s more, the price of the frame- 
would have been only half that of the picture - Fmd the “ 
post of the picture. 

29. A post IS a fourth of its length in the mud, 
third of its length in the water and 10 feet above the water,, 
what IS its length ? 

30. A labourer is engaged for 80 days, "on condition 
that he receives 2s 6<f for each day he worlta and loses Is. 
for each day he is idle , he receives £2. 7s m all How 
many days does he work, and how many days 'is he idle ? ' 

31. A can do a 'piece of work in 9 days, B in twice that 

time, Ccan only do ^ as much as A in a day j-how lon^ 
would A, B and 0, working together,' require to do the 
same piece of work ? » * r-CC B Eutr Paper, 1876.)- 
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32. Two sams of money are together equal to £54. 
12s, and there are as many pounds in the one as shillings 
in the otW. What are the sums ? (G U Eutrance Paper, 1885 ) 

33. A certain sum is to be divided among A, B and 
C, A is to have £80 less than half, B is to have £10 less 
than the third part, and C is to have £8 more than the 
fourth part, of the sum. What does each receive ? 

34. A farmer wishing to purchase a number of sheep,, 
found that if they cost him £2 2s a head, he would not 
have money enough by £1- 8s ; but if they cost him £2 £l 
head, he would then have £2 more than he required Find 
the number of sheep, and the money which he had 

35 Two coaches start at the same lime from Yorlr 
and London, a distance of 200 miles, travelling, one at 9^ 
miles an hour, the other at Where will they meet ? 
and in what time from starting ? 

' 36. I bought a certain number of apples at three a 
penny, and five-sixths of that number at four a penny ; by 
selhng them at sixteen for sixpence I gained hovr 

many apples did I buy ’ 

V*- A number consists of two digits ; the sum of 

the digits is 5, and if the left digit be increased by 1 it will 
be equal to ^th of the number. Find the number. 

38. A number consists of two digits , the digit in tho 
ten’s place exceedsthat in the unit’s place by 5, and if 5 
times the sum of the digits be subtracted from the number, 
the digits will be inverted Find the number. 

39. There is a number, the sum of whose di^ts is 5, ' 

and if 10 times the digit in the place of tens be added to 4 
time the digit in the place of units, the number will be 
inverted What is the number ? ^ 

40. Divide the number 89 into four parts, such that 
if the first beancreased by 3, the second diminished by 2,. 
the third multiplied by 3, and the fourtti divided by 4, the 
results will all be equal 

41. Divide GO into 4 parts, such that if the first be 
diminished by 8, the second increased by 11, the third 
multiplied by 4, and the fourth divided fay' 2, the results 
will all be equal 

42. Divide the number IIG into four such parts that 
if the first be increased by 5, the second diminished by 4, 
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tl^e third multiplied by 3, and the fourth divided by 2, the 
jfeeult in each case shall be the same 

t 

3. More diffloult problems. 

Example 1. At what time between 1 o'clock and2 O’clock 
is there exactly one minute-division between the two hands 
of a clock ? 

Suppose it IS X minutes past one when the hands are 
one minute-division apart from each other - - . 

Then, at the required instant the minute-hand is at a 
■distance of x mi nute-di vision from the 12 o’clock mark 
and since the minute-hand moves twelve times as fast 


as the hour-hand, the hour-hand moves over — ths of a 

12 

minute-division whilst the minute-hand moves over x 
minute divisions , therefore at the required instant the 

hour-hand is at a distance mihute-division from 

the 12 o’ clock mark 

Hence, as the minute-hand is at the required instant 
■one minute-division apart from the hour-hand, we must 

have® = (5 + ^)±l 


The upper sign being taken when the minute-hahd is 
•ahead of the hour-hand, and the lower when behind it. 

= 6 ± 1 = 6 OP 4, 

• ® = TT = 6^, or s= 

Thus the hands are 1 minute- division apart at 4-^ or 6x®r 
minutes past one 

Example 2. The distance from a place P to another 
place Q IS 3^ miles Two persons, A and B, start together 
from P to go to Q, the former by carriage which travels 
at the rate of 6 miles an hour, the latter walking at the rate 
of 3 miles an hour If A remains atQ for 16 minutes, pd 
then returns by the carnage, to P, find where he will 
meet B, (Calcutta Unn ersity Entmuce Paper, 1882 ) 

Let X miles be the distance of the place of meeting from P 

Then, durmg the time that B travels x miles, A finishes 
"the joumey* remains at Q for J8 minutes, and then travels 
'bach (8^—®) miles 
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^ 0 ^, the time in -which A does all these 

= (?+i+^) ■ 

and the tune in which B travels x miles = ^ hours ; 

• 8^ 1 B^-g _ ^ 

*• 6 ”3 

or, 7+8+(7— 2®) = 4®, 

/. 6® = 17, ® = 2^. 

Thus A will meet B at a distance of 2^ miles from P. 

Ezample 3. A Landlord let his farm for £10 a year in 
money, and a corn-rent When com sold at 10s. a bushel 
he received at the rate of 10 shillings an acre for his land ; 
but when it sold at 13s Ud a bushel, 13 shiUings an acre. 
€f how many bushels did the corn-rent consist ^ 

Let ® = the number of bushels the corn-rent consisted of. 

Then, when corn sold at 10s a bushel, the annual 
income was £10+10® shillmgs or (200+10®) shillings ; 
hence, as the income in this case was at the rate of 10s. 

an acre, the number of acres must evidently be 

-or, 20 +® 

In the second case (t e , when corn sold at 13s. M. a 
bushel) the annual income amounted to £10 +(13^)® 

shillings, or, shillmgs , but now the income 

V 

was at the rate of ISs an acre. Hence the number of acres 


.*. , ® = 120 . 

Thus the corn-rent consisted of 120 bushels. 

Example 4. A hare is eighty of her own leaps before a 
-greyhound ; she takes three leaps for every two that he 
■taker, but he covers as much ground in one leap as she 


must also be equal to 


Hence, * 20+® = 


400+27® 

2fa 

400+27® 


2b 


or. 


520+26® = 400 +27®, 
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does in two How many leaps will the hare have taken 
before she is caught ? > 

Let Sx = the number of leaps the hare takes. ^ 

Then 2a! = the number of leaps the greyhound takes 
in the same time. 

The distance of the place where the hare is caught froii, 
the first position of the greyhound = (80+8*) leaps of the 
hare, and is also = 2a! leaps of the greyhound. 

But, 1 leap of the greyhound being equal to 2 leaps of 
the hare, 2a! leaps of the greyhound = 4a! leaps of the hare 

80 + 8a! = 4a-, .. a! = 80 


Hence, the number of leaps which the hare takes before 
she IS caught == 8 x 80 = 240 

Example 5. A banker has two kinds of money, silver 
and gold, and a pieces of silver or b pieces of gold, make., 
up the same sum s A person comes and wishes to be paid 
the sum a with c pieces of money, how many of each must 
the banker give him ? 

Let z — the number of silver pieces reqmred , 
thenc-a!=„ „ gold „ 

The value of one piece of silver = — 

a 

and that of one piece of gold = 



Hence, since by supposition z pieces of silver and (c—z) 
pieces of gold are together equal in value to s, we must have* 


s = a:.— +(c— 
a 


1 = 


/I 1a c - 
Jfc-J) 


z = 


a--h ’ 


and 




o— d 


c) 

0-6 * 
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Thus, pieces of silver and pieces of gold 

a— 6 , a—o 

will be required. 

EjXOmple 6. AB is a railway 220 miles loug, and three 
trains (P, Q, R) travel upon it at the rate of 25, 20 and 
80 miles per hour respectively , P and Q leave A at 7 A M. 
and 8-16 a m respectively, and R leaves B at 10-80 A.M, 
When and where will P be equidistant from Q and R ? 

A Q P R B 


^ Let P, Q, R, as in the figure, be the respective positions 
of the trains at the instant when P is equally distant from 
Q and R 

Let this happen ai hours after R has left B, t e, a hours 
after 10-30 A M. 

Then, since P left A 8^ hours before 10-30 A M., it has 
evidently been travelling for (S|-l-a;) hours up to &e ins- 
tant in question 

Similarly, Q has been travelling for (2|-J-a:) hours up to 
that instant. 

Hence, clearly AP = (8^+a;). 26 miles , 
and AQ = (2| -i-a) 20 miles ; 

also BR s= 80a miles 

Hence, PQ = AP— AQ 

= {(8^+®).26— (2{-l-a).20} miles, 

and PR = AB— AP— BR 

= {220— (8^-l-»).25— 30a} miles. 

But PQ = PR, 

(3i+a} 25 - (2 J -I-®) 20 

= 220-(3i+iB) 26-80a, 
50(8j-J-a)-(2j+a) 20 = 220-80a, 

/. 60a = 220-175-f46 = 90, 

.* a = li 

Thus P will be equally distant from Q and R at 1^ 
hours after 10-80 A.M , * e , at 12 A M 

Also as P left A at 7 A.M., its distance form A at that 
instant will be 6 x 9S or 195 nnipn 
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Example 7 Two passengers have together 5 cwt of 
luggage and are charged for the excess above the weight 
allowed 5s and 9s, lOrf, respectively but if the luggage 
had all belonged to one of them he would have been charged 
19s Id How much luggage is each passenger allowed to 
carry free of charge ? And how much luggage had each 
passenger ? (Calcatta University Entrance Paper, 1877) 


Let X cwt = weight of luggage that each passenger 
is allowed to carry free of charge 


Then 


Also, 


(5s 2rf0+(9s 10<f ) = charge for (5— 2u) Cwt, 

*. d — charge for 1 cwt 

5— 2a! 

19s. 2rf. = charge for (5-— a;) cwt , 


Hence, 


d = charge for 1 cwt 

16X12 _ 280 
6-2a! 6-3!’ 

18(5-3!) = 28(5 - 23!) 


or, 283! = 115-90 = 25, ’ 3! = -1^ ; 
% e , weight of luggage allowed = cwt. = x 4 x 28 lbs. 
= 100 lbs 


Ifow charge for 1 cwt 


230 

5-3! 


d = 


230 

5 _»« 

5V 


d = 


230x28 

5x28 


d = 5Gd 


And since charge for excess luggage of the first passen- 
ger s= 5s 2fl. = &2d , and charge for excess luggage of the 
second passenger = 9s lOd == 118(f. ; 

weight of excess luggage of the first passenger 
= ^ cwt. = ^X4X28 lbs = 124 lbs. ; 

and weight of excess luggage of the second passenger 
= -Vr- cwt = -V^ X 4x 28 lbs = 286 lbs 


Hence, whole luggage of ti6 first passenger 
- = (100+124) lbs. = 224 lbs ; 

Rud whole luggage of the second passenger 
= (1001-236) lbs = 836 lbs 
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Example 8. A person buys some tea at 8 sbillings a 
pound and some at 5 shillings a pound j he •wishes to mix 
them, so that by selhng the mixture at 8s. 8rf. a pound, he 
may gain 10 per cent on each pound sold. Fmd how 
many pounds of the inferior tea he must mix with each 
pound of the superior. 

Suppose a lbs. of the inferior tea are mixed "with each 
pound of the supenor , 


the pnce of x lbs of the inferior tea and one pound of 
the superior = (8a +6) shillmgs ; 


.’. the average cost per pound 


?5±^shiUings. 

z+1 


But by selling the mixture at 8|s a pound, he gai7is 
10 per ctiit on each pound, t c., realises 110s for every 100s. 
or IJs. for every shilling. 

Hence, 8§s « of the cost per pound ; 


3% = 


11 3x+r> 
io^ x+V 

31 8g+5 
10^ z+1’ 


11 
8 

10(a+l) = 8(Sz+5), 

X = 5 


Thus, 5 pounds of the inferior tea must be mixed -with 
each pound of the supenor. 

Example 9. An officer can form his men into a hollow 
square 5 deep, and also into a hollow square 6 deep, but the 
front in the latter formation contains 4 men fewer than m 
the former ; find the number of men. (C U Enii Papei,1887) 

[A number of men are said to be arranged in. ft fioltcl square ’uhea 
thej arc airangcd lu parallel rows and the number of rows js equal to 
llie number of men in each roir. The accompany itig diagram, in 
which A,, B,, C,, 5.C represent men, will give the student a correct 
notion of such arrangements ' t 
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Ax 

Bx 

Cx 

Bx 

Ex 

Ex 


Hi 

A2 

Bs 

Cg 

Bg 

Ea 

Ea 

Gg 

Hg 

A3 

B3 

!’■ 

-B3- 

-E3- 

■ 1 “ 

Qa 

H3 

A4 

B4 

k 

1 

B4- 

1 

-E4 

1 

1 

G4 

H4 

Afi 

Bs 

1 

1 

Be- 

1 

-Ee 

h 

Br 

Hx 

Ac 

Be 

Ao- 

-Bc- 

-Es- 

-Eo 

Bo 

He 

Ar 

Bx 

Ox 

Bx 

Ex 

Ex 

Bx 

Hx. 

As 

Bs 

Ca 

Bs 

Es 

Es 

Bs 

Hs 


The diagram i cprescnin an an angomcnt in whicli thoi e are 8 ron 
each contiiiung 8 men This is a solid square If the square C* F» 
Fn Cfl be removed from inside, the remainder anil liea hollow stiuaro 
/VO having 8 men in the front link , if, howovci, the square. 
Dj E 4 Ej Dj be remoied, the remainder anil bo a hollow square 
ihiee deep haaing the same 8 men in the front lank 

Hence the number of men lu a 7 io7/oh> square two deep haiingx 
men in the front rauk=:«-’— (a— 4)” , in one Ihiee decp==!r''— • 
(a— 6 )® , and so on , thus the number of men in a hollow square « 
deep liaMiig tr men in the front roil = r®— (r— 2 w)'’ ] 

Let « = the number of men in the front row of the first 
arrangement 

Then 4 = the number of men in the front row of 
the second arrangement. 

Hence, the number of men in the first square 

= ®3-(aj-i0)= . (1) 

and the number of men in the second square 

But the men, that form the first square are exactly those 
that form the second , 

, =(aJ-4)“-{(®-4)-12p 

or, 20®- 100 = 24(®-4)-144, 

' , 4® = 144+96-100 = 140, 

a = 85. 

' Hence, from (1) the total number of men 

= (86)*-(25)* = 60x10 =600. 
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Exercise (69). 

1. Find the time between 3 and 4 o’clock, when the 
two ^nds of a watch are comcident 

2. At what time are the hands of a watch together be- 
tween 5 and 6 o’clock ’ (C U Entr Paper, 188G ) 

3. Find the respective times between 7 and 8 o’clock 
when the honr and minute hands of a watch are, first, 
exactly opposite to each other ; second, at nght angles to 
each other , third, comcident. 

4. What is the first hour after 6 o'clock at which the 
two hands of a watch are (i) directly opposite, and (li) at 
Tight angles, to each other ’ 

5. Two men set out at the same time to walk, one 
^rom A to B, and the other from B to A, a distance of a 
miles The former walks at the rate of p miles and the 
latter at the rate of j miles an hour , at what distance from 
A will they meet ? 

6. Two persons walk at the rate of 6 and 6 miles an 
honr respectively They set ont to meet each other from 
two places 22 miles apart. Having passed each other once, 
"Snd the place of their second meeting, supposing them to 
continue their journey between the two places Also find 
the time when the second meeting takes place. 

7. A man rides one-third of the distance from A to B 
at the rate of a miles per hour and the remainder at the 
rate of 2c miles per hour. If he had travelled at a uniform 
rate of 3c miles per hour he could have ridden from A to 

^ B and back again m the same time 

2 11 

Prove that — = (C B Entr Paper I8b9) 

8. AandB start to run a race At the end of 5 
•minutes, when A has run 900 yards and has outstripped B 
by 75 yards, he falls , but though he loses ground by the 
accident, and for the rest of the course makes 20 yards a 
minute less than before, he comes in only half a minute 
behind B. How long did the race last ? 

9. A person sets out to walk from a certam town ; but 
when he has accomplished a quarter of his journey, he 
'finds that if he contmues at the ^me pace he will have 
^one only l^ths of the -whole distance when he ought to be 
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at his destinahon. 'He (therefore increases his speed by a 
mile an hour, and arrives just in tune Find the rate of 
walking 

10 A tenant hired his farm for £80 a year in money 
and a corn-rent in rice When rice sold at £ 1. 5s a bushel, 
he paid at the rate of £1. 15s. an acre for his land ; when 
it sold at £1 10s a bushel, he paid at the rate of £2 an acre 
Fmd the number of bushels of rice in the rent 

11. A footman who contracted for £8 a year and a 
livery smt, was turned away at the end of 7 months and 
received only £2. 8s Ad and his livery What was its 
value ? 

12 A hare, 50 of her leaps before a greyhound, takes A 
leaps to the greyhound’s three , but two of the greyhound’s 
leaps are as much as three of the hare’s How many must 
the greyhound take to catch the hare ? 

13. A greyhound spying a hare at the distance of 60' 
of his own leaps from him, pursues her, making 4 leaps for 
every 6 leaps of the hare , but he passes over as much 
ground in 8 leaps as the hare does in 4 How many leaps- 
did each make during the whole course ? 

14 . The St John’s boat is ahead of the Cams by a dis- 
tance equivalent to 83 strokes of the former The Johnians 
pull 4 strokes to 8 strokes of the Caius, but 2 of the latter 
are equivalent to 8 of the former How many strokes 
must the Cams take to bump &e St John’s boat ? 

15 A and B find a purse with shillings in it A takes 
out two shillings and one-sixth of what remains , then E" 
takes out three shillings and one-sixth of what remains „ 
and then they find that they have taken out equal shares 
How many shillmgs were in the purse, and how many did 
each take ? 

16 A ship sails with a supply of biscuit for GO days at 
a daily allowance of 1 pound a head after being at sea 2(V 
days she encounters a storm in which 5 men are washed 
overboard and damage sustained, that will cause a delay of 
24 days, and it is found that each man’s allowance must be 
reduced to f ths of a pound. Find the original number of 
the crew. 

17 . If 19 ibs of gold weigh 18 lbs. in water, and 10 lbs 
of silver weicrh 9 lbs. in water, 'find the nnanlitv of srold ' 
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and silver in a mass of gold and silver weighing 106 lbs. 
in air and 99&s. in water. 

18. A person rows from Cambridge to Ely, a distance 
of 20 miles and back again m 10 honrs, the stream flowing 
uniformly in the same direction all the time , and he hnds 
that he can row 2 miles against the stream in the samei 

' time that he rows 3 miles with it. Find the time of his- 
gomg and returning. 

19. A person passed ^th of his age in childhood, 

in youth, ^th+S years in matrimony , he had then a son, 
whom he survived 4 years, and who reached only one-half 
the age of his father. Fmd the son’s age when he died 

20. There are two bars of metal, the flrst containmg> 
14 os. of silver and 6 of tin, the second containing 8 of 
silver and 12 of tin ; how much must be taken from each, 
to form a bar of 20 oz. containing equal weights of silver 
and tin ? 

21. ^ Divide £607 Is 8d into two sums, such that the 
simple interest of the greater sum for two years, at 8^ per 
cent shall exceed that of the leas for 2^ years, at 85 per 
cent by £18 16s 

22 To remove four articles of furniture, I required for 
the 1st article two coohes for the 2nd three, for the third 
four, and for the 4th five After giving the first set of 
men one group of pice and one pice more, to the 2nd set 
an equal group and four pice more, to the 8rd an equal* 
group and five pice more, and to the 4th an equal group- 
and nine pice more, I found that each man of the 8rd and- 
4th sets had received the same number of pice How 
many pice were there in each group , how many pice did 
each man receive, and how many pice did I distribute ? 

23. Fifteen current guineas should weigh 4 ounces ; 
but a parcel of hght gold being weighed and counted, was. 
found to contain 9 more guineas than was supposed from 
the weight , and a part of the whole exceedmg the half 
by 10 guineas and a half, was found to be 1^ oz deficient 
in weight. What was the number of guineas in tho 
parcel ? 

24. A silversmith received in payment for a certain 
weight of wrought plate, the pnee of which was £10, the 
same weight of unwrought plate and £3, 15s besides At 
another time he exchanged 12 oz of wrought plate of 
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the Bame •workmanship as before for 8 oz of nnwronght 
(for -which he allowed the same price as before), and £2 I6s - 
in money What was the price of wrought plate per onnce, 
and the weight of the first sold ? 

25 Two passengers are charged for excess of luggage 

26. ZM and 76 M respectively, had the luggage all belonged 
to one of them, he would have been charged for excess 14s 
M how much would they have been charged if none ’ 
had been allowed free ? 

26. How many bundles of hay, at Rs 5 per thousand, 
■must a ghasivala mix with 6600 bundles at Es 6 per 
thousand, in order that he may gam 20 percent by selling 
the whole at 11 as per hundred ? (O TJ Entr Paper, 1875)- 

27. A boy buys a certain number of oranges at 8 for 
2d and one-third of that number at 2 for Irf. , at what price 
must he sell them to get 20 per cent profit , if his profit 
‘be 58 4if , find the number bought (C TJ Entr Paper, 1885) 

28. From each of a number of foreign gold coins a 
^person filed a fifth part, and had passed two-thirds of them, ^ 
when the rest were seized as light coins except one, with 
which the man decamped, having lost upon the whole half 
as much as he had gained before How many coins were 
there at first ? 

29. Find a number of three digits, each greater by 
unity than that which follows it, so that its excess above 

number formed by inverting the digits 
shall be 36 times the sum of the digits 

30. A number of troops being formed into a sohd 
square it was found there were 60 over , but when formed 
into a column with 5 men more in front than before and 
o less in depth, there was just one man wanting to 
-complete it Find the number. 

31. An officer can form the men of his regiment into 

a hollow square 10 deep The number of men -in the 
regiment is 2800. Find the number of men in the front of 
the hollow square , 

32. A company of men is formed into a hollow square 
4 deep and also into a hollow square 8 deep ,’ the front in 
t“® lattei formation contains 19 men fewer than that in 
the former formation , find the number of men 
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33. A detachment from an army was marching in 
Tegnlar colnmn with 5 men more m depth than in front , 
bnt - upon the enemy coming in sight, the front was 
^increased by 846 men , and by this movement the detach- 
ment was drawn np in five lines. Find the number of men 
an the detachment. 


OHAPTEB XIV 

SIMULTANEOUS EQUATIONS OP THE 
PIEST DEGREE 

1, Introductory remarks. The equation y=2, 
an which « and y are both unknown, evidently admits of an 
infimte number of solutions , for any pair of numbers 
whose difference is 2 will satisfy it. [For instance, the 
'equation will be satisfied if a: = 8, y = 1 , if a- = 4, y=2 , if 
ajs=5, ys=8, ifaja=6,y=!4, alud so on ] If however 
® and y be such that thev must also satisfy the equation 
®+y= 8, then of the different pairs of numbers whose 
difference is 2 we shall have to reject all excepting that of 
which the sum is 8. Thus the two equations, 

a-y = 2\ 
a+y = 8/ 

~will both be satisfied by the same values of a and y only 
iiJien a = 5 and y = 8. 

Again, it may be seen that the three equations, 

a+y +2 = 61 
s—y+2 = 4|- 
®+y— 2 = 2 j 

'Will be satisfied by the same values of a, y, z only when a=S, 
^ s= 1, s = 2 The equations may be individually satisfied 
'by innumerable sets of values of the unknown quantities, 
but there is only one set which will satisfy them all. 

Two or more equations (like those just referred to) 
which are cZZ satisfied by the same values of the unknown, 
quantities involved in them are called simultaneous equations. 
They are said to be simjple or of the first degree when each 
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tinkno'wn quantity occurs only m the first po'wer, and the ' 
product of the unknown quantities does not occur. 

We shall consider first of all simultaneous equations 
involving two unknown quantities, and later on, those that 
involve more than two There are three general methods 
for solving such equations and we shall treat them 
successively in the next three articles 

2. First Metliod. From either equation find one of 
the unknown quantities in terms of the other and substitute- 
the vsdue thus found in the other equation 

Example 1 Solve 5®— 24y = 16\ 

42—^ =81/ 

From the second equation, we have 

y = 4®-81, . (1) 

Substituting this value of y in the 1st equation, we have- 
5®-24(4®-81) = 16 

or, 6®--96®+744 = 16 

. —91® = — 728, 

Hence, from (1), y =4x8—21 = 1 
Thus we have a = 8, and y = 1 

Note The student is recommended to venfj for Ins own satis- 
faction that these values of x and y do reallj satisfj ho(h of the given 
equations 

Example 2. Solve 

8a— 51/ . „ _ 2a+y „ a-2y _ ® . y 
_j_+8 = -g — * — r“ = i‘'"8\ 

Multiplying both sides of the first equation by 10, 
we have 6(8®-6y)-l-80 = 2(2®+y), 

or, 15®— 25y+80 = 4®+2y, 

11® = 27y-80 (1> 

Multiplying both ades of the second equation by 12, 

we have 96— 8(®— 2y) = 6®+4y, 

or, 96— 8®+6y = 6®+4y, ^ ‘ 

2y-9®-J-96 =0 . v ' (2} 

y 1 

From (1), We have ® = (S> 

11 r 
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Substituting this value of in (2), we have 

gy_ 9(27y-80) ^9g ^ g . 

22y-9(27y-30)+1056 = 0, 

01, 22y~248y+270+1056 = 0, 

221y = 1826, 

27x6-80 182 -o 

Hence, from (8), x = = — = 12. 

Thus we have a = 12, y = 6. 

Exercise (70;, 


y = 6. 


Solve the following equations . — 


1. JB+4y = 14\ 
7x-Sy = 5/* 

3. 2®+3y = 32\ 

lly-9®= 3/* 


-6. x+ay — 

ax—ly = c) 



9 ^(3®— 2y)— 3 = 1(2® 
K5a;-4y)-8 s=;i(4® 

10. o(2®+8y)+^ = 81 

i(7y-8®)-y = 11/ 


2. 6®— 8y = 91 

13®+7y= 79 J* 

4. 9®— 4y — 81 

18®+7y = 101/ * 

6. 2®-ify-8) = 4\ 
8y+^(®-2) == 9/ • 

8. ^ix-y) = l(y--l)l 

1(4®— 5®) = ®— 7 /* 

(C U Entrance Paper, 1872 ) 

y) \ 

3y)/- 


3, Second Method. From each equation find the 
•value of the same unknown quantity in terms of the 
-other and equate the values thus found 


Example 1. Solve 6®-5y = 111 

2®+8y = 27/* 

From the 1st equation, we have 


6y = 6®— 11, 

j, = «£=il. 

” 6 


• « 


«•« 


( 1 ) 
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From the 2nd equation, -we have 
3y = 27— 2^, 

27-2* 

• y = -T-* 

Hence, from (1) and (2), -we have 
6®-ll 27-2® 

6 ” 8 ’ 

. 3(6®- 11) = 6(27-2®) 
or, 18®— 33 = 135—10®, , 

.* 28® = 168, .*. ® = 6. 

Hence, from (1), y — = 6. 

D 

Thus "we have ® = 6, y = 5 
Example 2. Solve = Zy- 5 


( 2 ) 


^!/—7 4®— 8 
4 b 


18-5® 


(Calcutta XJunersity Entrauce Paper, 1880)* 
Multiplying both sides of the 1st equation by 20, 
4(7+®)-5(2®-y) = 20(8y-5) 
or, 28— 6®+6y = 60y— 100, 

55y+6® = 128. , (1) 


Multiplying both sides of the 2nd equation by b, 
8(5y-7)+(4®-3) = 6(18-6®) 
or, 15y+4®-24 = 108-30®, 


■ 

• • 

15y+34® = 132 

(2) 

From (1), 

128-6® 

(3) 

From (2), 

1S2-34Z 

16 ■ 

(4). 

Hence, from (8) and (4), we have 

-* 


128-6® 132-84® ' 

- 


" 65 16 
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or 


— — — = piiiltiplyiugr both sides by v J 

11 S 

8(64-8®) = 11(66-17®) 


or, 192-9® = 726-187®, 

178® = 584, *. ® =: 8 

TT # /ox 128-18 no o 

Hence, from (8), y — — = 2 
Thus we have ® = S, y = 2 

Exercise (71). 


Solve the following equations — 


1. 

5a— 3v == 


2. 8y— 4® — 11 


5y+2x = 

16/ 

8®+4y = 18/ 

3. 

Zx—7y = 

71 

4. y(8+«) * ®(7+y)l 

4®+9 = 5y-14/ 


11®+ 5y sa 

87/ 

5. 

82*-25y = 
14®+15y = 

281 

116/ 

6 7(8®+y) « K2*+y+i)l 

8-K®-y) = 6 / 


7. iJf5®-6y)+8® = 4y-2\ 

^(5®+6y)-J(8®-2y) = 2y-2/ 

8. 2®-i(y+8) = 7+K8y-2®)\ 

4y+^(®-2) = 26^-K2y+l) / 


4y 

10 . 6 ® 


2®-^(2y-l) =85'V+K8*~2y)| 

4y-i(5-2®) =6 -K8 -2y)J^^ ^ 


2y— ® „„ 69—12® 


28—® 


= 20 - 


8j,+ fc« =20=*?^ 

®— 18 8 


4. Third Method. “Multiply the equations by such 
numbers as will make the co-efficient of one of the un- 
known quantities the same in the two • resulting equations ; 
then by addition or subtraction we can form an equation 
cantainmg only the other unknown quantity ” 
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' Example 1. Solve 3 sb— 4y = 5\ 

5a+2y = 17/ 

Multiplying the 2nd equation by 2, we have 

I0a!+4y = 84\ 

and the first equation iB 8®— 4y *= 5/ 

Hence, by addition, 18® = 89, ® = 3. 

Subtracting this value of arm the 1st equation, 
we have 4y = 9—5 = 4, y = 1. 

Thus we have a = 8, y = 1. 

^Example 2. Solve 5®+9;/ = 89\ 

2®-17y = 16/ 

Multiplying the lat equation by 2, and the 2nd by 5, 

Tve have 10®+18y = 178\ 

and 10®— 86y = 75/ 

•Hence, by subtraction, 

108y = 108, . y = 1. 

^Subtracting this value of y in the 2nd equation, 
we have 2® = 16+17 = 32, ® = 16. 

Thus we have ® = IG, y = 1. 

Note "We might as wellha\e multiphedthe 1st equation by 17 
and the 2iid eqnatioii by 9 and added the two resulting equations ; 
this would hai e gii en us the i alue of t But we have preferred the 
other alternative because the co-efficients of r beuig smaller, the re- 
quired multiplications hai e been more easily effected 

Example 3. Solve 23®— 24y = 21\ , 

• 26®-16y = 48/ ' 

Multiplying the 1st equation by 2, and the 2nd by 8, 

we have 46®— 48y =421 

and 76®— 48y = 129/ 

Hence, by subtraction, 

, I 29® = 87, ® = 8. 

‘Substituting this value of ^ in the 2nd equation, 
'wehave 16y = 76— 48 = 82, - /, y = 2. 

Thus we have ’ a = 8, y = 2 



XIV.] SIMULTAUBOUS EQUATIONS OF THE 1ST DEGREE. 241 


Note It xuay ba noticed that the co-afficient of y in etwh trf fte 
resulting equations is the common multiple of 24 and 16 and tl^ 
j<3 ill that 18 required The process would have been uunece^anly 
■iedious if the 1st equation were multiplied by 16 and the 2ad by 24 


Example 4. 


Solve 


J5-2 aj+y _ g -v-l y+12' 
2 14 8 4 

sb+7 , 

8 ro “ 7 


(C TJ Entrance Papei, 1882) 


Erom the 1st equation, we have 


7(x—2)—<x+y) _ fa*— y— 1)— 2fy+12) 

14 — 8 * ^ 

14 a— 3y— 26 

or, = j . 

nr, 24a-4y-66 = 7»~21y-175, 

, or, 17«+17y =-119, 

or, ® 4 -y =;— 7. . , .. (1) 

Erom the 2nd equation, we have 


10fg.+ 7)+3fy-5) _ 7(l-a;)-5fy-M) 
80 7 * 


10x+8y+55 _ 2— 7a!— 6y 
80 7 ’ 

or, ' 70!B+21y+885 = 60-210aj-150y, 

-or, 280a!+171y =—825 (2 

Multiplying (1) by 171, -we have 

171a!+171y =-1197,\ 
also, 280a!+171y=- 825./ 

Hence, by subtraction, 

409a? = 872, *. a: = 8. 

'Substituting this value of a! in (1), 
we have -y =—7—8 =—15 ^ 

Thus we have » = 8,' y =-15, 
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Example 5. Solve 7+y ~ ^ 

i+i = 11 

a y 

Mulbplying the let equation by 4, and the 2nd by -8 
■we have 

l+JI = 4a»a S+11 = M. 

s y a y 8 

Hence, by sabtractioo, 

18 18 
SB 8 * 


SB = 8. 

Sabstitnting this value of sb in the 1st equation, 

8 IS 

we have — ss 1 — -- = — * .% y = 4:^ 

y 4 4 

Thus we have sb « 8, y = 4 


Exercise (72). 


Solve the following equations — 


1 . 7!B-5y = 


2 . 

8sB+2y = 

18/ 


3. , 8sb— 9y = 

20\ 

4 . 

7sB-10y = 

9/ 


6. 12iB+lly = 

70\ 

6. 

8a— 7y = 

18/' 


7 , 28a— 15y = 

4n 

8. 

21a+18y = 

65/ 

■* 1 

^ 9. 47a-56y = 

1281 

10 . 

26a+84y = 

298/ 


11 ,' 52a- 9y = 

841 

12 . 

■89a+14y = 

67/ 



18®+ 6y = 

681. 

5®-lly = 

9/ 

26®— 14y = 


12®+7y =. 

46/ 

18®— 14y =s 

221 

17®-21y = 

18/ 

19®+24y 5= 

841 

2S®+86y = 

62/ 


6IsB~16y = 'si 
68»+28y = 187J - 


; 12sB+85y =-49\ 
19a!— 84y = 91/ 
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13. G5a;-14y *= O) 
91a;-15y = 81/ 

14. 

16a;+46y= 17\ 
18a;+69y= 78/ 

15. ' 14a;-H81y = 53) 
17a;-HS6y = lOlJ 

16. 

6a;+lly = 146\ 
lla;+ 6y = 110/ 

17. ax+iy ='c \ 
«*a;-l-5*y = c® / 

18. 

a;+y , 8a;-5y _ 

2 4 ^ 

(C U Entnucc Paper, 1870 ) 


14^18 “ ^ 

- 

(C TJ Entr Paper, 1876 ) 


19. = 


2*— V 


^*2y- — 


4a!--8y--7 _ 8a; 2y 
5 “10 15*“ 

V— 1 a: _ y— a; a; 

« 2 20 1 R 


15 


11 


6 * 10 


6a:+9 , , 8a;+4] 

.41. 

«y+7 Or— 8v _ . . 4y~9 
10 'Zy-a '*’"5 


„„ 3a:-5y 2a:-8//~38 y . x . \ 

8i(f+|+li) = Si(4»~|-24)j 

23. 2 4a;+ S2y- ' -- - - ^ - ^^?- . = 

2?/+ 6 49a;-- 7 


15 


42 


Oil ^ I _ o 

24.' — I — — 2 

3 2 19^ ^ Entrnnce Paper, 1879) 


*+y=i5' 

25 . 1+1 = 2' 


y 


= 64 


(C U<EhIp. 
Paper; 1887) 


26. +-^ 

* y 

,6.0 
— u. — 
-fl! 


s= !w| 

= «( 
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2’- 4+61, = ^ ' 

4+4 = 

29. x+- = 2 

4 y 

2® , 8 g 7 


28. 


30. 


1-1 =. 1- 

y « 

2-5 

6l+^ “ 

1+1- = 6 
5z^ 9 


1_ 

Sz 


1 . == 
2 


+-^ = U 


5. Metliod of Cross Multiplication 

If a,a+Jiy+Ci 2 = 0, and fla^+^sy+c^s = 0, t to 
prove that 

g y g 

^ Multiplying the 1st equation by Cai the 2nd by 6 ^^ 
we have 

fljCag+JiCay+'Ji^a® =0, 

and «9<5i«+J9Cay+tfa<Ji2 *= 0* 

Hence, by subtraction, ^ ' _ 

(Cig2-Caai)®+(2^aCi~JiC9V — 0, 

g = y . 

^i,®a~^a®i Cj02“~C2®i 


( 1 ) 


Again, multiplying the 1st equation by «a and the 2nd 
by «!, we have 

Uiaag+diay^+CjaaC = 0, 

and ajUig+Jafliy+Csaig = 0. 


i It IB necessary to point out to the student the notation here 
used The letter a, is as difEereat from a, as c is from d, or as any 
letter of the alphabet from any other, a similar remark apphes to 
the pairs of letters (Z»„ ij) and (ci, c,; But it is lerj comenient 
-IS an aid to memory to use the same letter \nlh different sutBxes to 
denote corresponding co-efiicients in different equations , thus whilst 
III denotes the co efficient of x in the 1st equation, a g denotes the 
CO efficient of x in the 2nd equation , and preciseh a similar 
meaning is attached to the letters 6,, i, and c„ c. Sometimes 
however letters with accents serve the same purpose , thus i£ 0 , 1 /, c 
denote the co-efficieuts of.x, y, sin one equation, the correspond- 
ing co-efficients in a second equation are denoted by o', V, c' , in a 
tlnrd equation by a", h", c" , and so on 
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Hence, by subtraction. 




Hence, from (1) and (2), 




( 2 ) 




y_ 


CiCCg^c^Oj^ 


, _ Note This resDlt can be cnsil} remembered , writing doirn the 
equation one nbo\c the other. 


a ir-hhff+Ct= ~ 0\ 
= 0/ 


we find that 


0) The quantity under a* = co efficient of y in the Ist eqnatioa 
y. co-efficient of r in the second mums co-cfficicnt of y in the 2ud X 
co-cfficicnt of c in the 1st , 

(«) quantity under u = co-cfficiont of z in the 1st equation 
X co-cmcient of /• in tlic second mmui co efficient of z in the 2nd X 
eo-elficient of r m the 1st , 

0”) The quantity under ss= co-efiicieut of r in the 1st equation 
X co-effiaent of t/ in the second minus co-efficieut of a: in the 2nd X 
co-efficient of y in the 1st 


Cor« In the above equations if we put g = X, we have 
g _ X __ 1 

diCo— dgCj CjOa— CjO, ■" Oj^j — * 

which gives the Eolation of the equations 

aiZ+bitf+Ci = 0\ 

and agtZ+b^iz+Cn =0/ 

^ Note The aboic results shoiUd be thoroughly committed to ^ 
memorj as ready applications of tliom will enable the student to 
Kohe \nth neatness not only simple equations iin olving iwo unknown 
quantities, but also a certain class- of equations luvolviug three un- 
laiowii quantities The following examples are Intended for 
illustration - , 

Example 1. Solve 8z-%+9 = 01 

5g— 8y— 1 = Oj 

Hsre nfj =2 8, b^ i— *“5, C\ f) • 

ffa — 0, Da ""**8, Cn — 1« ' 



ALOBBBA. IIABB MABY. 


[Chap. 


2 iQ 


Hence, we must have 

X V ? 

(_6j^_ij-:V- 8)9 “ 9x6-(-i;a 

x y _ _ ^ 

5+27 45+a —9 + 26’ 

X V 1 

^ “ 48 “ lb‘ 


*= r’ = = s = 


Thus we have x — 2, and y s= 8 


Example 2. Solve — 7®+8y = 9 . . (1)'4 

5 ®— 4 y = — 8 . . { 2 )J 


' From (1), -7a!+8y-9 = 0\ 

' - 5a-4y+8 = Of 

Hence, yx8-(-4)(^9; ** (-9} 5-8 (-7) 

_ 1 

- - . {-7K-4)-6x8’ 

or ^ L_ 

’ 24-86 -45+21 ~ 28-40’ 

:52.=^^ = ri2> 

•• ® = -En = *’“**'= rS= 2 

Thus we have a = 3, and y = 2. 

Example 3. Solve, 

(aJ+7)(y-S)+7 = (y+8)(a-l)+6 . (1)\ - 
6®— lly+85 =0 (2)/ 

(C U Entrance Paper, 1888) 
Fi^om (1) ay+Ty— 8®— 14 = ay+8®-y+2, 

*. 6®— 8y+16 ='0, 

' 8®— 4y+ 8 = 0,1 

also 6®-lly+85 — Of, 
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H€nce, 




y 


^ *or, 


or. 


(— 4j.d6— (— 11)8 8x5—35x8 

, , 1 

, ' 3C-11)-5C-4J* 

z V 1 


-140+88 40-105 -83+20 ‘ 


V 


■IS 


-52 -65 

Hence jb = 4, and y = 5. 

Szample 4. Solve 22-8y+4s= 0 . . (1)' 

7*+2y- 
4a+Sy+ 

T?rom (1) and (2), we have 

® y z 


r+4s = 0 . . (1)'| 
6s = 0 ... (2) y 
^+ s — 87 ... (8)3 


(-3)(-6)-2X4 ■” 4x7-(-6)2 ~ 2xl-7.(-8)’ 

® y s 

’ 10 “ 40 ” 25 * 


® — V _ z 


Now, let denote the common value of these fractions, 
which is at present unknown. 

Then, we have | = g =| = 

. . SB — 21 , y — — 8^, s .... ..(a) 

Substitating the values of se, y, s in (8), we have - 
A:{8+24+«i) = 87, 

or, 877; = 87, 7. s= 1 

Hence, from (a), SB = 2, y = 8, s = 6 
Hzample 5. Solve *5B+6y=5s . (1)' 

7sB+ z = Gy (2) 

^5a;+Cy— 4s = 24 .. (8)^ 

Fromd), sB+6y— 5s=0\ - 

- From (2), 7sb— 6y+s=0/ 



/ 
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„ X _ V 

6x 1-(-6M-5T "■ (-5) 7-1 X i 

z 

“l.(-bH7xb 

g _ _y L_ 

■B-80 -85-1 -b-42’ 

-24 “ -86 -48 ’ 

X z - [Multiplying" eochj 

2 3~5* ' fraction bj — 12 ] » 

SnppoBing each of these fractions= h, we have 

X 2^y y SA.) z 4A # • • • • 

Substituting these values of «, y, s m (3), we have 
7.(10+18-16) = 24 

\ oVf 127) — 24f «*» Jo 3s 2> 

Hence, from (A), « = 4, y — 6, s = 8. 


Exercise (73), 

Solve the following equations — ^ 


1. 

2a!+8y— 8 

= 01 


Sa- 4y+6 

= 0/ 

3. 

435— 5y+8- 

= 0-1 


235— Sy-i-6 

= 0/ 

5. 

635— 7y+12 

= 01 


— 735+4y+ll 

= Of 

'7. 

— 635+5y+2 

= 01 


- 1835- 9y 

= 19/ 

9. 

435-lly+6 

= 0\ 


935— 18y 

= 10/ 

11. 

-1235+17y+16 

= 0\ 


935— 18y 

= 11/ 


2. 24j— 6y+9 s= 0\ 

5*+2y— 16 = 0/ 

4. — 3!c+2y+2 = 0\ - 
5®-Sy-6 = Oi 


6. 

735— 8y = — 141 ' 
635 — 8y = 9/ 

8 . 

-735+5y+ll = OV 

' 

835-5y " =19/- 

10 , 

8®-7y = 19\ 

- 

10®- 9y = 28/ ^ 

12 . 

-14®-lli7+l8 = 0\ 
-11®- 7y+ 1 = 0% 


( 
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13. 17aj-7y =: 621 14. 9*+5y = 1241 

Zz — 2yi 7z — Zyi 

From tho 2iid cquatiou ^ ^ = A (suppose) ^ «■ 


15. 

16®+7y = 2461 


9® = 4y/ 

17. 

4a- 8 y' = 01 


7®-lly+92 = OJ 

19. 

18®-12y+16 = 0 


8 ®— 7y = 0 


21. i(a+y)+]:(a!-y) = 691 
5*--38y s= Of 


16. ')« = 8yl 

10*+28y-287 = 0 J 

18. 4®— 7y == 01 
10®-9y-102 = 0/ 

20. ll®-l0y+82 = 01 

14®- Oy = 0/ 

22. 4®+6y ^ 1 

??^+2y = 20 ( 


23. !(( 8 +!c 1 = it(7+yn 

- 4®+9 =s 5y— 14/ 


24. 


4y-(» 

a+y 

8z-6 

y*-® 



25. (®+5)(y+7) = (®+l)(y-9)+ll2 
2®+10 = 8 y+l 


26. 4®-5y+2r = 01 

2®— 7y+4s = OV 
«+ y+ s = o| 

28. 2®-7y+ng= 01 
G®— 8y+72 := OV 
3®+4y+5® =851 

30. a— 2y+ s = 01 
6®— 8y+8s = O}- 
2®+8y+53 = 80] 


27. 5®+ Gy +82 = 01 
8®+4y+ Gs = Oj- 
®+5y+lC? = sj 

29. 7®+3y-8s =01 
5®— 7 y +82 = 0 }- 
3®+6y+7s = (til 

31. 2'4a+9y) = 7(2y+g) 

7(®+2y) = 8 (y+g) 

S®+4y+5® = 88 


(C U EnU Pupoi, 1887) 


32. 4(®+y) 

Gl:®-2)+7(y-3)+8:®-4) 


8 ( 2 s-y) 1 
S(2y—Ss)y 
67 I 


33. 6a=2y, 7y= 60 ! 34. 16® = lOy = Csl 
‘ 4®+6v+62 = 1601 73‘4.J5y4-9g s= 882/ 
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35. 4a-18y+82 = 0 \ 

7»+ 6y-92 = 0 I 
l+A+25=6f 

6. Equations of the form aiOc+biy-i-Ci^ = di, 

■aaa3+&sy+Cs« = dsj = d^. 

Multiply the first equation by Pj and the 2nd by Ci ; 
then by subtraction, we have 

C®i®2 "b (^1^2 y ~ rfiCg— rfgfi (1] 

Similarly, multiplying the first equation by and the 
Srd by Ci, we have 

(® 1®3 ( 2 ] 

Now, from (1) and (2’, the values of x and y can be at 
■once found by cross multiplication Then substituting the 
walues of x and y thus found in any of the given equations, 
the value of z will be obtamed. 

OtJiemvise : — 

Multiply the first equation by and the 2nd by ; 
then by subtraction, we have 

Similarly, multiplying the first equation by and the 
5rd by di, we have 

(Q'j^dg—o^di)x-i'{iidQ—’l>^di)y'{-(Cid^—CQdi)z = 0 . ifS) 

if* 

Now, evidently (a) and tj8) together with any one of -the 
^iven equations form a group which can be easily solved 
^y the method illustrated in the last article. 

Example 1. Solve 4j;-3y+22 = 40 (1) ' 

52+9y-72*= 47 (2) 

^ 9aj+8y-82 = 97 . (8) - 

.Multiplying (1) hy 7 and (2) by 2, we have 

28®— 21y+142 = 280,\ 

•and lO®+18y-=140 = 94 / 

Hence, by addition, 88®— 8y = 874 . - (4) ' 
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■L 

Again, multiplying (1) by S and (8) by 2, we have 

12 a:- Oy +62 = 1201 
and , l 8 a:+lGy -62 = 194/ 

Hence, by addition, 80z+7y — 314 ... (6) 

Now, from (4) and (5), we have 

88®-8y-874 = 01 
and , 80z+7y— 814 = 0/ 

Hence ^ =: IL 

’ 8X814-7.(-874) ^-»74)30-t814).38 


or, 

or. 


1 

— 68x7-30 (-8)’ 

cr _ y 1 

912+2618 -11220 + 11932 266 + 90* 

ae y _ L. 

3660 “ 712 “ 356 * 


' Therefore x — lO, and y *= 2 

SnbsUtnting these values of a; and yin (1), we have 
40— G+2s =: 40, whence ^ = 8. 

' Thus we have a; := 10, y = 2, c = 3 

Example 2. Solve 2jc— 4y+ 9* = 28 .. (1) 

7a;+ 8y— 6r = 8 . . (2) . 

9a;+10y-llz = 4 (8) 

Multiplying (1) by 3, and (2) by 4, we have 

Gz— 12y+27z = 841 
and , 28z+12y— 20z = 12/ 

Hence, by addition, 84a; + 7s = 96 .. (4) 

Again, multiplying (2) by 10, and (3) by 8, we have 

- “ 70x+80y-50s — ' SOI 

and 27a;+80y— 88s = 12/ 

Hence, by subtraction, 4Sa;— 17s = 18 ... (6) 

Now, from (4) and (5), we have 

84a:+ 7s-96 = 01 
;and 48z— 17s— 18 s= 0/ 
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Hence* 


7.(-18)-(-17; (-96) (-96) 48 -(-18) 84 

841-17)-48X7 ’’ , 

X Z 1 ’• 

or, — - — z - ^ 

-126-1682 -4128 + 612 “■ -578-801’ 


or, 


X 


-1758 


•8516 -879 


Therefore x = — -- 2, and = = 4 

-879 ’ -879 

Snbstifcnting these values of x and s in. (2), we have* 

14+8y-20 = 8, 

whence 8y ^ 

Thus we have aj = 2, y==8, s=^4 
Example 3. Solve 12j!+ 9y— 7s « 2 .. (1)' 

8a!- 26y+9s =s l .. (2) 
28a!+21y-15g == 4 (8) 

Multiplying (2) by 2, we have 

IGaj— 62y+183 =* 2, 

also, 12®+ 9y- 7s = 2 ... 

Hence, by subtraction, 4aj-61y+ 25s = 0 . 

Again, multiplying (1) by 2, we have 

24fl!+18y— 14s = 4 T 

also, 28x+2'ly-15s = 4 .. . 

Hence, by subtraction, a— 3y+ s=b' 

How, since we have 4aj— 61y +26s = 0 

^ «- 8y + s = 0, 

therefore, by cross multiplication, 

X a _ g 

— 61+75 ■“ 25—4 “■ —12+61’. 

' or, - or — - X a 

14 21 49 ’ ’ 2 T “ T • - 


( 1 > 

( 4 > 


( 8 ) 

(tV) 

( 5 > 
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■Sapposing each of these fractions = A, we have 

« = 27<;, y = 87c, z = 7^. 

Hence, from (1), jfe(24+27“49) =2, 

or, 27c = 2, 

- " *. A = 1. 

Therefore, jjj = 2, y = S, a = 7. 


Exercise (74). 

« 

Solve the following equations — 


1. 2*--8y+5s = 111 

2. 8a+2y+53 = 821 

5r-K2v — 73 = --12[ 

2a+6^+83 = 314 

. — 4®+8y+ 3 = sj 

5a+8y+2s = 27; 

3. iB+y — 3 = 11 

4. 2a+8y+4s'=! 291 

8a!+-8y— Cs= 11 

8a+2y+5s= 82[- 

83—4®— y = ij 

4a+3y+2s-s= , 26 J 

2a!+8y4-43 = 161 

6. 4a— 8y+23 = 81 

8a;+2y— 5s = 8> 

8a— 4y+5s= G}- 

' 5®-6y+8s = 6j 

-6a+6y+7s= - ij 

■ 7 , 8z— 7y— 53 = 1 

1 8. a+5y-4s = 61 

— 7aj+5y+63 = — 1 

y 3a-2y+23 = 14 [■ 

12®— 8y~lls = 2 

j -10a+8y+ 3= 6j 

23+4y+53 = 49 

1 10 . a+ 8^+63 = 101 

' ^8®+5y+63 — 64 

+ 8a+5y+73= 14 

4®+8y+43 = 55 

J 5a+7y+83 = 15 J 

11. 12®+ 8i^-lls=-8 

1 12. 5x-iy+ 93 ^ 191 

-11a— 13y— 3 = 2 

)• 7a+6y-12s= 16 !• 

8a+17y— 123 = —2 

J -SaJ+Sy+lSs =-i8j 

13. a— y— z = — 

161 14. 2[z-y) == 33^-2 1 

y+ a+2s = 

40}- - a —8s = 8« — 1 ! 

43— 5a— 6y =— loOj 2a + 8s =~ 4(1— y)J 

(C. U Entrance Paper, 1886 ) 

15. Zx-\-2y— 3 .= 201 

16. ' 4(y-a) = 63-29 1' 

2a-i-8y+63 _•;= 70 

■ _ 83+4a ^ 6y+ 

^ a- y 463 = 41 J 

s-3jr=:i/_: 
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17. 5®+2y+ s = 80] 18. = 12-^3) 

23+6y+103= 129j ix+lz =10 j' 


19. 


21 . 


23. 


J_ 5^_£_ 

y z 

1— ±+-1 

X y "** s 

4 5 6 

~'x'^~y'^~z 


i.'l 

U 

1£ 

24 

1_ 

4J 


5®+8y = 65 
2y- g = 11 ■ 
8®+4g = 57, 


20 . 


22 . 


3 4 1 _ , 


— 4--^ =s 10-^ 

4 1.4 , 


2_ J. ^ ± 
x'^y 2 

1-A= 2 

2 y 

1+1 =i- 

a ~ g S J 


ay+bx = c' 
ca+ffs = b ■ 
bz+cy = o 


24. 8a+4y~ll = 0 
5y“-6g =—8 • 

7g — 8a~18 = 0. 


(Calcaitta Uimersity Entnmce Piper, 1877) 


26. 8y+ a--2 = 0 ] 

8g— 4y 5=a;+15|- (C U Eutmuce Paper, 1883 ) 

2a+7g = 7 J * 

7. Miscellaneous Examples. 


Example 1. Solve 5+1 = 1,1+1 = 1,1+1 = u 

a' 2 ^ y 2 g a 

Adding together the given equations, we have 



a , b c S . 

or, — 1 — = ^ .. . (a) 

“ -^ '5! <!»- ' 


a ■ ' ?/ ■ g 2 

t 

Subtracting the 2nd equation from (a'^, we have 

" i 

1. , • n> 1 Qa 

Similarly, we have ^y t=2bi and g = 2c, 
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Example 2 Solve 

— 2, (ui) 

1 


a) = v (.i) 

From (i) we have 

« 0 ^) u n 


gg 

g+g 


y-^z 


— If or^ — + — — 1 

y ® 


. icy 

Z-fg 

zg 


-h or, ■~+^- ^ 


(in) „ 


= or, — 
yg ’ g 


+‘^ = ^ 


y 


(^) 

( 6 ) 

( 6 ) 


From (4', (5) and (6), by addition, we have 


2(1+JL+A) 
\a y s / 

“ ‘+i+T 

;:j|« 

II 

. i+l+i 

11 



12’ 

• • • 

. Subtracting (6) from (7), 



1 _ 11 1 

_ 7 


z 12“ 3 

*“ 12 ’ • • 

;5 as « 

7- 

Subtracting (5) from (7), 



-1 — 

5 

« 12 

^ y 12 2 

12’ • 

y- 

Subtracting (4) from (7), 



1 1 - 

1 

g =-12. 

g ” 12 

12 ’ ’** 


(~n 


Example 3.“ ^Solve 

zyg = a(yg— gz— zy) = b{zz—xy—yz) = c{xy—yz—z^^ 
Since zyg ais/z—zx—xy) we have 

_1 1 __ 1 [Dmding both sides 

a ~ X y g * * *'' ^ byaXaryz] 

Similarly, we have 


and 


~ = — - 1 . ; , (2) 

5 ' y z X 

c g z y * * ^ ' 
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Adding together (2) and (3], we have 


2 

1 , 1 

J+c 


—2bc 

X 

= T+T 

II 

‘ g = 

b+c 

Similarly, 

2 

1 . 1 

a+c 


— 2ca 

MW 

= — h 


. • y = 

c+a 

y 

fi a 

ac 


and — — 

z 

- ^ + ^ 

a+J 

.. 3 = 

—2ab 

a ^ 5 

— ab 1 

a+6 


Example 4. Solve a+y+z = 0 ) 

(5+cJx+(c+o)y+(a+J)s = 0 [• 
bcx+cay-\-dbz =■ 1 ] 

Since (5+<!)®+(c+fl)y-Ka+J)2 = 01 
and 2 !+ y-i- s = 0/’ 

therefore, by cross multiplication, 

g _ “f _ g 

(c+a)’~\fi+b) (a+5)— (6+'c) (fr+c;— (c+a)* 

or, -^= ==■_!_- 

<j — 0 a— c 5— c 

Supposing each of these fractions = 1c, we have 


a = 1c{c—b), y = 1c{a—c), z = l,{b—a) ' - 

Substituting these values^of x, y, z in the 8rd equation 
we have 7v{5c(c— 5)+co(fl— c)+fl6(5— aj = i. 

But 5c(c— J)+ca'a— c)+aJ(6— a) 

= 5<;(c— &)+a*(c— 5)— o(c*— 6°) 

= (<j— J){5c+a®— o(c+5)} 

-== (c— c)(c— 5) 

Thus, A:(c— 5)(ff— c)(o— 6) = 1 , 




Hence, 


X = Z/(c— 5) = 


1 

(a— cj(a— 5) ’ 


y = *(a— c) = 

g ss £(5— a)== 


1 

(c— JX«— &) 

1 


t 
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Exercise (75). 


Solve the following eqnations — 


1 . 

2 . 

-3. 

4- 


5. 


• 6 . 



=^. ^ =. 

y+2 3+z a;+y 

ax7j = c[lz-{-ayy\ 
hxy = c(ax—by)f 

3xy = 4(z+y), 22:: = 3(x+z), 5yz = 12(y+s) 
y+2 = 4, s+2 = 6, 2+y = 8 


7. y-\-z-^x « G, z-\-z—y = 10, x-\-y—z = 14. 

8. x-iy^-z = —101 9. y+s-7«+l6 — 01 

y— 4 s+2s= — 15>- s+«-7y+24 = Ol- 

z-^^-^y— —35] ss+y— 72+40 = oj 

10. a^x+h^y = 2fl&(a+5) 1 

J( 2 fl+J) 2 +fl(c+ 26 )y = c®+a-&+aA*+J=* / 


11. ®+ y+ 2 = A' 

02 + Ay+ cz = Q • 
o®2+6*y+c®2 = 0 


12. a+y+2 = O' 

(o+J)2+(o+c)y+(J+c)0 = 0 ' 
abx-\-acy-^hcz *= 1 


a; + y + 2 

= O' 

~+T+- 

= 0 

a b c 


£-+l.+£ 

= 1 

4 


14. x—ay+a^z = o^l 
»~&y+&®2 = &®). 
«— ci^+c’*2 = c®J 


16. ax+ly+cz = 0 

(6+c)2+(c+fl)y+(o+Zr)2 = 0 
<f=2+&®y+c*a = «®(5-2)+5 *(c-0)+c*(<j-.J) 
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16. Find the condition that the three equations, 

«iaj+5iy+Ci=0, Cgaj+^ay+Ca=0, a^pt+h^y+c^^Oy. 

may be consistent 


17. Find the value of a so that the four equations, 

2®— Sy+5« = 18, 8®— y+42 = 20, 4®+2y— 2 = 5, 
(a+l)®+(o+2)j/+(a+8)2 = 76, may 'by consistent.. 


18. Zw—2y= 2' 

6®- 72 = 11 

2®+8y = 62 
4y+32 = 41. 


20. ® + y + 2 

-+^+- 
ab be ca 

{e-l)x+ia-i)y+{c- 


19. 9 ®— 22 + to = 41' 
7y_62 - ^ = 12 
4y— 8® +2^^; = 5 • 
S2^-4 m'+ dt = 7 
7z—bto = 11. 

= ab+ic+ca 
= 3 

= 2dbc—ah‘—h^c+ae^—a°c 


CHAPTEE XY 

PROBLEMS PRODUOING SIMPLE EQUATIONS 
WITH MORE THAN ONE UNKNOWN 

QUANTITY ‘ 

Easy Froblems 

Ezample 1. "A and B each had a number of mangoes. 
A said to B , “If you give me 80 of your mangoes my 
number will be imee yours”. B replied, “If you give me 
10, my number.will be ihnee yours”. How many had -each ? 

Let ® = the number of mangoes A had, 
and y — If ft „ > B „ 

"then, in accordance with what A said we must have the 
equation 

®+80 = 2(y-80) (1) 

and in accordance vjith B’s reply we must have the 
equation 


2^+10 = 8 (®- 10 ) 


( 2 ) 
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From (2), dx— 1 / 9= 40 

or, 6x—2y =■ 80 . . (8) 

and from (1), x—2i/= —90 .. (4) 

Hence, by subtraction, 5x *= 170, * a: = 84. 

Substituting the value of x in (4), we have 

2y ^ 84+90 = 124, ij = 62. 
Thus A had 84 mangoes, and B had 62. 

Example 2 A certain fraction becomes 2 when 7 is 
added to its numerator, and 1 when 2 is subtracted from 
the denominator YThat is the fraction ’ 

Let — represent the fraction 


Then we have = 2 . (1) 


y 

and 

y—2 ^ ' - 

From (1), 

ijj+7 = 2y, *. « =s 2y-7 

From (2), 

S5=s y-2 

Therefore, 

2y— 7 = y— 2, whence y = 5. 

Hence, 

X = 5-2 = 8. 


Example 3. Two men and 7 boys can do in 4 days a 
piece of work which would be done in 8 days by 4 men 
and 4 boys. How long would it take one man or one boy 
to do it ? 

Let X = the number of days in which one man would 
do the work, 

and y = the number of days in which one boy would 
do it. 


Then in one day a man does — th of the work and a 
boy does — th of it 

y 

Hence, since 2 men and 7 boys do ];th of the work m 
one day, we must have 

2 7 1 - 
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Again, since 4 men and 4 boys do ^rd of the work in 
one day, we must have 



Multiplying (1) by 2, and subtracting (2) from the 
resu Iting equation, we have 



Hence from (2), ' « = 15 

0! S 15 13 

Thus one man would do the work in 15 days and one 
boy in 60 days 

Example 4 Two plugs are opened in the bottom of a 
cistern containing 192 gallons of water , after 3 hours one 
of them becomes stopped, and the cistern is emptied by the 
other in 11 hours , had 6 hours elapsed before the stoppage, 
it would have only required 6 hours more to empty it. 
How many gallons will each plug-hole discharge in an 
hour, supposing the discharge uniform ? 

Let a-, y be, the numbers of gallons of water which the 
plugs can respectively discharge in an hour 

In the first case, the first plug remains opened for 3 
hours and the second for 8 -HI or 14 hours 

Hence, Zx-\-l^y = 192 ( 1) 

In the second case, the first plug remains opened for 
6 hours, and the second for 6-1-6 or 12 hours. 

Hence, 6a;-l-12y= 192. .. (2) 

Multiplying (1) by 2 and subtracting (2) from the 
resulti ng equation, we have 

16y =2x192-192 
' = 192, /. y = 12. 

Hence, from (2), 6® = 192—144 = 48, .*. x*— 8. 

. Thus the plug-holes respectively discharge 8 and 12 
gallons in an hour. 

Example 6. The dimensions of a rectangular court are 
such that if tbedength were increased by 3 jardB, and the 
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breadth diminished by the same, its area ■would be dimi^ 
nished hy 18 square yards, and if its length were increased 
by^8 yards, and its breadth increased by the same, its area 
would be increased by 60 square yards , find the 
dimensions (Cilcnlta Uni\ craity Entranco Paper, 1888 ) 

Let X yards = length of the court, 

and y yards = its breadth. ^ 

Then from the first condition of the problem, we have 
(a:+3)(y— 8) = ay— 18 ... (1) 

and from the second condition, 

(a+8)'y+8) = a-y+60 .. . (2) 

From (1), Si/—Sx = — 9, 

or, y—x = — S. (3) " 

From (2), 3y + 3a; s= 51, 

or, y+x = l7 . (4) 

From (8) and (4), by addition, 

2y = 14, *. y = 7 , 

and by subtraction, 

2x = 20, a; = 10 

Thus the length of the court is 10 yards, and the 
breadth is 7 yards. 

EiZample 6. There is a certain number, to the sum of 
whose digits if you add 7, the result will be three times the 
left-hand digit , and if from the number itself you subtract 
18, the digits will be inverted Find the number. 

Let X and y be the left and right-hand digits respective- 
ly ; then the required number is represented by 10a!-}-y, 
and the number with inverted digits = lOy-hsc 

Hence, by the conditions of the problem, 

«+y+7 = 8a; . ... (1) 

and (10a;-l-y) — 18 = lOy+a; .. . (2) 

From (1), 2a!— y 7 . .. (3) ' 

and from (2),- 9a;— 9y = 18, or a;— y = 2 ... (4) 
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Subtrachng (4) from (8), we have 

SB = 7-2 = 6 
Hence, from (4\ y = 5— 2 = 8 
Thns, the required number is 53 

Example 7 A and B play at bowls, and A bets B three 
shillings to two upon every game , after a certain number 
of games it appears that A has won three shillings but if 
A had bet five shillings to two and lost one game more out 
of the same number, he would have lost thirty shillings. 
How many games did each wm ? 

Let X = number of games that A won, " 
and y = „ „ ,, „ B „ 

Then the total number of games played is evident- 
ly a+y 

Now since A receives from B, 2s for every game that 
he wins and gives B, 8s for every game that he loses (* c , 
for every game that B wins>, his total gam must be equal 
to {2x—6y) shillings 

Hence, 2x-2y =s 8 • (1) 

According to the other condition, A would have gained 
2(a;-l) shillings, and lost 6fy+l) shillings , and therefore 
his total loss would have been [6fy+l)— 2(®— 1)] shillings 

Hence 6(y+l)-2(aj-l) = 80, 

or, hy~-2x = 28 , . . (2) 

From (1) and (2), by addition, 

2y = 26, y = 18 

Hence from (1), x = = 21. 

Thus A won 21 games and'B won 13 games 

_ 1 

Exercise' (76). 

t - ‘ 

tl. What (fraction is that whose numerator being 
ioubled and denominator increased by 7, the value becomes 
f ; but the denominator being doubled, and the nnmerator 
ncreased by 2, the value becomes 5 ? 
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2. Find two numbers such that if the first be added to 
•5 times the second, the sum is 52 , and if the second be 
added to 8 times the first the snm is 65. 

3. Find two numbers such that five times the greater 
-exceeds four times the less by 22, and three times the greater 
together with seven times the less is 82 

4. What numbers are those whose difference is 45, and 
the quohent of the greater by the less is 4 ? 

5 There are two numbers such that one-fourth of the 
•greater added to one-third of the less is 11 , and if one- 
fafth of the less be taken from one-eighth of the greater, 
the remainder is nothing , find the numbers. 

6. A certain fraction becomes ^ when 1 is subtracted 
from its denominator, and 1 when 7 is added to its 
numerator. What is the fraction ? 

7. What fraction is that which, if 1 be added to the 
numerator, becomes 1, and if 1 be added to the denomin- 
ator becames ^ ? (Calcutta Um\ersit 3 Entrance Paper, 18G2.) 

8. A certain fraction becomes ^ when its numerator is 
increased by unity, and ^ when its denominator is in- 
creased by unity What is the fraction ? 

9. A and B have 30 rupees between them, but if A 
were to lose two-thirds of his money, and B three-fourths 
•of his, they would then have only 11 rupees How much 
has each ? 

10 Two numbers are such that if 7 be added to the 
less^the sum is twice the greater, and if 4 be added to the " 
greater the sum is 8 times the less Find the numbers 

1 1. Two persons 27 miles apart, setting out at the same 
time, meet together in 9 hours if they walk in the same 
-direction, but in 8 hours if they walk in opposite directions , 
find their rates of wallcing 

12. A banker was asked to pay ^10 in sovereign and 
half-crowns, so that the number of the latter should be 
exactly twice that of the former How must he do it ? 

13. A man and a boy can do in 15 days a piece of. 
■work which would be done in 2 days by 7 men and 9 boys 
How long would it take one man to do it ^ 

14. A rectangle is of the same area as another which is 
'C yards longer and 4 yards narrower , it is also of the same 
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area as a third, which is 8 yards longer and 6' yards- 
narrower. What is its area ? 

15. If 15 lbs of tea and 17 Jbs. of coffee together cost 
dB8 5« 6d , and 25 ibs. of tea and 18 lbs. of coffee together 
cost £4 6s. 2d,, hnd the price of each per pound 

16. A takes 3 hours longer than B to walk 80 miles * 
but if he doubles his pace he takes 2 hours less time than 
B , find their rates of walking 

17. Says Charles to William, “ If you give me 10 of 
your marbles, I shall then have just twice as many as you 
but says William to Charles, ** If you give me 10 of yours, 
I shall then have ttiree times as many as you ” How many 
had eadh? 

18 Bs 1100 are so divided among A, B and C, that if 
A were to give B Ks 200, B would then have twice as 
much as A, and three times as much as 0 How many 
tfupees did A, B and C each receive originally ? 

(Calcutta University Entrance Paper, 1872)' 

19. If a certain number be divided by the sum of its 
two digits the quotient is G and the remaibder is 3 If the ' 
digits be inverted and the resulting number be divided by 
the sum of the digits, the quotient is 4 and the remainder 
9 Bind the number. 

20. Find that number of 2 figures, to which, if the 

number formed by changing the places of the digits, be 
added, the sum is 121 , and if the smaller number be sub- 
tracted fi om the larger, the remainder is 9 , - 

21. A bill of 25 gmneas was paid with crowns and half- 
gmneas , and twice the number of half-guineas exceeded 
3 times that of the crowns by 17 /how many were there of 
each ? 

22. A person sells to one person 9 horses and 7 cows 

for £300 , and to another, at the same prices, 6 horses and 
18 cows for the Same sum , what was the price of each ? ' 

, 23. AandB received £5 17a for their wages, A having- 
been employed for 15 and B for 14 days , and A received 
for working four days 11s more than B did for three days j 
what were their daily wages ? . • ^ 

24. A and B can do a piece of work in 16 days , they 
work together for 4-days, when^A leaves, and B finishes ife 
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in 36 days more , in what time would each do the work 
separately ? 

25. If the numerator of a fraction is increased by 2 and 
the denominator by 1, it becomes equal to f , and if the 
numerator and denominator are each diminished by 1, it 
becomes equal to ^ , find the fraction 

26. A traveller walks a~ certain distance , had he gone- 
half a mile an hour faster, he would have walked it in four- 
fifths of the time , had he gone half a mile an hour slower,, 
he would have been 2^ hours longer on the road Find the 
distance 

27. A certain number between 10 and 100 is eight times 
the sum of its digits, and if 45 be subtracted from it the 
digits will be reversed find the number 

' 28. A and B lay a wager of 10s , if A loses, he will' 
"have twenty-five shillings less than twice as much as B will 
then have , but if B loses, he will have five-seventeenths 
of what A will then have , find how much money each of 
them has 

29. A farmer wishing to purchase a number of sheep 
fotlnd that if they cost him £2 2s a head, he would not 
have money enough bv..£l 8s , but if they cost him £2 a 
head, he would then have £2 more than he required find 
the number of sheep, and the money which he had 

30. There is a number consisting of two digits the 
number is equal to three times the sum of its digits, and if 
it be multiplied by three, the result will be equal to the 
square of the sum of its digits. Find the numbet 

More Difficult Problems. 

Example 1. A cask P contains 12 gallons of wine and 
18 gallons of water* and another cask Q contains 9 gallons 
of wme and 8 gallons of water How many gallons must 
be drawn from each cask so as to produce by their mixture 
7 gallons of wine and. 7 gallons of water ? 

Out of 30 gallons of the mixture of wine and water m 
P, there are 12 gallons of wine , hence ^ or |ths of the 
mixture consists of wine, and ^ths water 

Hence* for every gallon drawn from P there are taken/ 
out fths-of a gallon of wiiie and | ths of .a gallon of water. 
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Similarly, for every gallon drawn from Q there are talfen 
-out |ths of a gallon of wine and Jth of a gallon of water 


Let X = the number of gallons to be drawn from P, 

and y — i> II II 11 ' II II II 11 Q 
Then, since x gallons from P contain %x gallons of wine 
and ^x gallons of water, and 1 / gallons from Q contain ^ 
-gallons of wine and Jy galloons of water, in the new 
mixture there are (%x-\-\y) gallons of wine and (^a!+|y) 
■gallons of water. 


Hence, by the conditions of the problem, 

|a!+|y =7 . . 

and =7 



Multiplying (2) by 8, and subtracting (1) from the result- 
ing equation, we have 


■y® — 14-, X = 10 


Hence, from (2), y=4(7-|xl0) =4 

Thus 10 gallons must be drawn from P, and 4 gallons 
fiom Q 


Example 2 The fore-wheel of a carnage makes 6 revo- 
lutions more than the hind- wheel in going 120 yards , if the 
•oiroumference of the fore- wheel be increased by one-fourth 
of its present size, and the circumference of the hind-wheel 
by one-fifth of its present size, the six will be changed to 
four Required the circumference of each wheel 


Lei X yards be the circumference of the fore- wheel, 

®nd „ y „ „ „ „ ,, hind-wheel 

Tnen the numbers of revolutions made by the wheels 


in going 120 yards are respectively and^ 

X y 

When the circumference of the fore-wheel is increased 
by one-fourth, and that of the hind-wheel by one-fifth, the 
circumferences respectively become 




~ and ^ yards. 

4 5 


Therefore, the numbers of revolutions made by the 
'Wheels are respectively 

120 and .19.0 — 


9G_,100 
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Hence, from the conditions of the problem, 

120 ^ 120 
a 

and = i25 

a y 

Multiplying (1) by 5 and (2) by 6, we have 

^ = ^+ 80 , 

» y 

m ^ 600 ^ 2 ^ ^ 

X y 
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'-1-6 

.. (1) 

+4 

(2) 


^nd 


24 

by subtraction — = 6, 
z 


a = 4. 


Hence from (1), 


iB» = 1|2-6 = 2*. 

y 4 


y = 5. 


Thus the circumferences of the wheels are respectively 
*4 and 5 yards 

Example 3 A pound of tea and three pounds of sugar 
-cost BIX shillings, but if sugar were to rise 50 per cent , and 
tea 10 per cent , they would cost seven shillings Find the 
price of tea and sugar 

Let a shillings be the price of a pound of tea, and y 
’Shillings the price of a pound of sugar , 

then we must have 

x+3y — 6 .. (1) 

When the price' of tea rises 10 per cent , the price of a 

' / 9* \ 11 

pound of tea becomes (®+ 2 q )* jo*» shilhngs , and the 
pnce of sugar nsiny 50 per cent., the price of a pound of 
^ugar becomes {y+^ > or shillings 

-7 ... ... ' (2) 


Hence, 




From (2), — 14, 

and from (1), Sa-J-Oy = 18 , 
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(8—^)® — 4, 

4® . 

or, = 4, 
o 


® = 5. 


Hence from (1), 


y = 


6-5 

8 


1 


3* 


Thus the pnce of a pound of tea = 5s , and that of 
pound of sugar = = Ad, 

Example 4 A certain sum of money is to be divide 
among a certain number of men , if there were 8 men lesi 
each man would have £150 more , but if there were 6 me 
more, each man would have £120 less Find the sum c 
money and the number of men 

Let X = the sum of money in pounds, 

and y = the number of men 


Therefore, each man gets £ — , if there were 8 me 

y 

«Z/ 

less each would get £ — ~ ; and if there were 6 men moi 


y-8 


each would get £ 


y+6 


Hence, from the conditions of the problem, 


= — +150 ... 

y-S y 

and — ^ == 120 

y+G y 

From (1), 160 = ^ 

' ' \y-B y) 

3® ' 


( 1 ) 

( 2 ) 


y2-8y’ 

From (2), 120 = «f— 

\y y+ 6 / 

G® 


y= + 6y 


» I • 


® = SOCy**— 8y). 


® = 20(y*+6y).. 
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Hence, 501;/®— 8y) = 20fy®4-6y), 

or, 80y® = (150+120)y := 270y, y = 9. 

‘ X 20(81+64) = 20x185 = 2700 

Thns there are 9 men and a snm of £2700 

Example 5. A man has to travel a certain distance 
“When he has travelled 40 miles, he increases his speed. 
2 miles per hour If ho had travelled ■with his increased 
speed, dnnnp the ■whole of his jonrney, he would have 
arrived 40 minutes earlier , but if he had continued at his 
original speed, he ■would have arnved 20 minutes later. 
How far had he to travel ? 


Let z — the number of miles the man had to travel ; 
and suppose his original speed was y miles an hour. 


Hence, the time actually talcen to complete the journey 

— (“ + — -^) hours s= hours 

\y jr+2/ ir(y+2) 


The time he would have talcen if he had travelled at 
■the increased speed during the whole of his journey 

= hours, and the time he would have taken if he 

j /+2 


had travelled all the way at his original speed = -^hours 

y 

Hence, from the conditions of the problem, 

T _ 80+xy 2 

(I) 


and 


y+2 y(y+2 » 

V __ 80+gy _1_ 

y ~ y(y+2)'*’ 8 ' 




—• ( 2 ) 


Subtracting (1) from (2), 

,fi _4.) = 1 
\y y+2/ , 

or, 2x = 3^(2/+2), ^ (3) 

Also from (2), 

8g(y+2) = 8(80+xy)+^(y+2), 
or, Gx-240 = y(y+2) (4) 
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Hence from (8) and (4), 

' 6a!--240 = 2x, 

or, 4* = 240, ® = GO. 

Thoe the man had to travel 60 miles 

Example 6. If there were no accidents, it would take- 
half as Jong to travel the distance from A to B by rail road 
as by coach , but three hours being allowed for accidental' 
stoppages by the former, the coach will travel the distance 
all but fifteen miles in the same time , if the distance were 
two-thirds as great as it is, and the same time allowed for 
railway stoppages the coach would take exactly the same 
time. Eequired the distance 

Let a miles be the distance from A to B. 

Suppose the coach travels at the rate of y miles an hour, 
then evidently, the rate of the train is miles an hour 

The time in which the tram can travel the distance 
plus 8 hours = the time in which the coach travels only 
(aj— 15) miles 


Hence, ^+3 — 

2y y 



(1>. 

Also, from the second condition of the problem. 


2y^ y ’ 

or, 


(2) 

^’rom (2), ^ 8, 

or, 

x = 2y ... 

(8>. 

From(l), x+6y = 2x-86, 

or. 

6y = X—8Q . 

(4)" 


Hence, from (8) and (4), 6y = 9y-80, 
whence y = 10 , 

and a = 9 X 10 = 90 

Thus the required distance = 90 miles. 

Example 7. A boat goes up stream 80 miles and down- 
stream 44 miles m 10 hours , it also goes up stream 40" 
miles and down stream* 55 miles m 13 hours , find the rate 
of the stream and of the boat; (O IT Eatr Paper 1880) 
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Suppose the boat would travel x nules per hour if there 
were no current, and that the current flows at the rate of 
y miles per hour 


Then it IS clear that ihe current the boat travels 
{x+y) miles per hour, and against the current {x—y) miles 
per hour. 


Hence, the time taken to travel 30 miles ' up stream 
SO 

= hours, and the time taken to travel 44 miles down 

x-y 

44 

streaih = hours and by the Ist condition of the 

problem, we must have 


80 44 

JB — y'^sB+y 


= 10 


( 1 ) 


Similarly by the 2nd condition, we have* 


40 55 

jB— y+’ai+y 


= 18 


Multiplying (1) by 4, and (2) by 8, we have 


™ + ili = 40 

X—y as+y 


and 


120 165 

SB— y"^{B+y 


= 89 


( 2 > 


Therefore, by subtraction. 


Hence, from (1) 


11 

sB+y 

80 

x-y 


= 1 , /. 

= 10-4 


sB+y = lU 

= 6 , 


.. SB— y = 5 


Thus we have ss+y = 11\ 

and SB— y = 6/ 

Hence, by addition, 2sb = 16, /. sb = 8\ 
and by subtraction, '2y = 6, .*, y = 8 / 

- i 

Thus the rates of the stream and the boat are respective- 
ly 8 miles and 8 miles per hour. 
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Example 8 A challenged B to ride a bicycle race o£ 
1040 yards He first gave B 120 yards start, but lost by 
5 seconds , he then gave B 5 seconds start, and won by 120 
feet. How long does each take to ride the distance ? 

(Calcutta University Entrance Paper, 1881 ) 

Let the times which A and B take to ride the distance “ 
5)6 a: seconds and y seconds respectively 

Then, the times they take to travel one yard are respec- 

I 

Let PQ represent the given distance, and let PE, SQ on 
it respectively represent 120 yards and 120 feet (or, 40 
yards) 

R S 

P Q 

In the first race B is at R, and A at P when they starl> 
but B reaches Q 5 seconds earlier than A , therefore, the 
time taken by B to travel EQ *= (a?— 5) seconds 

Hence, «-6 = (1040-120) 

1040 



In the second race B starts from P 5 seconds earlier 
than A, but arrives at S when A arrives at Q , therefore 
the time taken by B to travel PS = (®+5) seconds 

Hence, ce+5 =’(1040-40) 

= = i*' - • • w 

Subtracting (1) from (2), we have 

•^iy 5= 10, y = ISO. 

Hence, from (1), a!/=,5+|^xl30 

6+116 = 120 

' Thus the kmes required by A and B to nde the distance 
are respectively 2 minutes and 2 mihjites 10' seconds* 
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Exercise (77). 

1. There is a certain nnmber consisting of 3 digits 
•which is equal to 25 times the sum of the digits, and if 
198 be added to the number, the digits will be reversed : 
-also the sum of the extreme digits exceeds the middle digit 
by unity , find the number. 

2. _ A shop-keeper, on account of bad book-keeping 
ilinow neither the weight nor the prime cost of a certain 
urticle which he purchased He o^y recollects, that if he 
had sold the whole at 80s per lb , he would have gained £5 
by it, and if he had sold it at 22s per lb , he would have 
lost £16 by it What was the weight and pnme coat of 
the article ? 

3. Two persons, A and B, played cards After a 
-certain number of games, A had won half as much as he 
‘had at first and found that if he had 15 shillings more, he 
would have had just three times as much as B But B 
-afterwards won 10 shillings back, and he had then twice 
as much as A. What had each at first ? 

4 A and B can do a piece of work together in 12 days, 
which B working for 15 days and 0 for 80 would together 
complete ; in 10 days they would finish it, working all 
three together , in what tune could they separately do it ^ 

5. A has twice as many pennies as shillings , B, who 
‘has Sd more than A, has twice as many shillings as pen- 
nies ; together they have one more penny than they have' 
ishillings How much* has each ? 

6. Two persons A and B could finish a work in m 
days they worked together n days when A was called oflC, 
and B fimshed it in p days. In what time could each 
do it ? 

7. A, B, C compare their fortunes , A says to B, ‘give 
me Ks 700 of your money, and I shall have twice as much 
as you retain’ ; B says to 0, ‘give me Kg 1400, and I shall 
"have thnce as much as you have remaining’ , C'says to A, 
‘give me Rs 420, and then I shall have five times as much 
as you retain ’ How much has each ? 

8. A man walks 35 miles partly at the rate of 4 miles 
-an hour, and partly at 5 , if he had walked at 6 miles an 
(hour when he walked at 4, and vice versa, he would have 

1—18 
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covered two miles more in the same time Find the time- 
he was walking 

9. A train travelled a certain distance at a uniform 
rate. Had the speed been 6 miles an hour more, the^ 
jonmey would have occupied 4 hours less , and had the 
speed been 6 miles an hour less, the journey would have 
occupied 6 hours more Find the distance 

10. Two vessels contain mixtures of wine and water , 
in one there is three times as much wine as water, in the 
other five times as much water as wine Find how much 
must be drawn off from each to fill a third vessel which^ 
holds seven gallons, in order that its contents may be half 
wine and half water 

11. A number consists of 3 digits whose sum is 10.. 
The middle digit is equal to the sum of the other two , 
and the number will be increased by 99 if its digits be 
reversed Find the number 

12. A man has one pound’s worth of silver in hdf- 
crowns, shillings and six-pences , and he has in all 20 
coins If he changed the six pences for pennies, and the 
shillings for six-pences, he would have 73 coins. How 
many coins of each kind has he ^ 

13. A sum of money IS divided equally among a certain- 
number of persons , if there had been four more, each* 
would have received a shilling less than he did , if there 
had been 5 fewer, each would have received two shilhngs- 
more than he did , find the number of persons and what 
each received. 

14. There is a cistern, into which water is admitted by- 
three cocks, two of which are exactly of the same dimen- 
sions When they are all open, five-twelfths of the cistern 
is filled in four hours , and if one of the equal cocks is 
stopped, seven-ninths of the cistern is filled in ten hours 
and forty minutes In how many hours would each cock 
fill the cistern ? 

15. A person exchanged 12 bushels of wheat for 8 
bushels of barley, and £2 ICs , offering at the same time 
to sell a certam quantity of wheat for an equal quantity of 
barley, and £8 15s in money, or for £10 m money. 
Required the prices of the wheat and barley per bushel 

16. A wine-merchant has two sorts of wine, one sort 
worth 2 shillmgs a quart, and the otlibr worth 8s. M 'a 
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qutirt , from these he wants to make a mixture of 100 
quarts worth 2s id a quart How many quarts must he 
take from each sort ? 

17. The rent of a farm is paid m certain fixed numbers 
of quarters of wheat and barley , when wheat is at 56s. 
and barley at 83s. per quarter, the portions of rent by wheat 
and birley are equal to one another ; but when wheat is at 
65s and barley at 41s pen quarter, the rent is increased by 
£7. What IS the corn-rent ^ 

18 A tram 60 yards long passed another tram 72 yards 
long which was travellmg in the same direction on a 
parallel line of rams, in 12 seconds Had the slower tram 
been travelling half as fast again, it would have been passed 
in 24 seconds. Find the rates at which the trains were 
travelling. 

19 A farmer with 28 bushels of barley at 2s id, a 
bushel would mix rye at 8s per bushel, an d wheat at 4s 
per bushel, so that the whole mixture may consist of 100 
bushels and be worth 8s 4<f per bushel How many 
bushel, of rye, and how many of wheat must he mix with 
the barley ? 

20. A person has £27. 6s. in guineas and crown- 
pieces , out of which he pays .1 debt of £14 17s , and 
finds that he has exactly as many guineas left as he >has 
paid away crowns, and as many crowns as he has paid 
,iway guineas How manv of each had he at first and how^ 
many of each had he left ? 

21. A waterman finds that he can row with the tide 
from A to B, a distance of 18 miles, in an hour and a half, 
and that to return from B to A against the same tide, 
though he rows back along the shore where stream is 
only three-fifths as strong as in the middle, takes him just 
two hours and a quarter Find the rate at which the tide 
runs in the middle where it is strongest 

22. A and B run a mile First A gives B a start of 44 
yaids, and beats him by 51 seconds , at the second heat 
A gives B a start of 1 minute 15 seconds, and is beaten by 
88 yards. Find the times in which A and B can run a 
mile separately - 

23. A and B run a race rouhd a two-mile course In < 
the first heat B reaches the winning post 2 minutes before 
A. In the second heat A increases his speed 2 nules an 
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hour, and B dimimshes his by the same quantity, and A 
then amves at the winning post 2 minutes before B' Fmd 
at what rate each ran in the first heat. 

24. A railway tram running from London to Cam- 
bridge meets on the way with an accident, which causes it 
to dimimsh its speed to -^th of what it was before, and 
it IS in consequence a hours late If the accident had 
happened 6 miles nearer Cambridge, the tram would have 
been c hours late Find the rate of the train before the 
accident occurred 

25. A railway tram after travelling for one hour, 
meets with an accident, which delays it one hour, after 
which it proceeds at three-fifths of its former rate, and 
arrives at the terminus three hours behind time , had the 
accident occured 60 miles further on, the tram would have 
arrived 1 hour 20 minutes sooner Required the lehgth 
of thejonmey. 


Miscellaneous Exercises (3). 


I. 


1 . 


2 . 


3. 


4. 


5. 


Multiply by c*— aa+a* 

If flS+ja = 1 = c3+d9, show that 
(«c— 6if)a + (cKf+&c^9 '= 1 

Resolve into elementary factors. 

If 2s = a-f 6+c, show that 

_ s(s-fl) 

2ic— ~ 


Reduce 


a® a* 1.1 


6. Solve _ 5 

a+a+d ^ z+a—b * < 

7. A and B have the same income. A lays by a fifth 

of his, but B, by spending annually £80 more than A, at the 
end of 4 years finds himself £220 ^n debt What was 
their income' ? ' 
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8. A certain stun of money is to be divided among a 
'Certain number of men ; if there were 8 men less, each 
man would have £150 more ; but if there were 6 men 
more each man would have £120 less. Find the sum of 
money and the number of men 

II. 


2m 


1. Simphfy —r 4, 

2. Show ^ that 

'(a:+y)®--fe'+s)®+(s— a;)® = S(af+y)(y+s)(«— s). 

3. If == 2(/T+ni), x— — 25, y+y = 2(c+«), 

— = 2d, find the value of • 


4. Solve 


a— I’^a— ^ a— 8 


5. Solve aa!+l = 5y+l = ay+bx. 

6. Solve a+ y+s — 1 ) 

2a-i-8y+2 = 4 • 

4a+9y+s = 16 ) 

7. One pipe can fill a cistern in a hours , another can 
do it in b hours , in what time could the two runnmg to- 
gether fill It ? And if a third pipe could empty the cistern- 
in c hours, how long would it take to do this if the first 
two were running at the same time ? 

8. "What fraction is that which becomes equal to \ 
when its numerator is increased by 6, and equal to f when 
its denominator is dimmished by 2 ? 


in. 


1. Divide a+y^+s*— 8a^y®s^ by a®+y°+s^. , 

2. FindtheS C F of fl“a®+a“— 2fl5a®-l-5*a®-i-«^5* 

—20^5 and 2o®a*— 6o‘‘z“+8a“— 25®a*+5a®5*®a°— 8a*5®. - 

3. Simphfy 

' ' 11 , 1 1 ~ 1 

bcjb — a){c~-a) ca\P’-b^(fl—h\~ nhin^i>Mh^r\ * 
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4. 


5. 


Find the value of 


a a— 1 


•when a = 


a 

a+b 


and y = 


I 

a—b 


Given 


4a+8 ■ 7a-^ _ 8^+19 a the value of a> 

9 '*^6a-12 18 


A 

6. Solve the equations 



s= 18 
= 27 


7. At what time between 5 and G will the hands of a 
clock coincide ? 

8. A nu'mber of three digits has 5 in the units’ place, 

and the middle figure is half the sum of the other two ; if 
108 be added to the nufaiber, the hundreds’ figure will take 
the place of the umts’, and the umts’ the place of the tens’. 
Find the number i 

IV. 

1, Showthat (a^ +ab j2+h^){a^ —ai 

2. Find the H. C. F. of — 

(i) z^— (a +p]x^+iq-{‘ ap)x—ag and 

a® +oa*‘ — 8a®a+a® ; 


(ii) a®— y®— s®— Says and 

a “ — 2ay + y ® — 2as + 2ys4- s** 


3. Beduce to its lowest terms 
g° + ft°+c°+2g64-2&c+2cg 
g®— c-'— 26c 


and simplify 


4 \ 


g+6 g— 6 
g 6 * 

g— 0*”g+6 


.4. Simplify 


/ a+h g--5 \ . / g^+h^ 
\a-b'^a+bl * 


g^— 
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5. Solve the equafaons — 

(i) (7+a!)(8-a)-~ = 17jB+l-aj» ; 

(11) az-\-y = — K®+y)+i* 

"6. Show that 8(a+J+c)®-“(fl+&)®— (&+<;)*— («+«)* 

= 8(2a+J+c;(a+2J+c)(«+J+2c). 

7. A perflon looking at hiB watch between 10 and 11 
mistook the hands, and imagined the time to be 54 minutes 
•earlier than it really was. What time was it ? 

8. An income of £196 is derived from two sums 
invested, one at 4 per cent, the other at 7 per cent , if the 
interest on the former had been 5 per cent , and on the 
latter 6 per cent, the income derived would have been 
£212. Find the sums invested. 

V. 


1, Resolve 15*®— 41® +14 into elementary factors ; 
^mdshow tiat (25®+fl!®— ac)(25®+c®— cc)~®“(«+<5)® 

sK (6®— ac){4^“+{o— c)*}. 

2, There are two quantities, ff, 5, of which the L. C. M. 
os X, and the G 0. M. is y, 

if «+« = ma -\ — , prove that ®®+«® = 
m 


3, Simplify 


y®— yg+s® g® 3 
X 11 




i+i+i 

yz zz xy 


■l-(*+y+s)®. 


4. Find the H. C F of 

a;®+(5»i— 8)a;®+8m(27n— 5)*— 18»t® and 

a® + (»i — 8)*® — »w(2«i + 8)® + 6m®, 


S, Find the JL 0. -M of 

a®--ga®+a®a— a®, a®+a*®+a®a+a® and 

a®+caj®— «®a— a®. 
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6. Solve the equations 

(0 l<feji-7)+l=^ = »: 

(ii) 8aj+2y+52 = ll 
6a!+8y-22 = 2> 

2 ®— 6 t /— 82 = 7} 

7. A man buys a certain number of eggs at two a^ 
penny, four times as many at 5d a dozen, five times as many^ 
at 8^ a score and sells them at 8s 8d a hundred, gainingr 
by the transaction 8s. Qd. How many eggs did he buy ?' 

8. A and B ran a race which lasted 6 minutes. B had 
a start of 20 yards , but A ran 8 yards while B was runmng- 
2, and won by 80 yards Find the length of the course and. 
the speed of each. 

VI. 


2. Simphfy the followmg expressions — 

w (t+t; +(t- «) 


(>0 






2. Eesolve into elementary factors * — 

(i) y®— (®— y)® , (ll) SbJc , and 

find the condition that »®+(p+ 2 )®+a may be divisible by 

®+p+2 


3. Beduce to its simplest form 

®— gy4-y° g°—7/° fg— y)"* 

»+y ®®+®y+yf g®+y® g*— y*' 

4. Find the L C, M of 
g®+g^+g®+g’+g+l and g®— g^+g®— g®+g— 1 


5. aven 

the value of g. ' 

I 

6. Solve 6y — 02 = 18, 4«— 8z = 14, 7®— 6y — 14 

7 Two men leave two places A and B, distant d miles 
from each other and trayel a and 5 miles a day respectively 
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in the same direction AB ; what is their distance apart at 
the end o£ i days, and after what time will they come 
together ? 

Explain the result (1) when a = I, (2) when « == 
and rf = 0. 

8, At what time between 6 and 7 o’clock are the hands- 
of a clock at right angles ? 


vn. 


1, Multiply 

by ; 


a* lla® , 28a: 


2a:2 52 . 


nnaai^de by 

y=+2®-~a;“> 


2. Simplify 


2xy 


)-(h 


3. Reduce to its lowest terms 


2ijz / 

a;*—a;°— a;+l 
2a;®— as*— 2a:+l * 

4. Find then C F of 

10a:3-54a:=+87a;-45 and 6®*-8Ca;®+87a:®-90a;+54. 


6. Prove that 

gg-fiy b^+ax T^+ab _ 2ab 

{a+b){a^xy {b+a){J?—xy {x—a)[x—b} ~ {a—x}{b—x } ' 

6. Solve X’— = 2 

4a;+ 6y^+ 6s» = 31 ' 

5a:-lly^+18=3 = 22, 

7. There is a -waggon with a mechanical contrivance by 
which the difference of the nnmber of revolutions of the 
wheels on a journey is noted The circumference of the- 
fore-wheel is a feet, and of the hind-wheel b feet ; what is 
the distance gone over, when the fore-wheel has i " 
revolutions more than the hind-whpfil ? 
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8. A and B together can do a piece of work in a certain 
iime If they each did one-half of the work separately, A 
would have to work one day less, B two days more ^an 
•before. Find the time in which A and B together can do 
Ihe work 


VIII. 

I 

1. Hednce to its simplest form 

\a-—2ay-\-y* a—y a*— ay-hy® J* 

2. .Fmd the H. 0. F. of 
6a!*-l-5a®^-h3g“a!*+l3a®4!— Sa* and 

-h 1 6aa!® + 15a®a: - la® 

3. Find the L 0 M of 
2ie^-x-l, 2®2+8a!-H, a®-l. 

- g , , a‘+ic+ea+ab a® + 8c® 

' ' ^ ^ a’*-l-26c+2<Ja-i-o6^a*+a*c*-t-6flC'*-h4c* " 

5. If flp = &2 ss cr, show that 

^ ^ ' 
qr^ rp pq ~ ' 


6 xe _ d—b h~—(i C — O 

m "if 3? ■■ ' ^ j 9 S r f 

m^c ^ m^a m---b 

find the value of a-J-y+sH-ayg 

7. Given ax+by =i and — 0, 

o+y a-ha? 

find X and y. 


8. A certain sum of money had to be divided equally 
-among ] 5 persons , if &2 more had been available for divi- 
sion, each person would have i eceiyed 5 per cent. more. 
'What was the sum ? 


IX. 

1, If 4-+-^ = —+~ , prove that 

Du (to 

t 

^ J® d® 

AJT'/78 
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Find the value o£ 

{x—a)(x—l) 
(»— a— 


when a — 


a+b 


*3, Reduce to its simplest form 
f_2g 2v 1 /I 

\z+ij x*—y^ yj 


r 3 

. 1+11 

la:~y 



4. Simplify 

®‘'+y’‘ ^ y* x*—y\j.x-~y) 

'5. If ® =s — , show that the value of 

fl+C g=*+C'* 

j — IS the same for all values of a and c. 
(a+c)» 

'6. Solve a+2y+8c = 14] 

2®— 8y+4c = 8}-. 

3«+4y—6s ss — 4) 

7. A market woman bought apples at three for a 
•penny and as many more at four for a penny . and think- 
ing to make her money again, she sold them at seven for 
2</ She lost however, Zd by the business How much 
did she sell them for ? 

8. A, B and C run a mile race at uniform speed ; A 

■wins by 160 yards, B comes in second, beating C by 7b^ 
yards in distance and by 3 minute in time What iS the 
pace of each ? - . 

X 


1. Find the H. C F of 

and , and the 

1/ C. M of a®— Sr— 2 and a;— 2 


2. 


Simphfy 


{ 


2^«— 


n-h 2&° 

J^\a^by b * 


3. Show that the two expressions 
{a-~ '-a-\-l)[b—e)+{b^ — b-\‘l){c—a)^{c'^ and 

-a+i)(ia +(&3 - J+i)(es -a=)+(ca _c+i)(as_5a^ 
=are equal 
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Show that 
ab 


Ic 


ca 


= 0 , 


{^z--a}{x--by {x--c)[a--a} 

when ~ = -l-f— +X+~) 

X 8 \ c b c / 

5 Show that if a+h+c = 0, then 

a(5—c)®+i(c— a)® +<;(«— J)® — 0. 

6. , Solve the equations — 

^i) 4g-f4 ^ g”— 8g— 1 _ 2^®“ — 5z+6). 


®— 1 


®— 2 


X-S 


(ii) p+z = »+4u 
z+x — p+2a ■ . 
x-\ry=^z 


7. 


If ^ 1 and =* - 

X y b X y a 

show that 

X y ab 


8. Two trains, 92 feet long and 84 feet long respective- 
ly, are moiang with uniform velocitifS on parallel rails 
in opposite directions, and are observed to pass each other 
in one second and a half , but when they are moving in. 
the same direction, their velocities being the same as before, 
the faster train is observed to pass the other in 6 seconds 
Find the rate in miles per hour at which ea'ch tram moves,. 


XI 


1, Transform (a’ + 0 ® +2ay)® — 2(a+y)®s’“ into the- 

sum of two perfect squares- 

2. Find the H 0 F of 

Ca®— 9a*+19z*— 12a®+19a— 15 and 

4z«-2a3+10a2+a+15* 


3. 


If 


= 0, show that 


g°4-5»-fc° 
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4. If a^=sfl5(«+J)andjs®— ay+y® =a®+i®. 


6. Prove that 


fg+&)3-f&4.c)3+rc+<f)3-(<f+gi3 

” :5-(fl!+J +c+<i). 

6. Resolve into factors — 

( 1 ) 27a:®-48z-512 ; 

■ (u) (g+S— c— (f)*— (a— 6+c— (f)** ; 

(ui) 

7. Solve z— y-\-^z = 11 

2z— y+ g = 9 
z— 2y+ s = 0 

8. A hare is 40 of her own leaps before a greyhound, 
«nd takes 5 leaps for the greyhound’s 4 , but 8 of the grey- 
hound’s leaps are equal to 4 of the hare’s How many 
deaps must the greyhound take to catch the hare ? 


XII. 


1. 


Simplify 

^ zyJ+z-'y \ {z^—y-^y ^z/J 


^ If z 


= show that 

£>— J. C — 1 


y 


-4 


5. 


«-l’ 

(g= + W+l)(g3+l) _ (a= + l)(b^ + l)(c'+l) 
{zy+l){yz+l){zz+i) iab+l) [6c-hlj{ca+l) * 

Find the H. C P and L 0 M of 

2z^ + z® — 9z® + 8z — 2 and 2z* — 7z®+llz®--8z+2. 

Show that g*+i*+c*+rf*— 

— 2&®(c® +d ^) — 2c®d3 +8fl&c^ 

= {(a+5)=~(c+d;®}{Ca-&)®-(c-d)>}. 


^ i®+c®— a® „ c®+g*— J* 

If Z = rr; , y = = 


26c 


2ca 


and 


= ^ ^ simplest form the value of — 

2fl6 f , y+ac 
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6. Jf c+s+c = 1, aJ+Jc+ca = h and Ic = 

prove that = ^. 

7. Given i.+ lt-i = *S, _A_A + i = 3J and 

X y iz 1 C iy z 

— — - — L s= 2|, find the values o£ x, y, z 
•C y s 

8. A and B start simnltaneously from two towns and 
meet after five honra if A had travelled one mile per 
hour faster and B had started one hour sooner, or if B had 
travelled one mile per hoar slower and A had started one 
hour later, they would, in either case, have met at the 
same spot they actually^met at What was the distance- 
between the towns ’ 

CIIAPTER XYI. 

INDICES 

1. DefinitiOD The product of m factors each equal 

to o is represented by a”. [Sec Art 11 puje ‘l ] 

Thus the meaning of c" is clear when m is a positne 
tnieyei. 

2. The Index Law and the truths necessarily- 
following: from it. 

To prove that a" x c" = a"+", where m and 72 are any 
two positive integers 

Since, a’” := a, a a . . . to »i factors, 

and a'' = a, a a a , . . to 7i factoas ; 

a^xa”=(a a a . . .. ... to »j factors) 

X (a a a a .. .. to n factors) 

— a a a a. a, a a to (»j+») factors- 

= 0’”+’. 

This result is called the Index Imw. 
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Cor, 1, ■wlien7w, » and p are 

positive integers 

Forfl”*xa" = fl’’"xa"xa*’ =i ft”+"xa'' = 

Hence, «”xa’'xfl’’xfl’ = - • • 

Thus, the product of any number of poiier'i of a given guan- 
ftfy IS that power of the quantity uhosc index is equal to tho sum 
of tho indices of the factors. 

tk 

Cor fi. (fl") = fl"", "wben m and ;/ are any two positive- 
integers 

For (n”j = a"xfl"xft"x . . to « factors 

_ jj««+ni+'H+ . . ((, j, ((ji-nis [Ijv Cm I ] 

and .* = fl"'" 

Cor, 3. a*^-ra'' = a””", xvlien m and n are positive in- 

1 

tegers and m is greater than n 

For a’"~"xa’' = [I)ecini«e «<— w js i pcfiituo integer }, 

:= a” 

a"— a" = a"”". 

3 Assuming' tlie formula c'x a” — a"+" to be 
true for ctU values of m and ji, to find meanings 
for quantities witli fractional or negative indices. 

r, 

(i) To find the meaning of a •< , when ji and q are any 
two positive integers. 

Since a" X a" = a"^" for alt values of m and n, putting 

for each of them, w'o have 
3 

JL JL 4 ._£ ”f 

as xas ss a«' ’ j=: aV , 

E JL ^ -S5 J1 iP 

Similarly, a« xa’ xa" =:as xas = a’, and so on. 
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Hence, fl« xa^ Xfl« io S factors 

22 . 

= C ff = flP 

Thus, IS equal to the 2 “ loot of a^, and is therefore, 
equivalent to V«’’ 

Coi\ Hence, = Ja, = %/a, = ^a, and so on, 

1 

Generally, c" = "Ja 

JNote 1 From the Index Li-w it is ilso easj to see that 

JL _i_ jp, 

a 9 xa 9 xa « X to p factors = a « 
iL 1 

Thus a 9 ma3' as well be regarded as the p'* power of a 9 . ^ c , 

’ JL , 

•equivalent to (%/a)p Thus a 9 maj be interpreted either as the g** 
root of the p”‘ power of a, or as the ju** power of the q"‘ root of <i 

Note 2 The operation of raising am giien expression to any 
proposed power is called imolution , whilst the operation of 
finding auj proposed root of nuj giieu expression is taJled 
•evolution 

(ll) To find the meaning of 0 ° 

Since fl" X fl" = a'"’*’" is true for all values of vi and n, 
^putting m = 0, we have 

a® X o" = a®+" = a” , 

/. a° = a”— a” = 1 

Thus anif gmniiiy raised io ihe poioer zero %s equwalmt io 1. 

(xil) To find the meaning of cr", where n is any posi- 
tive quantity 

Since a" X a" = c”*+" is true for aU values of m and », 
^uttmg m =—n, \7e have 

= «“*'+" = = 1 ; 

a-" = -i- , and a" = — , 
a" . tt“" 

COJ*. Hence, a”'— a" = o”“" for all values of m and n. 

For a*"— 0 " = ~ = awxa“" = a"*"". 
or 
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Example 1. Find the value of 8\ 

8^ = (vs)" - 2’’ = 82 

Example 2< Fmd the value of 4“*^ 

ry = A 3* _A A - A 

4,1 ( V4) • ” a® 82 * 

•» - 

Example 3. Multiply together Va®, a\ ViF®aud 

ft"'* 

i 

^ /5 

The required product = ft- x ft-* x ft"’ xa« 

= = «=+3 - 

Exercise (78). 


Express the following avoiding fractional or negative 
indices — 


“1 - 
1. ft* 

2. 

3. A. 




4. ic"^ X 8ft"^. 

6. 

8OT"»x»r^ 6. 

7. x~^-2z~K 

8. 

Vx=— VF^. 

9. ^ft-®x^ii« 

r 

10. 



Express the following avoiding radical signs and neca- 
-live indices — ® 


XI. (v.)'. 12. (V»)-'. 13 ' 

\ ^ ^ 

(T7?R* ^ 16. VF3-(v«)'’° 
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Find the T?ilne of — 

17. 4"^. ^ 18. 8^. 19. 9^. - 

20. 16^ 21. Sl~\ 22. ~ 

23. (125) 24. ^57^ ^ 25. (gig) ■*• 

/«i>t+2n/i.3»i-8« _ 

26. Simplify — (C TJ Entrance Paper, 1874 ) 

M ^ 4 

4 To prove tliat (a"j" = a"" is_ true for all 
values of and 11. 

(i) Let n be a positive tntegei Then, -whateTer may ba- 
the value of m, we have 

(o")" = o’" X 0 “ X fl" X . . . . to n factors 

_ ^m+m+m+ . * * tO W tcrmS 

s= a*"". 

(ii) Let « be a positive fraction equal to , where p 
and £ are positive integers Then we have 

■ = ■V^ [■4'* *• W1 

= -v/^’ [byWJ 

= of ' 3. (1)} 

= o’"”. 

"(iii) Let n be any negative quantity, equal to — p, 
'where p la positive Then we have 

[Art 8,(111)1 
[by (i) and (it)] 

TArf <l filial 4 

_ o’-C-P) — fl«». ~ 

Thus the proposition is established. 


(o’")” = (o’")'” 


(oV 
= i 

gmp 

= o ’"P 
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6. To prove tliat = («&/ for all values of n* 

(i) Let « be a positive integer. Then we have 

o*i" = {a a a to n factors) 

X (?». 5. b. .. to n factors) 

= db ab ab» ... to n factors. 

= (aft)\ 


(ii) Let « be a poai/iw fraction equal to , where p 
and q are positive integers Then potting z for 


-31 -X. 

we have z ^ a'* b'' ^ .*. 


( £. JL\^ 

ab") 

= tbrWl 

s= o’’ X [Art 43 


= W . 


[by (1)3 


« = {ab) ’ , f « , n'i" = {aby, 

(ui) Let 11 bo any mqative quantity, equal to— p, where 
p 13 positive. Then we have 

o’-J" = a-^b-^ 


1 

oTb^ 


[Art 3, (m)] 


= (^ [by 0) and (11)3 
= {ab)-^ [Art. 8, (iii)] 

= (flby. 

Thus the proposition is established. 

Cor, jf. ~ = ( b--^ y = [ab'^y = (y)" . 

C07\ 2, = {abyc" = {obey ; 

generally, o’'&V<Z'' . . . = (a5cd 
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6. Applications of tlie results proved in 
last two articles. , ' 

r, s 

Example 1. Simplify (aH^j 

= (a8>‘^x(6^r^ 

= 

Example 2. Simplify Ja~*bx. Vab~^. 

J^b = {a-^r = {a-^fxh^ = a-H^ , 

/ 

\fab^^ = = fl^X(6"®)® = a^b~^. 

Hence, the given expression 

,j.l i_, ~ -2 _i 

Example 3. Simplify ^ a^b~^c~^ - 

= {a’b-h-if 
= (a»)*(r5)i(.-«)4 

“ and ^ a'^b-^c^ = 

4 r, ' 

= aH 

w / ^ 

Hence, the given expression 
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5_ fl7-|j-8+^C:A-T2'. 

i i_l 

= a^b°e~^ = a®c . 

juxereise (79). 

Simplify — 

l: (a-^y. 2. (a^^y, 3. 

4. (an^y^. 5. 6. 

7. 8. >Ja~^b* x Va‘*6~®. 

Q-" Vp X 

fc. " j 

10. _(8j:®T27a-3)i 11. (64®»-27rt-®)’^. 

12. y^6-»c-* X Var^bH^ 13. 

14 . 16 . .' 

7. Miscellaneous Examples. 

Example 1. Dmde a+J+c+Sa^J^+So^J^ by 

a® +5^+c® . 

Let ad proceed by arranging the dividend and the divisor 
according to descending powers of a — 
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«J + (J^+c 3 )\a 

)a 


a + Sfl!^ + ( 5 + c) 

«+ a^i&^+c 3 ) 


( 3 A JL A 
a X X. SI 

+(&^— A®c®+c®) 


—e^) + 3«^4 ® J + «) 

3 11 12 113 

fl^(25^— c^)+ a^(26^+J*c^— c^) 


oi( ji __ 5S^c^+ c^) + ( J c) 
a^(&* — V^c^+c^) + ( J+ c) 

Thus the required quotient 

2 11 11 S lli! 

= + — C^6^ + J* — &^c^ + c**. 

Note lu multiplication is well as in division the arrangement 
of the expressions concerned according to ascending or descoudine 
powere of some common letter should iiei ei beoiorlooked Such. 
aiTaiigements ini anabl} give neatness to the required operations^ 
if not always indispensable 

Sxsiuplo 2. Divide a+y^+g^—8!c^^®3^ by + 

Putting a for a;^, b for y® and c for g^, we have 

i A - 1 ^ 1 
St +y* +2®^— 8a!®y®g^ 

= a®+63+c®— 8a6c 

= + aJ—Jc— cfl) ' : 

= (®^+y® +2^)|(a:'^;*+fyG)’' +(g^j= -s^yc _gV} 

= (®^+y“+2^X*^+y^+s^-»^y®-y®a^«-2y) ' 

Hence, the required quotient 

a 1 2 11 11 1, 

= a®+y^+g®— aj^yC„yCgTr__girj,a 

, = -®^(y® + 2^, + (yt-y®2^+ 2 ^). 
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Examples. Divide *®“" ^+a“"by 


n-l 



z® 


Let 

m 

11 

:= Z® 

Then 

Wl® 

5= ^Z® 

:and 


= ^JTl 

SimlFarly, 

«® 

n 

= a® 

Z'® 

Hence, — 

«l fl-1 1 

+ z® 

l n-a « 


n—H «— 2 >t— 1 

t yi»2 


n-3 


„ _*»-a n-l I 

a:”'* =x^ , 


n-l \ 2 


n — 1 n 


JJ. 2 X 3 o-a 


«— 1 


z- +o^ 

m''— 77m+«® ~ m*—mn + 7i^ 

_ (wj» 4-n° +mnVfn’* 4-ii^—mti) 
m'^—mn+n^ 

=_7ra"+wm + «’ 

n— I II-2 n— 3 «— 1 

= Z® +Z® d® +0® 

Example 4. Find the H, 0 P o£ 

•«® + 2J®+(a+2J) >/^and a*— &®+(a— &) 


The Isfe expression = a®+aiv/^+2& V«5+2&® 
= o®+aff6^+2d^&^+26= 

=z(a^+d^)(a^^2h^) 

The 2nd expression = a^+aiJ^rrb'i/^—i* 

= a^+-<ih^^ah^-h^ ' 



236 


algebra, made bast. 


[Chap. 
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Hence, since fl^+2J- and a^-i^ have no common, 
factor, the HOP. required 

= a^+J^ = ^/«+ tjb 


Example 5. Simplify 


g-Kgy°)^— (g*yi^ 
g+y ^ 

- 4 5 a A 
The numerator = g-|-g3y3— gs^s 

= g3(g^+y^— g^y^J , 

and the denominatoi ~ ' 

13 .13 

• s= (g3) +(y®) 


1 1 a 1i 1 s 

— (g*+y®)Cg®— ®®y“+y®) 


g 


i 


Hence, the given expression = -j — r* 

g3+y3 

Example 6. Shevr that 


n— n "i” ■ 


ri— »"i* 


n.g”-»+g«-i> i+g"-’"+g"-i» ‘ i+gp-"'+gp-: 

ar-w 


= 1. 


The Ist term = 


The 2ad term = 


®-”'(l+g’"-"+g’"-i’; 

g-“ 

'®~"+®“"+g-"fc’ 

g'" 

g~"(H-g"""’+g’'“J’) 
g-" 
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and the 8rd term =: 


Hence, the given expression 

_ j x~" j x~^ 

~ Z-" + a“" + XT” + a~" + ^ + a"" 

=- _ j 

a“"+a“*+a“^ 

Example 7. Solve the equation 






We have = 1+-.-. : » 

or, l+(flJr' * l + a"“i-» 

= l+(n6r» 

Hence (o5)“' = (ab)~^, *. a; =s 2 

Example 8. Solve = a' . (1)1 

— „so , (2)J 

(Calcutii UimcrHil^ Entrance Papoi l'^79)' ' 


From the 1st equation, y^e have 
«'+«'+!> = a% 
g+y+1 = 7 ... (8) 

From the 2nd equation, wo have 

*. 2y+.8j:+5 = 20 ... (4) 

Now from (8) and (4), we have 

g+ y— 6 = 0 ] 
8a:+2y— 15 = 0 j 
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Therefore, by croS3 multiplication 

<t _ V _ 1 

-15 + 12 -18 + 15 2-3’ 



Hence a = 8 and y = 8 


Example 9. If a* = K shew that =«*"*, and 

if 0 = 2J, shew that J — 2. 

Since a!" = 1% 


a = b’’ 


[e'rtracting the ith root of botli sides}. 


Hence, 


/ fl \ * a * d^~ 

■ [t) = “ 


-r-> 


If « = 2J, from the given relation we have 

(25/ = (6;^" = C6«A 
26 = JS J = 2 

1 

Example 10 . If <C = (a+ v/a*+^y , 

i 

shew that a®+36«— 2a = 0. 

Putting m for a+ >Ja‘‘ + b'*j 

•and n for a— '\/a^'+^, we have ' 

a® ss: (>n®+»*) 

,J .3 AS AAl X 
s= (ffj®! + 8 ? 7 i® n®(m 3 +?i®) 

s= ?» + « + 8 (jm»j^ 

:s= wi+n+3^«m)^ X. 
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Bat w+« = 2<7, 

aad {mny^ = {c““(a’+J^)P 

= (-jap =-i , 
= 2a—Zhr, 

.*. a®+8Aj;— 2fl = 0. 


Exercise (80.) 


- Multiply — * 

1. + l by 2 ^— 2»® + l 

2. «^ + 8«^A^+96^ by a^— 8P. 

3. l+fli”’ by 1— aZf"* 

4. a+2y-+8s^ by a!-2if'+8s^ 


.1 _ 


—X ^ 7 / ^■ 


,-l 


5. ar’+jc 'V bs a"’— z ’y *+y 

6. o^+l--«”’^+a"“ by a^+l+o“^ 

” 3 3 XI ii Xi A 'A 

7. a''+y^+s^'-y''c^— £•*■*•* by z'*+y’’+*’ 

8. a’"+8t"-2cP by a'"-3&’’+2c»' 

9 +8rt&+4o^4^ + 2a»i3 + 326^+lCffM by ff^-263. 

10. + by 

1 A _A J ~J. 

-^-a^sT^—x ^-a^x 

i 

Divide — 


11, 42-— 2z^ + 6z— z® by z-+2— 4z^ - 

12. 8 + 122 -H 22 -® + 2jr* by z-»-2z-’+4. 
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13. a’y~*+ 2 z^y~^+ 8 + 2 a!“®^y^+a;“’y by 

14. a^-ah+ah^-2a^b^+l^ by a^-al^+ah-l^ 

15. 8®'”— 8a"+ 5»3"— 8«-3“ by 5*"— 8z~" 

16. 8 z^+y“ff- 2 -h 6 «^y“M by 2 ®^+y"^-s 3 . , , 

17. Show that a®+fl®+a-o^ i3 divisible by 

•« a a jt 
z"* +a*+z‘*/»^., 

^ v, 

18. Multiply 2 * ’+a®" ’ by 2 ®”'*— 00 "**^ 

, 19. Divide 2 ® — y® by 2 ® '+y®"~*. 

(Cnlcuthi Dunmitj Entrance Pnpei 1870 b 

20. Simplify 

21. Divide 22"^+ 82^-72^ + 2 -22^ by 2 ^‘~ 22 “^. 

22. Find the square of x^—x^y’^+y^. 

23. Divide 2 "®'— o'®' by 2 ^— 0 ^. 

24. Find the square of x^—2x^+xK 

25. Divide oz-'+a->2+2 by aVj+a'y-i. 

26. Simplify [4:±-_dr^r' 

a^b ) 

27. Simplify j±8y"^ g^~82^v49;P 

x^'+Sx^ij^+^y^ 
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'28. Simplify 


Ills 
■■ g'g^+g^g— a- 

<r*a^+ 8 <w!®^+ <r^«® — 


-29. SunpUy , 

.30. Simplify -/ - ~| j— ■ ■ 

■3JL. Simplify 

(a+i+c)(a"^ +6~^+c“*)— a“’i"’c“’(6+c)'c+a)(«+&), 
, Solve — 

*32. 2*+"-4“+2. 33. (^/3f+" = ( 

^4, (v^.n = (’V^n. 

-35. (v 26)**^‘ = (Vi2§)*^*« 

i*-i jl 4»-n 

-y = i r 


.36. 23*"l=4''-* 
3s; 

38, 4^«'--i = 16*+'' 

g*+3lf — 92«+3 


37. 9“*-3 -{Jzyri-x 

23X _ 4if " 


1 


I 


39. 2*+!/+= _ 

53if+3 _ 25»-+« ( , 

gS*+2s+lf_ QSz+lf y 


40. {jay =(V«)'"- 

= (v»r 

- (v.y- =(v.r-. 
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SURDS. 

1. Definition. Any root of any arithmetical nnmher 

■which cannot be exactly found is called a surd or an trra- 
iwnal qxmnixty Thus ^2, J&, are all surds 

Note Quantities which ore not surds arc called i at tonal quant tltes 
Hence eiery root of an antlimetical mimbor'is either rd/wimZ or 
in ational Thus iiud are » at tonal quantiticsr whilst 

iJ2, \/5 and V‘l are all tit at tonal quantities 

An algebraical expression also, sncb as Jr, is called a 
surd although the value of x may be such that J^ is not, 
in reality a smd For instance, if x A, Jr ^ J4: 2, 

and IS therefore not really a surd 

2. To express in the form of a surd the pro- 
duct of a rational quantity and ^ surd. 

Example 1. 5 = 

= (s* X [Art 5, Chap XYLJ 

= V5'*X3 = J75. 

Example 2. 2V9 = (2®)^x9t 

= ^2’ X 9 )^ [Art 3, Chap XTLl 

= X 9 = 

Exercise ( 81 ). 

Express as a complete surd — 

1. 8^5 2. 2^5 3. 2V6. 4. 

6 . ajb 6 . 7 . 
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3. A surd may sometimes be expressed as the 
product of a rational quantity and a surd. 

Example 1. ^33 = \/ifax2 

=i= (t*x2)^ ^ ' 

= (4“)®x2^ , [Art 5. Chap XVI I 

^ =4x2^ = 472 

Example 2, V^0= V8x5 

= (2“X5,^ 

= (23)^ X 5^ [Art 5, Chap XVI J 

= 2X5^= 2V5 



Exercise (82)^ 


* 

Simplify — 




1. ^/T8 

2. ^/80 

3. 

V^o. 

4. ^/T28. 

5. yi05 

6. 

yTif2, 

, 7. ,V187fi. 

r n f . 

8. 'Va'^b. 

9. 

Vz*”a 

10. V-25G0 

11. V-192a'*6» 

12. 

V800a^^B^ 


4. « Similar surds. Two or more snrds are eaid ta 
be similar when they can be eo rednced as to have 
the same.jrrational factor Thus and JQOzre similar 
surds for they are respectively equivalent to 8 J5 and 4 
The sum of any number of similar snrds may be found as- 
follows • — 

Example 1. yll7+ ^27 

= V49X8+ V^XS ' 

I 

= 7 V8+8 V8 = 1(1^8. 

Example 2. . - 

S= Vl25 X 5 - ,V27j^ + 
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= 5V5-8V5+2V6 
= 4^5. 

Exepcise (83). 

Simplify — 

1. ^T2+J76. 2 J18+VS2. 3. j20+jm 

4. ^/9S-V^. 5. ^128- V6?. 6^ V«0+A/553 

7 . *jTm-*jm 8 . 2jj^- __ ^ 

9. 2 ^405-8 V45_10. 4V192-4V370 V24. 

ai. 3V40+2VG25-4V320. 

12 6V^M-2^^+4Vb^. 

13. J45P+ -^80^+ Jszp 

14. a;Vi^+yV^'8pfl!-sV-27z3fl 

15. 2 V32a*x+zX/512a*x-‘ia 

5. Surds of tlie same orders Sards are said to be 
0 / the same oidet or eqmradieal when they have all got the 

n 

same root symbol. Thus ^5, Ja^ and (c+a;)^ are all 
surds of the same (the second) order 

A surd of the second order is often called a quadratu 
suid , whilst one of the third order, as y^ox is 

■called a cubic surd. 

Surds of different orders may be reduced to equivalent 
surds of the same order . ^ 

Example 1. Beduce Jb and 5/4 to surds of the same 
order 

The given surds are respectively of the 2nd and 8rd 
■orders , and the L C. M of 2 and 8 is 6. Hence we can 
at once reduce them to surds of the 6th order, thus ~ 

yb=^=h'^ = S/s** = » 

V4=4^=4^ == Vi* = yie. 

Thus the reqtuied stifda are and yvb. 



xvir.] 


SUBDS: 


805 


Example 2. Reduce ys and to surds of the same 
•order 

The L 0 M of 6. and 8 is 24 
Thus we have %/i = 

and = 2« = 2"^*^ = =^t/8. 

Thus the required surds are ® 

Example 3. Which is the greater y9 or y20 ? 

We have %/Q = gi — gTff _ _ xa/6661, 

and = 2oi = 20^“^ = = 12 / 8 OOO. 

-Thus the ^ven surds are respectively equivalent to 
. '1^/6561 and ’^^/SOOU, and as the latter is greater than the 
former,' therefore V2(5>V9* 

Exercise (^4?) 

Reduce to surds of the same order — 

1. JZ and V2 2. V* Vo 3. yz and ys. 

4.- ys and y5, 5. V4 and ye. 

Which is the greater — 

'<6/ V2 or ys ? 7. ys or ? 8. V6 or t/W ? 

Arrange according to descending order of magnitude * — 
U V6, V2andVi 10. V^. V^O and 1 ^ 26 . 

6. Malfaplication and division of surds. 

Example 1. ye x VTU = x~ lo^ 

, = (ojc 10)^; 

- - - = V60 

ITote " In this example the given surds are of the same order. 
1 — 20 - 
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t/5x y% = 5^x8G 
= 5'^-x8'^ 

= (53 X 8=^^ [Aft G Chap XYI \ 
— ^^125X64 = ^^8000. 


Ifote In this example the giA en surds are of chffereiit orders 

Example 3. 1/2 x %/2 = 2* x 2 ^ 

' _ _ 2tV 

_ s- ir^2M 

• "* 

Note In this example the gi%en surds ha^ve got the same 
quantity under the radical sign They maj as well be legaided .is 
surds of different orders .and treated bke those in the last example 


Example 4. 


4Vi8x 

= 4.8 V2 X 6 V8 
= 63 V2. = CO ^/6 


Note In this example the given surds haie been reduced to 
Simpler forms before multiplicatiou 

Example 5. V^— Vc = 4®— 6^ _ 

_o a ~ _ 

= 4^^— 6"*^ 


— 7 ( 1 [Alt. 4, Chap XVI ] 

- . , 

/A^\ 3 - ^ 

= [Cor 1 Art 5, Chap XVI] 
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Example 6 Express as a frochon with a 

ratiouai denominator 

Wchavc ^5-8V8 = 5^ = 5^^ 

_ ^/15 

8X8 9 ‘ 

Note Tor nnthmcticnr cdcuhtioiis it is iilwa\ s most conrcment 
to reduce the quotient of one surd l»v another to the fom of a 
fmetion \nfh n rational denominator Hence eaou when the 
numerical \alne of a surd fraction ib not required it is usual to 
txpre**® it in tlie abo\c form 


Exercise (85). 


Simplify ; — 




1. 

k/6x 

2. 

^/8 X a/6. 3. 

^/27x a/8. 

4. 

a/I3x a/A. 

5. 

^5ox a/Jo. 6. 

2/6 X 

7. 

^Cazx V27trV 

■ 8. 

V2xV6 9. 

V2X V6. 

10. 

Vix V«. 

11 

V9xV5^' 12. 

V2x V3. 

13 

V8X V8 

14 

V2xV2. 16. 

Vlx V4. 

16. 

5 ^8 X 2 a/(> 

17. 

Sa/TsxSa/ST 


18. 

dl/nx5i/dfb. 

19. 

xnVWb^, 

20. 

8VTo-4.yl5 

21. 

3 a/12-C a/27. 


22. 

V5il~ l/iE 

23. 

V8-V6 

- 


Given a/2 = 1*4 14, JS = 1’7S2, ^5 = 2*230, find to 

Slplaces of decimals tlio numerical value of . — 

24. J2~ JQ, ^5. V73- 26. ^/2T5- J22. 

27. 10J10S~^/ir> 

7, Compound surds. An expression consisting of 
two or more simple surds connected by the sign -f or — is 
ctilled a eomjjoiaid surd. Thus 6 J2 and 4 are simple 
surds, but 5 v2+ 1 J3 and 6 ^-2— 4 J8 are compound surds. 

Two or more compound surds are multiplied together 
in the same way as two or more compound algebraical 
expressions. 
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Example 1. Hultiply 3 ,ya!+2 by Jx— ^8. 

(8 ,/®+2 J^){ Jx— JS) Bjx V«+2 JS Jx 

-8*y® JS 

= Bx+2 Jsx—B ' 

= 8®— »/s®—6. 


Example 2. Multiply l JB by J2-~'JB 
(7 J 2+ V8)(7V3- ^/8) = (7 V2)“-(^/3)» 
' = 49 2-8 


= 98-3 = 95 ' - 


Example 3. Pmd the square of ijBa-tx+ Jsa—x 
^tjsa+x+ s/sa—x'^ = (Jtia+x)^ + (*ysa—x)* 


+2 JBa+x,jjBa—x - 
= ( 8fl +*)+( 8®-®)-2 
= 6a+2V3a“-®®. 


Exercise (86). 

Multiply — 

1 . Ja-]r >Jb by Jab 2 . Ja-\- Jbby Ja^ Jh. 

3. 8Ja-5 by2ja 4. ^ >Jx-\-B Jyby A: Jx^B Jij 

5. 2 s/®— 6+4 by 8 <s/«— 5— 6 

6. B Jb-A J2 by 2 Jh->rBj2. 

7. V2+2 ^3+ V7by V2+2V3- V7. 

8. 8- 75+ V8 by 3- ^/5- V8. 

9. 71^+ 76“ 73 by 711- 76 + 73. ' 

10. V^+V9 + V48by V2 + V8. 

Find the square of — > "" 

11. ‘ 7a+a— 7®— 12. 2 78+6 76. 

13. 275+377 I, 14. 7«^+25“- 7a®-26». 

1 9 73'^ 4-7/* 4-5 7®*— «*. " 
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" 8. Jlationalisation If- two surds be such that 
their product is rational, each of them is said to be ratioa- 
alised when -multiplied by the other. Thus' 2 ,^5 and 
J2 are rationnliSed when respectively multiplied 
by ;/5 and ^8— , 

" for _ 2 J5x = 10, 

and' \ J3+ J2 ( JS- J2) = 8-2 = 1.* 

Two binomial quadratic surds which differ only m the 
sign which connects their terms are Said to be conjugate 
or complementary to each other Thus and 

2 ^/5— are respectively conjugate ( or complementary ) td 
^3- ^/2 and 2^5+ ^1. 

'Evidently therefore every binomial quadratic surd is 
rationalised when multiplied by the complementary surd. 

_Hence a fraction with a binomial quadratic surd for its 
denominator can be easily reduced to an eqmvalent 
fraction with a rational denominator 

Example 1. Given ^2 = 1 414, find to three places of 

decimals the value of . 

1+ J2 _ (1+ J2\(Z+2J2) 

2-2 J2 (3-2 V^j(8+2 

3 + 3 ^y2+2 iy/2 + 4 

“ 9-8 

= 7 + 5^2 

= 7 + 5x1’414 

= 7 + 7 070 = 14 070. 

Example 2. Rationalise the denominator of 

- ./i-gg 

n/ 1+*“+ -s/l-aj3 
The given expression 

< ^/^+y^- ~ 

” ( a/iT^ + Vl-a»)( ^/l+^J* - yi-a;*) 
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a+g°)+(irg°)-2^/^-g* 

2—2 \ l \- x * _ 1— > J \— T \ _ 
2x^ ” a® 


Example 3 Simplify 
The denominator = 

Hence, the given fraction = 


8+ «y6 

5 J6 -2 ^ 3 § + ^55 * 

: 5^3-2 X 2 73-472 f5V2 

^ 73+72 
3+ 73 

73 + 72 


_ (3+76X73-72) 

(7S+72K 73-^2) 

_ 8 73 + S 72-8 72-2 78 
8-2 

=*73 \ > 

E»4. S.mp..£, 

The 1st term 

_ W2 _ 76 _ 76(72-11 _ 9 ’/o /fi 

78(1+72) 72 + 1 (72 + 1;(72-1) • 

The 2nd term 


473 _ 276 _ 270(73-11 

72(78+1) 78 + 1 ^ (78+1)(78-1) 


The 8rd term 


2(3 72- 76) 
2 


— 8 72 — 76 * 


76 _ 76( 73- 721 _ 

72+73 ( 73 + 72)( 78 - 72) 


372-273 


Hence the given expression 

= (2 78- 76)-(8 72 - 76)+(8 72-^ 78) 

= 0 . 
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Exercise (87). 


3^/2-2j8 

hJtt—X 


8-2 ^/2 


Hednce to an equivalent fraction wjth a> rational deno- 
vninator — _ ^ - 

1 5 >73+ 77 o 372+273 Q ^+372 

- 473+277* 372-273*^* 8-272* 

- 375+73 c 's//i+a!+ 7fl! — ® 

75*“ 73 70+®—”^®^^^ 

f? 7®**+!— 7®^— I — 1 

7®-*+! + 7®'*- 1 " f+" 72 +~^ 


va+®— v®- ® 
1 

i+”72+~i^ 


' Given 72 = 1 414, 73 = 1 782, 75 s= 2 286, find to 
!tliree places of decimals the value of — 


t 

* 72-1 * 

- 3 

75-72" 

Simplify — 


Q ^/3 j^Q 3 5 72 

« 2^r73* 8-272 

to 3+ 75 to 75 + 7 
^2- 5 ^* ^^"1t+77T 


®+ 7®*— 1 ®— 7®*— 1 


’ 710 +.720+ 740-75- 780 * 

5 ' 72(78 + lK 2 - 78 ) 

• (72-1K8 73-5)(2+72) ■ 

73+76^- (8+V2)-“+(3-27?'- 

I g+7 ®'*— 1 ® — 7® *— I 
®— 7®®-i ®+ 7®=-i* 

^ V 

( 7®^+i+ 7®“-i , y®3^.2__ 7«3-i 

7®=+i- 7®^^"^ 7sF+T+ 7 ®^ 

Rationalise the denominator of . — 


V3+V2‘ 


»/4-V8' 
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9. Tlie square root of a rational quantity car 
not 1)0 partly rational and partly a quadratic surd 

If possible let — , 

then, sqtianng both sides we must have 
n = 

whence Jm = . 

^ *}r» 


Thus a surd is equal to a rational quantity, which is- 
impossible 

10 If «+• ^6 = a54- Jy, where a and aj arn 

rational, and Jh and Jy are irrational, then will 
a = sc, and b = y. 

For if a be not equal to ar, let a = as+m , 
then we have »+»!+ Jb = «+ */y, 

*. » 2 + 

Thus ijy is partly rational and partly a quadratic surd, 
which IS impossible by the last article 

Therefore a s= ar, and consequently Jb =s or 5 = y. 

should bo distinctly borne in mind that "the i-csalt** 
proied above aie true o«?y w7/e« ^fb and are tcalhj irrationals 

j'ft lelatiou 6+ ^/9 = 3+ ^/25, we cannot con- 
clude that 5 = 3 and 9 = 25 

11. To find the square root of a + ^b, whom' . n*. ' 
IS a surd. 

Let Ja+ Jb = Jy. 

Then, squaring both sides we have 

“+ = aJ+y^•2^/^ 

Hence, by the last article, 

a = ®+y 
and Jb = 2 >jmj 

Hence, a^^b = (z+y)^^4zy 



. ~ (D—y. 

' Thus we have sa+y = a _ ■) 

. and x-y = ' 


• 


( 1 ) 
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Hence, by addition and subtraction, 

2x = c+ and 2y = a— Ja^—b , 

» = !(«+ Ja^—b), and y = Ja^—b). 

Thus Ja+ Jb = ^ i(«+ Ja^ — b) + 

Note Fiom the \alue8 of x and y found above it is clear that 
uuless Va“ — b is rational the square root obtained is by far more 
complicated than the original expression Thus the process gi\eu 
nbo\e IS of no great practical lalue except when a*— 6 is a 
perfect sqnaie 

Cor, From (1), we have a— Jb = ss+y— 2 Jxy 

= (a/®- . 

•Joi~ ijb ^ ijx~ njy* 

Thus i£ fja+ Jb — V®+ Jv^ then will 

Ja— Jb = ^35— 'Jy 

Ezample 1. Find the square root of 7+2 

Let V 7+2 Vl6 s= 7®+ •Jy " 

Then, squaring both sides, 

7+2,yT0 = aj+2^+2*y2y 

Hence, ar+y = 7\ 

and gy = 10 / 

These relations are evidently satisfied by the numbers 
5 and 2 

Hence, the required root = 

Example 2. Find the square root of 19— 8 a/ 3 
Xet V 19 — 8 a/8 = Jx— Jy 

Then, ~ 19— 8 ^/S = aj+y— 2 -s/aj/ 

Hence, a+y = 19, .. ... (i)\ 

and 2 s/xy'= 8 JZ, or ay = 48 - (2)/ 

Now, (1) and (2) are" obviously satisfied by the numbere 
16 and 8 . “ - 

, Hence, the required root = — a/8 s= 4 — JZ. 
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Example 3 

Let 

Then, 

Therefore, 

and 

Hence, 


Find the square root of 16—6 */7. 

^/i6-6^77 = 7®- 

16-5 v'? = aJ+y~2 >/Sy 

x-¥v = 16 \ - s 

2*J^ =, 6 J7) 

(sB-y)“ = (r5+y)®-4a'y 

= (16)»-(5V7)”- 
= 256-175 = 81, 


jc-y = 9. 

Thus we have x+i/ — 16\ ' 

and flj— y = 9j 

Hence, x = -®a- and y == ^ 

Thus the required root = 

Example 4. Find the square root of + ^/l5 

^27+ = 8^/8+^/3 V5 
= V8(8+ J5) 

_ ^ j. 

Hence ^ JW!+ Jib = X/S ^3 + J5 

Now proceeding as in the last example, we" find that 

*^8+ J5 — J^~{’ J^ 

Therefore - = VH Ji-f 

Example 5.' Find the value of 

1+aj 1—r /Q ’ 

^ IWl+S+i:r;?ra* '*en*=^. 

We have * 

14-2 = 1 4 -^ — ^ _ ^+2 a /8 /" ; y 84 - l \“ 

2 2-4 

5md 1 — X = 1 4—2 J3 ( J3^V\^ 

.2 2 ~ “i - V"^=^/ " 
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Hence tlie given expression 

_ , K2-V8) 

_ 2+ 2- JS 

8+ V8'^8- JS , ' 

_ (24- J&) + (2- JS)(B+ J&) • 

{6+ V8)(3- JS) 

_ (6+ VS-3)+(6- 73-8) _ 6 _ , 
9-8 6 


"Example 6. Find the value of 


*" \W f \/^)' 


2gN/l+g° 
arH- Vl+«“ ’ 


2a J 1 +ir’‘ _ 2a Jl+T°fx— JT+x^} 
z+ sc^— (1+®*) 


= — 2a® ^/l+®‘*4•2o(l^-®’*) 


INow Since ® 
a® 

vr+®= 






■when 


Hence, the required value 
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Find the square root of — 

1 . 4 - 2^8 2 7+4^8. 3 11 - 6 ^ 2 , 

4 8+2 ^/T6 6 14-6 ^/5. 6 58 + 10 ^S. 

7. 21-8^6* 8 17+12^2. 9 41 + 12^5. 

10 37 - 20 ^ 8 . 11 81 + 4721 . 12 . 78-12 755 .' 

13 47+4733 14. 4-77. 16 6-755 

16 72S- 7p. 17 752- 75? 

18 727+ 72 i 19 575+7115 


2 + 73 


+ 


2-78 


20 Simplify ===rT p_^==. 

72+ 72+ 78 72- ^/2- 78 

21. Find the value of 


1+2 


1 — JS 


, when « = 


2fl5 
^-• + 1 


l+7l't'aj l+7l“'fl' 

22. Find the value of 

7fl! + 9‘+ 7^ — 3! , 2 

— / 7 == . when « = - 5 ^ 

Va+a;— 7a— a a-* 

Find the square root of — 

23. a“+2a^/a•'— T* 24 2a+2-s/o’*— 6®. „ 

25 a+a!+72aa+a* 26. 2a— l+2^/a®— a— 6, 
27, a+y+g+2 7as+y3 - 

12 Eqnatioiis involving snrds. 

Example l. Solve 75+12= 7a+2. “ ' 
Squaring both sides, we have 

a+12 = a+4+47a. 

* Hence, 4 7® = 8, 

^ 7® ~ 2 , 2 = 4 . 

Example 2. Solve 2(a+2) = 1+ 74a^+9a+14 


(Calcufta University Entrance Paper,-i877 ) 
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By tranfiposition, we have 

2aJ+8 = = \/4a;'+92+14: 

Squaring both sides, 

4®® + 12!C+9 = 4!s2+9a!+li, 

or, 8* = 5, se = § 

Example 3. Solve Vz+6+ Vx-5 = 11. 

By transposition, 

a/^+6 s= 11— fjx—b 
Squaring both sides, 

x+G = 121-22 -s/i^+(rs-5\ 

• 22 Jx—5 = 110, (by transposition ) 

or, tJx — 6 = 5 , 


ai-6 = 26, « = 80 

Example 4. Solve 'Jx-+llx+20— Jx^+5x—l — 3. 

(Calcutta ■[7nl^e^sltyEntnnce Papei, 1881 ) 
By transposition, " 

Va;’* + ll®+20 = 8+ *Jx~+bx—l, 

Squaring both sides, 

a;»+lla;+20 = 9+(aJ»+5a!-l) + 6 ^/x-+5x-l, 
or, G®+12 = G a/jj-*+5®— 1, 

, or, X + 2 — Jx^+bx-^i , 

.*. + 4a + 4 = ®®+6a— 1, whence x =5, 

Examples. Solve 


Since 


8a-l =: (*/^■^-l)(^/8a:-l), 


8g-l 

^/3®+l 


= ss ^/8a— 1. 
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Hence, from the given equation, we have 


— 1 -f 


Jix—1 


or. 

( Vda:— l)(l--i) = 1» 


J'iX — l - 

or, 


or, 

^/8z— 1 = 2, 

or, 

^/3z = 3 , 


3x = 9, 

:aiiipl6 6. Solve Va+A+ 

Since 



(by iranspoBitioii ) 


a = 3 


= ^a+»^+^o~a^+3Vtf*—a5®pVa+®+^a7-®j- 
« 2a+3Ve^- a:- i, •* 

therefore, cubing both sides of the equation, we have- 
2 iC+ 8 Va®— 

or, 3lVa*~-X“ = 2flr, 


... 


3F'r 

2 a \3 


... .. 


X 


♦ ' 


&®- 2 a 3 
3b /* 


* ' x—B aj— 26 < 

Example?. Solve 

43-— 6 

“ /y4i -l+2 

= Vi+T+ 8 -i. 

4x+1—3 ta!+l)-9 - ' 
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g— 26 (g^261f 5) _ 

^/g-l + 5 “ ' (g-l)-4: 

^3?- 5 _ (4g-51( JAz-1-2) ^ 

-s/ig-H-2 (4g-l)-4 

Hence, from the given equation, we have 
(A/g+T+8)+( V^^-5) = V4g-l-2, 

or, ijz+l-^ Jz-^l = ^/4^— 1, 

.* (^+l)+(®-l)+2^/^^“-l = 4g-l, 

or, 2 V®’ — 1 = 2g— 1, 

or, 4 (®® — 1) = 4z“— 4g+l, 

or, 4z = 5 , i 

Examples Solve A/iz'*+9+ ^/2^■•— 9 = 9+3 
We have, for all values of g, 

(2g2+9)-(2g3-9) = 18, 

and hence thisirelation is also true for the particular value 
which g has in the given equation 

Therefore Ihe”^ required value of g will also satisfy the 
equation 

(2g°+9l— (2r°--9) _ 18 

^/2g=+9+ V2®--9 ~ 9 + 8~77 

or, 722!" -9 = = 9-8 V7 

oi — bo 

Adding together the given equation and this, we have 
2 721-* + 9 = 18, 

^/2i5+9= 9, 

2g“ + 9 = 81, 

, g2 = 86, g = 6. 


or. 
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1 

3 

. 6. 
7. 
9. 
11 
13. 
15 
16. 
17. 
18 

19. 

21 . 

22 . 

23. 

24. 

f 

25. 

26. 


Exercise (89). 

Solve the following equations — 

Jx+7 = !•{• Jx 2 is/SaJ+lB =- 'j3®+2. 

Jz+Q = 1+ Jx. 4 

, J^x+lQ = n/^+2 ' 6. 

fj2x-\-9-]r J2x = ^ 8 

V8.C+S3— 8 = 2fj2x 10 
aj+«+ >J2ax-tx^ — b 12 
Ja,-6 = 6- 14 

/s/Sa+l- J^x-il s= 2. 

-s/5a+6+ •JbX'-U = 10. 

^/7»+i+ 'Jlx^n s= 8. 

*Jx^ -~Zx-\r5— ^/®“— a+1 == 1 


4 =: n/8®+4. 

.ya-.l64. ^a: = 8. 
\/®+ll~ *ya! =f 1 . - 
®+ J2ax-^x^ = o 
V®—4+8 = As/a+ll 
a/® +9 — \/®+2 = 1. - 


“■-l =4+^ 




^/fl[®+5 c 

200 + 120 
9®-5 

\/4a+a!— <\/®+® ^2fjx—2a, 

8 ® 


20. -^:iL = A+ 

V®®+1 2 

(0 T7 Entrance Paper, 1885) 


= (8^/®- Vs)* 


v»+ v®+® = 


V®+® ’ 


= "v/.+lS- 

V®+®+ V®—® =- 


Jv-i-n 
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8 4 _ 15+3 

Jx+2 ” Va;+40 * 

28* ^/l““® “ !• 

29. >/«+ 8— »Jz*+Sx = 2 J2, 

30. Vl-*a+ 1— a+ Jl+x = */l+®. 

31. — •Ja+x+— Ja+x = 4-*/a:. 

fl a 0 

32. ViB+8"= *Va“+64x+S6. 

„ 33. -2^. (C V finVr Vapci.lSSD') 

34. ^fl+a^^+^fl— =8^0’— 

35 . = 

30 g— 47 g—19 _ 4g-124 

Va+l-?’*' Va^~4 

r*i7 2g~49 ^ 18g+22 _ 8 Z+191 

^/2z+10-8'*' Vl8z+81+8 2^/23^+64-5* 

38. a = yy/ o®+a VF+a*— ff. 

39. ^/a»+9+ */a^ = 4+ .^54. 

40. V8a»+1G- V8z=- 16 = 8 ~ 4 ^2. 


1—21 



OHAPTEB XYIII - 

SQUARE AND CUBE ROOTS. 

1. Tlie ordinary metliod of finding: tli© squarof 
root of a compound algebraical expression. From. - 
otir preTious knowledge of formulse the following results. 

are obvious — 

(o+J)» =fl'*+(2fl+6)& , 

(o+6+c+d)* = +(2o+&'s+(2tt+26+c)c 

+(2fl"{*25+2c-|-d)rf f. 

and so on. 

Clearly therefore we must have 

(ax^+hx+c)^ = «’*a*+(2ar*+Jaj)&a+(2fla!*+2Ja5+c)f, ^ 

and this latter, when arranged according to the descending 
powers of a « a®jj* + 2ate®+(6® + 2«ci®^+26cx+<j®. - -j 

Now if It 13 praposed to find the square root of the 
above expression, let us see what means we have of dis- 
covering BucQjesdively the several terms of the root — , ^ 

The first term of the root, viz , c®®/- is evidently the- 
square root ol the first term of the given expression which 
IS a*®* 

if we subtract a®®* froimthe given expression the re- 
mainder is {(2ff®®+^>®)i®+(2ar®^+25®+c)c}, m which tho, 
term containing the highest power of x~— 2a®® 5<bx, te / 
= twice the first term ot the root into the second term,.,., 
this enables us to get the second term after having obtained 
the first , , , ^ \ ^ » j s 

if now from the aboVe remainder we subtract (2a®® + ix)bx 
the second remainder is { 2a®» + 26® + c)r, in which the term ‘ 
containing the highest power of « = ia®® x c, i o , = twice- 
the first term of the root i?ifo the third , this shows fiow to 
get the 8rd term after having obtained the Ist and 2nd. ~ 

Thus we are furnished with a clue for successively dis- 
covering the terms of the expression when itS' 

square is given. 
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The operation may be performed as follows — 
fl’*a:*+2a6aJ® +2flc)a:’+2ic«+c'/a{c® +&aj+c 

g»g* \ 

+ bx\^al^x^ + + 2flCj»’ + 2 &«b + c“ 

)2alx^+b‘x^ 


2ax ^ + 2bx+c/ 2ocx* +5bex+ c® 
\2acx* + 2brz+c^ 


(1) Find the sqnaie root of a®**, the first term of the 
proposed expreS'^iou and set it down as the first term of the 
the required root , 

(2) Subtract a^x^ from the given ev;preBsion and bring 
down the remainder 2abx^ +ib^ +2ac)x‘ + 2bcx+c^ ; 

(8) Set down 2a*®, i e., twice the 1st term of the root, 
on the left of the above remainder as the first term of a 
divisor j 

(4) Divule the first term of the remainder by 2ff!C® and 
sot down the quotient, bx, as the second term of the root 
and also as ihe second term of the divisor , 

(6) Mnl'iply the dwisor thus obtained by the second 
term of the root and subtract the product from the first 
remainder ; 

(G) Bring down the second remainder 2ac*®+26ca!+c* 
and pot 2ar^ ■\-2br (i c , twice the sum of the two termn of 
the root already obtained) on the left of this remainder for 
the first two terms of a divisor ; 

(7) Divide the first term of the new remainder by the 
first term of the new divisor and set down the quotient, c, 

' as the' third term of the root and also as the third term of 
the divisor , 

(8) Multiply the complete divisor thus obtained by the 
third terra ot «lio root and subtract the product from the 
second remainder 

After tins nothing remains, and we obtain «a!®+Ja;+c 
for the required root. 

Note Thu etpression oouaidorod above stands arranged aocor- 
duig to deco iJtu ' powers of ® Similarly, every expression of ■which 
the square root is sought mast bo arranged according to descending 
or isccnding order of the powers of some letter, 
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Example 1. Extract the square root of 

8aj+l. 

{2j®+ 8®* — 16i5“ — 8»+1/®®+4!B— L 


2a3+4a\ 82*-2a®+16»=-8®+l 

/ 8z^ +162“ 


22® + 82~1\ —22“ —82 + 1 

) -22“ -82+1 


Thus the required root = 23+42—1 
Example 2. Extract the square root of 
a*+2(y+2)2“ +(3y“ +2y3+82“)2“ +2(y3 +23)2 

^ +y*+2y*s“+s\ 

(Calcutta Umversitj Entrance Paper, 1888 ) 
The given expression 

= «*+2(y+s)23+(8y“+2ys+Ss®)2> 

+2(y +s)(y“ +s‘*)»+(y= +z“)“. 
-which stands arranged according to descending po-wers . 
of 2 , so we can at once proceed thus 

+ 2{y +2)(y“ +22)®+(y3 + g2j3 /g-a 

V +(y’+s») 


a:*+2(y+s)23 +(8y“ +2y2+82»)2- 


2z* +(y +z)2/2{y +2)2® +{8y“ +2yz+3s3)2“ 

^2(y+2}23+(7/3 +2y2+ s=)29 


22“ +2(y+2)2+ \2(y“ +z®)2“ +2(y +2)f«3 +g9w I («9 

(S^»+z») ;2(y“+2“)2“+2fy?2)(^+ "3g;j^3tl43 

Thus the required root = 2 “+ 2 y+ 2 s+y“+s“ 
E x am p le 3 Find the square root of 

~ + 42“+— +-~_223-.1|£, (C 'U Jggg^ 

Arrange the expression according to descending powers 
of 2 and then proceed thus . 
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** . .-o . 4fla; .afz^ o« . « 

--2«»+4*»+-5 r+T(T“®''+T 

4 


— 2aj\ — 2®^ + 4z“ 
/— 2x^+4®“ 




8 

flx^ 

3 


4/7® , 

4fl® a* 
8 '** 9 


ThTJS the required root = — — 2x+— 

A O 

Example 4 Extract the square root of 


z* , 4y*Z‘ 




4y- • 

The expression when arranged according to descending 
powers of z stands thus — 


£l 

4y^ 


z 




/ 


for now the indices of the powers of z in the successive 
terms are respectively 4, 2, 0, —2 and —4, which numbers 
evidently are in descending order of magnitude. Hence 
wo proceed as follows — 


g* z^ 


+8 + 


4f/» 


g** 


■ 4y*/g° 
^ g^ \2y^ 


+ H- 


2y“ 

g« 


g* 

4y* 
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a-3 2y* 

Thus the required root = rj-j + l+Ta 

zy X 

Example 5 Extract the square root of 


s 111 44 ri4 17 « 

sB^— 2a~®a:'«“+ 20 ^®’'^ + a ^jiF—2a^z ’^ + 


(Calcntta University Entrance Paper, 1380 ) 
Let us proceed by arranging the expression according to 
descending powers of®, thus — 

r 14 _** U fi 1 ^ * * »/ _» i ^4 

fl'rjfir _2a ® 2o^®^+2a^®*+o^( a 


n 1 4 
■T-B-ir 




2d 


_•» 7 


*)- 


2a 


UL « 


111 8 

—2a 


2a ^x^—2x^—a^)—2a^x^+2a^x^—a^ 


1 7 


4 4 


— 2o^®^ + 2a ^x '^ + 


mm t , 7 4 . 4 . * 

Thus the required root = a 

Exercise (90)* 

Find the square root of — 

1. 4®«2» + 12ry3 + 9i^= 2. ®*-4ic3 + 10®2-12® + 9. 

- 1 . 

3. x^—2x-^+2z^+x^—2x+'L...^ 

4. 4®* — 12®^+26®^— 24®+16 

5. 4®-‘ +8:m: 3 +4a3a;3 + ifija-ja + i6o^3a!+ 166* 

(Calcutta Unii^rsity Entrance Paper, 1870 ) 

6. 9®*-2®3y+J-S^®S2,9_2®y3^9y4 

(C U Eutr Paper, 1874 ) ' 


7 •4_o~a.. 3- 1 

/. 2 2* 
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.8. ' 
2o 5 5 

‘9 a.<^±-2+ic~zS+?^. 

4 


10 


«*%’*'*' 4 X 


—2— car. 


11 . 


c* c , 4ft® ., ^4ft 
iF a 


12 


9c® 6c 101 4r 4 t® 
a* “5x^ 25 15c ‘*‘90* * 


13. 42*-8z®ir®+4^i^®+i^^ 


14 


4gr* V® 422 6y 
y» ^49x*'“ y ‘*‘ 72 '**' 


15 


2 * , V* 

rr:+'Z" 
2^* 2- 



-3 


i- 


16. 


202,9if= 15y. 42 * 

7p"*'iCi"® 22 UOir® 


17. 2 ® - 22 ^ +82-22^ 4-1. 


18 2^— 42^ + 2z+42®-f23 . 

• -r 

19. c®2“®+2car‘4-c"®2®+S+2c-*2. . 


20 

21 . 


2 ^ +2^“^ — 22^y~^ — 22 + 2z^y^+ y. 

92 * j 1792 *v , 42ir* 

4 45 3 ■*■ 25 ' 


, 22 ff*"-4fl'*"'*+4a®*. 

23 9fl®“4-Co»^-‘?+25c»“-<— 80fl’'<;*’-® 
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2. Extraction of sctuare roots by tb© applica- 
tion of tbe formula cs® ± + 6^ = (a ± &) ® 

Example 1 Find the square root o£ 

4__4c+25+c®— . 

(Calcutta University Entrance Paper, 1876 )) 
The given expression, arranged according to powers of 5, 

- 5!-.J(c-2)+(c«-4(5+4) 

4 

= {!-(.-.)}= (|-.+^)‘. 

Therefore the required root = g— c+2. 

Example 2. Extract the square root of 

The given expression 

Therefore the required root = a?**— 2H — j 
Example 3 Extract the square root of 

a-b' 

(Calcutta University Entrance “Paper, 1886 )»^ 
The given expression 

_(o3+&2)“ 4a5 _ (a3+&»)»+4dJ(«®-5“) 
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of -whicli the numerator — {(a® — +4aJ(o® — 

V = (ii»-53)»+4a&(a3-&“)+4c2J» 
= {(tf3-&»)+2a&}“ 


the given expression s= 


(o* + 2fl6-6*)* 

{a*-b*y ' 


Therefore the required root = ^ • 


JBzample 4. Extract the square root of 
(ah+ac+hcy —iac{a^ c). 

( Calcutta University Entrance Paper, 1888 > 
The given expression 

= {i(a+c)+flc}®--4fl&c(fl+c) 

= {6(o4-c)— flc}** = [ah—ac+iey. 
Therefore the required root = ai—ac+dc 

Example 5. Extract the square root of 

a*+J*+c*+rf4-2(a“+c=)(&*+d“)+2fl®ca+2Jsd» - 

Arranging the given expression according to descending 
powers of a, we have 

o*~2o3(68+da--c3)+{6*+c« + rf4-2c9(&»+d»)+2W} 
and, the expression within the braces arranged according 
to descedding powers of b, 

= b*-2b^c^-d^)+{c*+d^-2c^d^) 

- 5*-2&»(c»-rf3)-|-(ca-i?9)9 

- Hence," the given expression 

= a*-2a3(J»-<j«+<f3)'+(&3-c9+i?3ja , 

= {a»-(J®-c3+(f9)}9 
= («9-J9+C9-i?3)2. 

Therefore the required root = a^-^b^ —d^. 
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Example 6. Fmd tlie square root of 

4{(a« - i=)ei?+aJ(c2 + {(«“ - “ -a'®) -4aZcrf}*. 

TJie given expression 

^ 4{(c“ - j + 2flic<f(a* - ** )(c “ - + fl® J ®(c® - <?®)® } 
+ {(a» - ^ ® j® - 8aled(a^ - ® - ^2®) + 

= 4(a=-J®)®c®e?®+4a®J®(c®-i?®)®} + {(a®-i®)®(c®-'<Z®)* 

+ 16a»&»c»d*} 

= {(a3-i»)®+4o®5»}{c2-d*)=+4c®rf®} 

= (a»+2a®A®+i^)(c4+2ca</2^^4) 

— (a®+&2)=(c3+da)9. 

Therefore the required root = (fl®+&®)(c® + ^?®). 

Exercise (91), 

Find the square root of — 

1. 26!B®y^-40a?/+16. 

Z, 49a®**— 42fl6®aj®+9&*. 

3 49a®i® + 126a^i’+81a®6^ 

4. 5*V^+TlV®®^*®*- 

e 25a®»® , c* Sfl^c® 

°* 4 '*' 9 6 

B a®+&®+c®+2fl&+2fl<!+25c 

7. c®+J®+c®— 2a&+2ac— 2&C 

8. 4fl®+t® + 9c®+6&c-12ac-4fl5 

9. a*+45* + 9c*+4o®A®-6o®c®-m®c® 

10. 4fl* + 9i* + 26c* - 12a^&® + 20a®c® - S0&®c® 

11 . 

12 . 
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,13. *‘+i+3(*> + i)+3. 

14. CT+^+x+?+S 

0 ^ p a 

16. '^+|!-(|-+f)v3+34 


9t 


z 2a 


16. 

/I* ft. }j^ 


17. ' a®+^+4f«+— W g. 

a!'^ \ X ! 

aVa -al^a 

18. — 2+(3! +a 

19. ' a^ + ia+ca+rfa_2B{J-c+rf)-2J(c-<f)-2cif 

20. (fl-*)*-2(a> + &“X«-5)»+2(a* + i*) 

■21. a^-fi4+c*+i*-2fl*(&>+rf®)--2&»(c“-<«“) 

+2c®(a“-rf“). 

22 tf*'+2a®— a+^ 

23. 2a*(ft+c)“+26»(c+a)»+2<J®(a+J)®+4aMa+*+«) - 


3. Tlie ordinary metliod of finding tlie cube 
TOot of a compound algebraical expression. 


Evidently we have (a»*+te+c)® 

= (a«® + PzY +B{ax^ + 5a;)®c+ 8(aa!® + bx)c^ + c® 
-= +3(a®x^J(Ja!)+ 3(aa;®)(&aj)® + (te)® 

+ 8(fla;* + bx)^c + Z(ax ^ + 54j)c* +<j®. 


Hence if we are asked to find the cube root of the 
Tabove expression we see that we have the following means 
of discovering successively the several terms of the 
root — 

^ The first term of the root, viz , az®, is evidently the 
•cube root of the first term of the given expression, which 
is a®*® 


If we subtract o®*® from the given expression the term 
containing ihe highest power of x m the -remainder is 
3(a^x^)fbj-}, te, equal /o three limes the square of the first 
term of the root wAo the second term , the second term is 
iherfore discovered 
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If from the above remainder -we now subtract 
+3lax^)(bz}+(bx)^}(bx)t the second remainder is 8(aaj“ + Ja)®c 
+8(c»®+Ji5)c*+c3 , the term containing the highest power 
of X in tins remainder is Sa’sc^r, ? e , equal to three times 
the square of the first term of the root vilo the third. 

Hence, the third term is discovered 

If from the second remainder we now subtract 

nothing is left and we 
obtain the required root s= fl®-+&ar+c 

Let us illustrate the process by an example. 

Example. Find the cube root of 

aO-Gr®y+24*'»y=-56a:V+9Ca;»y<-9GTi;® + C4ic«. 

The given expression stands arranged according to- 
descending powers of x , we need not therefore change ’ 
the order of the terms 

The second term of the root, wc ns shewn on the 
next page, is obtained by dividing —62?"^ by 8x^(i c , three- 
times the square of the first term) 

Then the divisor, 8** — Ca}’y+4a;°y°, i8 formed as shewn ’ 
on the next page 

The product of this divisor by (--2ry>, nr , — 
12^*ys-8^•=*y^ is now subtracted from tho expression 
which stands above it and the remainder is put down 
below the line. 

Now take three times tho square of tho part of the root 
already obtained and put down the result, 8a5^~12JC‘‘v-}“ 
12a:®y®, as pait of a divisor 

The third term of the root, viz , is obtained by 

dividing 12 x^ 1 /^, the first term of the remainder, by 3*^, 
the first term of the divisor 

The complete divisor is then formed as shewn on the^ 
next page, and tho product of this divisor bj the third term 
of the root is subtracted from the expression which stands 
above it 

As no remainder is now left we find the required root 
= aj=-2a'?^+4y’‘. ^ 
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Exercise (92). 

Find the cube root of — 

1. »» +27®“ + 248® +729 

2. 27®®~2l6®“ + 576®-512 

3 64a3-144a“& + 108fl&*'-27fi3 

4. 88®*-86®+®°-68®“+8— 9®® + 66®* 

5 . 8 ®“ + 12 ®“-- 30 ®*- 84 ®®+ 46 ®® + 27®-27 

6. l~9®®+83®-G3®®+66®8-86i^“+8®^“ 

7. c® — 63c®®® + 8®° — 9c°® + 66e®®* — 86c®® + 88c^®*. 


CHAPTEE XIX 

I 

RA.TIO AND PROPORTION 

1. Definitions. The ratio of one quantity to another^ 
of the eame kind is defined to be the abstrant number- 
(integral or fractional) which expresses what multiple, part 
or parts, the former is of the latter. Thus, 

since 2 hours is a portion of time which is three times as 
large as 40 minutes, the ratio of 2 hours to 40 minutes = 8 ^ 

since a length of 9 inches is a fourth part oif 3 feet, the 
ratio of 9 inches to 3 feet | , 

since the sum of £1 4s is obtained by dividing 18s. 
into 8 equal p.krt8 and taking 4 of those parts, the ratio of. 
£l 48 to 188 = f , , 

and so on ! 

Hence it is clear that the ratio of one concrete quantity 
to another 'of ;he same kind) is a friction, of which the 
numerator anq denominator are respectivily the measures 
of those quantities {referred to one and the same unit) ; and 
the ratio of oo|ft abstract quantity to another is a fraction, 
of which themiraeiator and denominator are ‘respectively 
vthe quantities jthemselves. 
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The ratio of any number a to any other number J la 
nsnally expressed by the notation a h , thus a 6 is the 


same as The quantities a and h are respectively calleii 

the Antecedent and the Consequent (or the first iemv 
and the second /ermi of the ratio a 6 


A ratio is called a ratio of greater tnequahfy, of less in- 
equality or of equahty according as it is greater than, less than 
or equal to 1. 


Note Sitico aratio isoulj a fraction, there is no difficnltMiu 
seeing that the ^aluQ of a ratio remains nnoltcrcdif its terms be 
nioltiplicd or div ided by the same number Thus the ratios 3 4,. 
b ft, 15 . 20, and 3 m 4h are equal to one another Honco also two 
or more ratios can be easily compared with one another , for 
instance the ratios 2 3,4 5 and 7 10 being respoctnely eqnwalent 
ill 20 30, 24 30, and 21 30. we see at once that the scccnd of them, 
is flic greatest and the first the least 


2. A ratio of less inequality is increased, and 
a ratio of greater inequality is diminished, hy 
adding: the same number to both its terms. 


Let be any given ratio, and let r — be the new ratio 
formed by adding ec to both its terms 


Then, 


a 


x{b -a) 
“ b b+x)' 


b+x b 

and therefore it is positive or negative according as a io 
less or greater than h 


Hence, if a<5, T~>-r » 

\b-\rx 0 


and if <t>5, , 

b+x b 

which proves the proposition. 

Note Similarly it can be prorod that a ratio of les^ inequality is 
iftmimehed, and a ratio of greiter iHequality is vi6rea»ei by sublractiny 
from both its ta ins aivj number which is lees than each of those terms 
This is left as an exercise for the student ; , 

“ 3. Oompoktion of Ratios. Theratio of the product 
of the antrcedt-nts of any nUmbfr of ratios to rhe product 
of their oousequeuts IS called the'* ratio cdmjjowided of the 
given ratios. 
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ThtiSs the ratio compounded o£ the ratios 

8 4, 8 9, 2a 3y 

18 8X8X2® 4x9x8y 

or, 4® 9y 

When the ratio a 6 ifl compounded with itself the 
resulting ratio a® 6® is called the duplicatB ratio of u J, 

Similarly, o® 6® is called the tnpltcaie ratio of a J ; 

is called the subduphcate ratio of o & , and is called 

the suUnphcak ratio ot a 1. 

4. Approximate values of IRatios. If » is vary 
snuill comrared with a, to shew that the ratio (a+®)® a®'is 
•approximately the same as a +2® a 


We ha^e = 


a®+2B®+®® , , 2® , ®* 

— = — _ 


a ' 


approximately 


a * 


since which » — x is very small compared with ~ 
a® V a a i ^ a 

and smaller still than 1. , 

Thus approximately we have 


^g+®)® __ 1 ^ __ g+2® 

a® a ~~ a 


€or From (1) we have Hence if® is 

A' a a 


very small compared with a, we have 

•Ja+x — a+J® a. 

Note By a similar mode of reasoning it can be shewn that when 
X IS very snuul compared with a, (o+r)* . a® = 0 + 3 ® o , 

<o+®)+ a* = 0+4® o , (a+®)^ o* = o+J® , o , and so on. 

5. Inoommensura'ble quantities. If two quan- 
tities be such that their ratio cannot be' exactly expressed 
by the ratio of two integers, they are said to be xncommen- 
■surdble qij^ntlhes Thus and 2 are incommensurable 
quantities, since no two integers can be found whose ratio 
is exactly equal to . 2. , - 
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Although the ratio of two incommensurable quantifaes 
can not be exactly expressed by the ratio of two integers, we 
can always find two integers however, whose ratio differs 
from such a ratio by as small a quantity as we please 

Ti I 1 /3205 .ctPBM 

For instance, ^ ” *86602 


and therefore 


86602 , ^ 86608 . 
2 100000 100000 ’ 


thus, JZ * 2 differs from either 86602 100000 or 

86603 100000 by even less than a hundred-thousandth 

parbofnuity A farther approximation might evidently 
be arrived at by calculating the value of to more places 
of decimals 

Note ' Am tmmbcr winch cannot be frattli/ evincssed as the 
ratio of 1 wo whole numbers in also someiimcs called uiconunensur- 
able From this point of view e\eiy surd is an incommcnsurablo 
-qunntitj 


Examples. 


Ezaznple 1. Two numbers are in the ratio of 2 to 8, and 
if 9 be added to each they are in the ratio of 8 to 4. Find 
the numbers' 

Since the numbers are in the ratio of 2 to 3, evidently 
we can represent them by 2x and 3x respectively. 

Hence, by the second condition, we have 

2a;+9 _ 3 
Sz+D “ 4 • 

Hence, 8z+S6 = 9zH- 27, whence x = 9 

Therefore the numbere are 18 and 27. 


Example 2 What is the ratio of x to y, if 

lOx+Sy :'5z+2y = 9:5? 


We have 


5 5z+2y 




1—22 
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Hence, 46 — + 18 = 50 ^+15 , 

y y 



HzaxiiplB 3. Whicli IS the greater (x and y being positive 
®®+2i'® {s“+y®, or fl!*+y* ®+y ’ 

We have _ a^^+g=>y-2a!V 

«“+y“ ®+y (*''+y“)(®+y) 

= gy(g--y)° 

(®-‘+y=')(a+y) * - 

which evidently is a positive qnantity, since (g—yj* is 
positive whether 2 is greater or less than y. 

Hence, a=*+y3 ; as+^a > ^a+ys ; a+j, „ 

Example 4. Two armies number IIOOO and 7000 men 
respectively , before they fight each is reinforced by lOOC 
men ; in favour of which army is the increase ? 

( Calcutta Umversitv Entrance Papei, 187*1 
The new strength of the 1st army : its original strength 
= 12000 : 11000 = 12 : ii, 

whilst, the new strength of the 2nd army . its original 
strength 

^ 8000 • 7000 = 8 : 7. 

Now since 12 : 11 = 84*: 77, 

and 8 " 7 = 88 : 77 , 

it is clear that 8 : JT > 12 : ll. 

Thus, compared with the original strength, the new 
strength of the second army is greater than that of the first 

Hence the increase is in favour of the second army 

Ex^pcise (93). 

Which IS the greater • , ^ ^ 

1. 4 : 6 or 7 : 8 ’ 2. 7 ; 10 or 11 :'-14 ? 

3. 9 : 5 or l3 : 8 ? 4 , 22 T 27 01 32 Z 46 ^ 

5 28 * 39 or 49 : 66 ? 
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Find the ratio componnded of : — 

6. a I 1, h , e and c : d. 

7. 8 : 5, 7 r9 and 15 : 28. 

8. a+jc ; f?— : («+a)® and (a* —a*)* ; 

a*—x*. 

9. 16': 5, the tnphcate ratio of 5 : 4 and the sub- 
dnplicate ratio of 9 ; 4. 

10 - 25-* 18, the subdaplicate ratio of 81 : 49, the tn- 
plicate ratio of 2 : 3 and the duplicate ratio of 7 : 5 

11. If 2s+5y . 8®+5y s= 9 : 10, find x : y, 

12. Itx y a= 8 : 4, find the value of 5x+9y . 16®+5y. 

. t 

13. Two numbers are m the ratio of 7 : 8, and their 
sum 18 185 Find the numbers 

JL4 Find two numbers which are in the ratio of 5 : 8 
and whose difference is 84. 

15. Two numbers are in the ratio of 4 : 5, and if 7 be 
added to each, the sums are in the ratio of 5 : 6. Find the 
numbers 

16 Two numbers are in the ratio of 7 : 9, and if 10 
be subtracted from each, the remainders are in the ratio of 

8 11. Find the numbers 

/ 

17. For what value of x will the ratio 28 + » : 19 +« be 
equal to 2 ^ 

18 What number must be added to each term of the 
ratio 25 : 87 that it may become equal to 6 : 6 ? 

19 What number must be added to each term of the 
ratio 29 : 38 that it may become equal to 4 : 7 ? 

20. ^ What quantity must be added to each ol the terms 
of the ratio a ; J, that it may become equal to c : dl 

21. Show fhat if a>a: the ratio a*+{c* is 

greater than the,ratio a^—x : a+x. ~ 

22. Show that the ratio : a+& is less than' the 

ration’*— I c—i, ■ , - 

- Find approximately the value of ; — 

. 23. (226)» : (225)». 24 . ^(3546) : J(3§42). 
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25 A, B, C are three school boys gettiag monthly 
allowances of Rs 15, Rs 20 and Rs 25 respectively , ont 
of these amounts they respectively spend Rs 8|, Rs 
and Rs 16f per month Which of them is the most 
ftngal ? 

PROPORTION. 


2. Definitions. Four quantities are said to bejwtf- 
poft twnak when the ratio of the first to the second is equal 
to the ratio of the third to the fourth Thus, , a, 5, c, d are 
proportionals if a : 6 = c . This is often expressed as 
a b I c . d and read “a is to J as <; is to d ” 

The terms a and d are called the exh ernes and the^terms 
i and c, the means The term d is also called the fourlk. 
proportional to a, 6, cT 

Three or more quantities are said to be in continued 
pioportion when the first is to the second as the second is 
to the third, as the third is to the fourth, and so on. Thus 
a,b,(^d are in continued proportion when a . h =si c 
ssc . d. ‘ - ' ' 

If three quantities c are in continued proportion 
(a I b I b ' c), then b is called the mean pioportional 
between a and c, and c is called the third pi oportional to 
a and b . / , 

7 If a ; 6 : c : then will aa = &c 


Since 


£. 

1 


d ’ 


multiplying both sides by M, we have ad =: be. 


Thus, %f four quantities are proporhondl, the product of the ' 

exh ernes is equal to the product of the means.^ - 


[Comersely, if (u?= if.then fl h c 

dniding both sides of the equation by bd] 


d This 18 obvious by 


Cor. Ifaib’ : 5 • c, then ac = 5® , « e, 
arx in continued proportion, the product of the 
to the square of the mean. - ~ 


tf th) ee quantities 
extreme ts equal 


established wo cim at once find a 
thu-d proportional to, or a mean proportional between, two civeti 
quantities, as well as a fourth proportional to three gnen qnan^ties 
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Find a third proportional to — 

1. 9, 6. 2 8, 12 3 6, 15 4 16, 24. 

Find a fonrth proportional to — 

5 C, 8, 15. 6. 14, 24, 85. 7 0014, 1 4, 02 

Find a mean proportional between — 

8 4,9. 9. 7,28 10. 6,54 


8 


If a 

For 


b : :b c, tlien a c 

® — A 

b ~ c * 


: b\ 


— — — 

b c ~ 


or. 


a a 

T^T 


^ 

c ~ b^ 

Thns, if three quaniities are %n continued propoition, the 
first is to the third %n the duplicate ratio of the first to the second 


c d li can be easily proved 
tbit ft fif = rt* i* which is left as au exercise for the student 


Note Similarlj , if a h = b c 
t a «[ = «=' ■ ■ ‘ ■ ■ 

9 Ifa 
For 


b : : c : d, then, b : a :: d :c. 

a c 

T ~ ~d’ 


\ 1“-^ = 1 — whence — ^ A, 

0 d a c 

Thm, if four Quantities be proportionals, they aie also pio- 

portionals when talcen inversely 

This operation is called Invertendo. 

10 alb c: d, then a .c i ib i d 
^ c 
b '"a 


For 41 = 4. 


x>'- = 
b c 


c b a b 

X — , or, — = >3 . 
c c ^ 


rf '' c ’ * c d 

HYras, if four Quantities be jpropoi tionals, they are proper • 
Iwnals when taken alternately. 

This operation is called Altemando. 
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11, If a : & : . c d, then a+d : 6 ; : c+d : d. 


For 


^ r 
b ~'d' 



a+h _ c+d 
b d ‘ 


Thus, whm four qua7iMtes are proportionals, the first 
together loUh the second ts to the 8eco7id as the third together tvith 
ihefouiffi IS to (he fourth 

This operation is called Oomponendo. 

12 Ifa:6 iGid, tlien a—h.biic-d d. 





c—d 

d • 


Thus, ichcn four quantities are propoihonals, the excess of' 
ihs first over the second is to the second as the excess of the thud 
over the fourth ts to the fouith. 

This operation is called Dividendo. 

Cor, If a b . c : d, then a a-b : : c: e-d 



c--d 

- 


inversely, 


Hence, 


— X- - ^ 

a~-b b c—d 



h ^ d 
a—b “ c—d 


a—b c—d* 

Thus, whenfou) quantities are pi opoi tionals, thefijstis to 
tlie exxess of the fust above the second as the thud ts to the excess 
of the third above the fourth. 

This operation is called Oonvertendo. 
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13. If a h wc'.d^ then 

a+& : . . c+dl : C’-d 


From Art 11, 




From Art 12, 

0 u 


( 1 ) 

... ( 2 ) 


Hence, dividing (1) by (2), 

ff+J _ e+d 
a—b c—d’ 

Thus, when four guanhUcs arc proportionts, the sum of the 
jirst and second ts to their difference as the sum of the thud and 
fourth is to their difference. 

Tins result is often spoken of as Oomponendo and 
Dividendo. 

Noto The result pi o\ cd in this article h of p eat use in soh ing 
i € ct t un chss of cquutioiifi This a\i 11 be illnstmted in some of the 
follow ing examples 

Example 1. Solve => b, 

»Ja—z 

By oomponendo and dividendo, we have 

2's/g+y — 

'ifa—x b—\* 

Henoe = {J±l\== 

a— a \b—ij 6^ -26+1 

- Agsnn applying oomponendo and dividendo, 

2«_2(i&’+l) _ a _ 6 ®+l. 

2* ” 46 ’ » ” 26 ' 

«(&**+!) =2a6, ® = 

Example 2. Solve = 1, 

l+aa;V 1-62? 

We have ^ /HE = l±£^, 

' V l-6aj l~a® 


l+6g __ l+2aa;+a°a;° 
1—bx *“ l—2as ~ 
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Hence, by componendo and dividendo, 

1 _ l+a^as^ 
bx ' 2ax 


2(1+^’®®) = 2ff, or,a-«® 

* X 



Example 3. Find the value of , when 

x—2ax—2b 


X 


idh 

a->rh 


. (Allniiab'id triu\ crsitj Entrance Paper, 18*^2 ) 


From the given relation, we have 

^ - JL. «ud ® - 
2« “ «+&’ Tb “■ a"+2‘ 

Hence, by componendo and dividendo, 

ftTid g +22 8 a +2 

®““2<j 2— u ’ a— 22 ”” o—i * ' 

Hence, the given expression 

_ -(0+32) Sg-f 2 

0—2 ’^0^2 

_ 2(0-2) _ . 

- 


Note For a different solution of this evample.soe page 18S 
Example 4. If (o+2+c+<?)(o — 2— c+rf) 

“ (o— 2+c— d)(o+2— c— (f), show that o . 2 ; : c : 
From the given relation, we have 

o+2+c+^ o— 2+c— <? 

0 + 2 — c— o— 2— c+f(* 

Hence, by componendo and dividendo, 

^ 0+2 0—2 
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wjience by .a seconcl application of coibponendo and 
dividendo, 

a 

b ~ d' 

* Example 6. If ® ^ shew-that 

a/J 71 + 1— VWl— ■! 
jc®— STwa^'+Sa— ?M = 0. 

From the given relation, by componendo and dividendo 
we have 

T+l _ Vw-Hl 

a-l“ Vm-V 

m+l _ fl!° + 8 y^ + 3 g+l 

’ »i — 1 “ (a— 1 )® aj**— iJ®‘* + 8 s — 1 ’ 

Hence, by a second application of componendo and divi- 
dendo, we have ' ~ 

m ^ 

1 ” 8 aj* + i’ 

in( 3 ®*’ + l) = a!®+ 8 » , 

whence, —Zmz^ +Zx—'m — 0 


Exercise (96). 

Solve the following equations — 


1 . 


3. 


7. 


= 5 

z—y 

2x^Zy = S6j 

5a; -7y _ ^ 

5a:+7y ^ 

8aj— 5y = 18 

2a;+ «y4:.r» — 1 
2a;-- ijix*—! 

N/8fij’4-l+ fJZiiX Q 

VaGa+I— ^/3^ 


= 4. 


2 . 


83' ■ 


•5y _ 1 

— 4 


8a;+6to 
Az^Zy = 19 J 

4. icf?=2)‘’=?±? 

, \fl-l-a;/ a— a; 

(C U Entrance Papei, 1880 ) 


6 . 


8. 


l— ^Jl—x _ 

1-1- ~ ® 

l-t-a;-ba;° _;;'C2 Ijj^ 
l--a;-ha;^ ~ G3 1— a:* 
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g 75 + ^/5-g ^ 2 Q_ ff+a!^-^/a°-g« _ 

Jb— tjb—x * * a+x— ^/a“— » ’ 

11. g^-(g-(g’*-ga!)^}^ ^ 

g^ + {g — (g® — 

Prove that a it I I c ' d — 

12. If (g+8&+2c+6/?)(g-S&-2c+6«?J 

= (g— 86+2c— 6<?)(g+8&— 2c— 6fZ). 

13. If (2g+J+4c+2rf)(2g-5-4c+2r0 

= (2g— &+4c— 2i)(2g+&— 4c-2d). 

14. If Jr = ^ 

v2g+8C— fj 2tt'~^b 

I 

4g!B+8J = 0. 

15. If a, « the value of £±4®+®±^. 

V2+ is/^ ®— a/8 «- a/12 


14. An important Tlieorem. If y — = ~ 1 

Ihen each of the ratios = " , where p,q,i, 

•71 are any quantities whatever. 


Supposing each of the given ratios = /., we have a = Ns^ 
G = dk, e =s J7c, 


Hence, pa” = p{iJc)” = pi” Tg*' 
qc” = q{d]c)” = qd” ft" 
rc» = jifk)” = ?/"/." 

< 


whence, [ft" = 


pa”-^-qc”-\-7e” 
p6"+2of" +»/'»* 


.•.^g"+g'c"+rfl" , 

= {pV”-\-qd”-\-rf”)1^' , 


and ft = , which proves the pro- 

position. 
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Cor. As a particular case if j?, s’, r, be each equal to 


1, "we have each of the given ratios = 


a+c+e 

d+d+f' 


Similarly, giving different sets of values to ff, r, k, 
■several particidar cases may be at once deduced 


Note What IS pioieil -iboie for thiee equal ratios is ofanousJy 
true for att}/ numhet of et^ual ratios the same reasouiiig being 
applicable to all cases It is always a reiy good exeicise toi tlie 
-student however to workout independently o'vej fresh example of 
this class applying the mode of demonstration illustrated abo\e 
Hence an exercise is added below Avith a recommendation to the 
-student that he should find the result m each case without usnuj the 
i » mnla established in this aiticle ' 


Exercise (96). 

If ~ ss ss~, prove that each of these ratios is 

J 


•equal to — 
a—c+e 


1 . 




2 . 


g-bSc—Sg 


^ 5a— 7g— 18e - 

bb-7d-^f' kb+ld^mf* 

(C U.Entr Paper, 1875) 


e /a®+c’'+g* « /a®— 2c®+8g®V 

U*-i-d*+/V 

Va**+6®+g® 


7 . 


Vb^+d^-^p' 


(C H Entr Paper, 1882 ) 


If -^ = 4- = — = -T-> prove that each of these ratios 

b d t * 

Is equal to . — 

’ a / g-^+g-^-fg -^+g'-^ ct * /d*-^2c‘^-l-8e*-4:q^ 

' \b-^+d~^+f-i+7r^r V F-2rf*+S/'*-4//*'‘ 

in ' //3a--‘-7c-»-8g'* + 15(7-^ 

’ V \3r-‘~7d7-*~8/-^+15A--/* 
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15. MiscellaneoTis Examples. 


Example 1 it xlyi . w®, and 
mini: : Jp-—y^ then p^ : xy 


Wel.ave^=i‘=2;±?-:, 
y p^—y^ 

= y(p»+a:) ' 

or, p^x-y) = xy[x+y). 


®+y : 

[Art 71 ' 


p^ _ xA-y 

xy ~ l^j Converse ] 

le, :xy : I x+y : x-~y 
Example 2 It a :hi:c:d, ahow that 

maA-yic : mhA-nd : : (^2+6“)^ : (53+^«)i 

(Calcutta Universit\ Entrance Paper, 1880 > 
ma 
mb 


Smao “ = 


and therefore each of them =- 

Again, since -% = 
b 


nd' 


c 

d* 




b-‘ 


and therefore each of them = 

A*+rf» 

Thus we have = Vll-± 

mb+nd mb ~ b' ' 


and 


fl=+c3 


b^+d^ 
Hence from (ij and (2), 

ma+7ic 

f ■ SS ■■' 


[Art.l4] 

[Alt 14] 

( 1 ) 

... ( 2 ) 


mb+nd 

Example 3 if 




, which was to be proved. 


X 


y 


{b—c){b+c— 2 a) (c— «)(c+a— 26 } 


_ z 

la—b){a+b—2c) ’ the value of ^+^+s.. ~ 

CCalcuttaUni\ersity Entrance Paper 1889) 

K 
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.Let each of the given ratios = A: 

Then, x = (j){6+c— 2a) = c®)— 2a(&— c)}, 

- y = I'(c^fl)(c+a— 2&) = 7/:{(c®--a’‘)— 2&(c— a)}, 
2 = 7fi(a«-5)(a+j_-2c) = 7'{(a*’~J®)— 2c[a— 5)}« 
Hence, a:+y+£ , 

= /7C{Ca^-c^j+(c'-a^j+Ca^-g^j/J 
’ ' -•2{fl(6— c)+6(c— a)+(j(a— 5)}] 

= 0 

example 4. H 

-c b a * 

shew that — = — '= — . 

a b c 

§ 

Let each of the given ratios 7c. 

Then, we have (ay-5®)c = 7-c®, 

{cx—az)b = 7.J®, 

{bz-~cy)a = 7i»*. 

"Hence, by addition, /.(a^+J^+c®) = 0 ; 

7^ =s 0 

Hence/ ay-&»^ 0, mj = &*, ~ = y •• (1) 

-also, c®~cs = 0, /. cx = az, — = -1 ' (2) 

* . a c 

Hence, from (1) and (2), — =?=—, . 

a b c 

Example 5. If -^ = A *= 4 then will 

e c d 

(a-d;» = (&-c)“+(c-a)“+(<7-J)|. 
TProm the given relations, we have 
( 1 ) 6® = ac, ( 11 ) c* = M, _(iii) be = ai:* [Art 7] 
How, (&-c,a+(c_a)»+(f ;_&)2 

= (6» + - 2b(^ -t (c» + a” - 2ac) + (d* + ja - 2&d) 
= 2(&® -<fc)+2ic» -Wy+aa +d» ~2&c 
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= a^-\-d^—2ie [from (i) and (n)] 

= 2ad [from {m)J - 

= (a-d)^ 

JjZample 6. H a ih , l cl d, show that 

4(«+JK«+a) = . 

(Calcutta TJimemtj Entrance Paper, 1874 

[compouendo 


a c a+h c-i-d 


S““ v=si- 


j, fl+J.c+rf 2(a+h) 2(c+d) 

clearly therefore, — — { — ^ ^ — 


Hence, 


{' 


0+J , 

h—X 


1- d { 


b ^ d 

__ 4(o+&Uc+<0 
” bd 


= 4(«+})(e+rf). 

Example 7. If a il l ip i q, show that 




From the given relation, we have 


A - X, 


a 


P 


and 


. 6* _ 

•• 


o-' 


•rr \ a-¥h p-\-g 3 1 \ p^-¥g“ 

Hence, (i) - ^ — ~p~* t*’* 2^* 

Mnlfaplying together (i) and (ii), we have ^ 


^ fp°+g°)(p+g) 
rt® - «3 


7Tj5T‘ — z' p® a ’ 

~l) 




\p+$> 
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Example 8. If tn 1 71 *. t p : g, prore that 


351i 


m 

We have ~ 

71 q 

alternately, — = — , 
V S 


m-‘7i _ p—q 
m ~ p 


m—p _ 77 


Hence _ (p-g'f77-g) 

* mp pg 

{m—7i){m—p) _ (p—g)(7i-^g) 


or. 


m 


_ pn—q!n+p'i-i-g^ 
? 

— pfa-f-y) 

~ (m+3')-(M+y). 


C*. pj? = «}3T 


Example 9. If 


X = — ’ shovr that 

oca 


[Calcutta UmvcrsitA Entrance Paper 1837 J 
Let each of the given ratios = 1: 

Then = aV 

W = I- 
« c’. 

also l:i =■ a, *. hi” = «&) ’i 7e(J- +c® +i?*) = <t5+Jc+c<? 

o5+Jf+ttf 


% A»(J=+c®+rf«) = tt=+5s+c= 

' '' 


Ic = 5, Ix^ = Jc 
= c,. .• 


• • Z* — — 


• «#• 


{^) 


V 

Hence equating the value of 7*® from (1) and (2), Tve have 

a^+l^+c^ _ ial+lc+cS)^ ' 

+ T (*®+c=+d®)»’ 

(a*^+ 5* +'0(5® +{f®) — («5+ 5r+f4-. 
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Example 10 

>J{,a+c+ehd+d+/) = (ah)^+icd)^+ie/)^. 

Let each of the given ratios s=7f 

Then a = bk a+c+e =s l(b+d-\-f)t 

c t= dk 

e=/k (a-i-c+e){h+d+j)=Jc[i+d-{-f)^ ; 

Jia-t-c+e){d+d+f} = {J>+d+f) Jk . . (1) 

Also, we have ah = J^A, = h JL 

cd = ff®/., {cd'^ = d Jk ■ 

‘f=pi, . wP=rjk^ 

>. («S)^+(c*i+(e/)^ = (»+<«+/)./* (2) 

Hence , from (1) and (2), 

A/(a+c+e,(5+jA+/> = (a5)^+(«5<f)^+((5/j^, 

Ezepcise (97). 

j If a be the greatest of the four quantities a, 6, c, d and if 
a * h I . c I d, show that — 

1, h and c are each >d. 

V 

2 a—h>c—d 3 a+(f>5+c. 

If a : h : : c :’d, show that . — 

4*. #»a+«5 : J ; : wc+7/rf : d, 

6.' 7M0+W& : mc-\-nd : ; pa^qh * pc—qd 
6 a : 5 : : o+c ; 5+<f. 7. a® : . : «« +c* : j® 

8. a®'+c« : ; ac ; hd. (0 TJ Eutr Paper 1877) 

9. (a-c) : = a® : h\ 

10. (a+o)» : (6+d)® = a(a-c)® : 6{6-djS. 

(Calcutta Umverfiity Eutwnce Paper, 1888 
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11. — ae-\‘M : ao—M. 

12. «(fl+c) c® ; ; 5(5+rf) * 

13. c . d — \^rt"+c“ * tJb*-\-d^ 

14. a+5 • c+<? = */a ■*+*'* Jc^-^d^ 

15. «+5 c+d : * A/3a“+55= . Jsc=+5rf=. 

16. • fl"— ! . c°+tt?+r?" . c®— c<?+f?'. 

17. fl®+ffc+c® * <Tc+c® . * &®+6<f+iZ® ; J*— 

ICa;5 = c.<?=:c*/, show that 


3.8. (Calcnlti Umvcreity Entrance Paper, 1876 ) 

rf*o 

19 Of • 5^7 : : 2fl*+8c2+5c» : 25“+8<7“+5/®. 

•20. +£*+«’ • J^+if^+Z® :: CO : d/. 

(Calcutta Ennorsitj Entrance Paper, 1876) 

21. im+gc+rc * pi+gd+rf : . V«« * V^f 

22. I l ac+cc-i-ae id-i’df+b/. 

23. «®+c“+c® : 5® +<7®+/® • ace : hdf. 


24. •Ja^c^+c^o^ +0*6^. <s/6®(7'‘ +rf‘'/® +5V^ * T ccc : 

25. I£ a, b, c, rf, c be in continued proportion, 

Bhow that a , e I I a* : b*. 

2 7/2 


26. I£ 


find the value of 


5+c— a c+tt'-b a+b—c 

(5--c)2+(<j— a)y+(a— 5)s 

(Calcutta TJnxvoraitj Entrance Paper, 1878 ) 

27. If a I b : : c * d, prove that i 

a*+c® : 5®+<7® : : sfa^+c* : ijb*+d*, 

28. If a I b = c:d = ol/f show that 

27((.+5)(.+iO(e+/) = M/(5±i+5+f+!^j! 


1-28 
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29. If a :i :• c < 1 , show that 

ad+lc ‘ 2bd • . a^+c^ I al+cd. 

30. It a . i I’ c ' d, show that 

«2+&= ab+ad-lc : c'+d’^ : ed-ad-)rhc^ 

It a :b : :b c, show that — 

31. a^+ab+b^ b~+bc+c- = « c. 

32. = = 

a c 

-33. 

It a lb — b,c = r d, show that — 

“ 34. (6+cK6+<?J = (c+aXc+<0* 

‘ 35. (a+d)(b+c)—(a+c)(b+d) = (S-c)®. 

s Kics /a—b_,a-^e\^ (d—h il—c\^ , 1 I\ 

' 3 ®- (—+— j -(- 7 -+-r) 

37. .:J = |+i+' .1+4+1. 

b c d a b c 

38. a d’ ; o^+5®+c® 

39. If a b ’ c . d show that 

a®+a5 : C‘-\-cd * b^-2ab d--2cd 


40. If a , J = c * = <! f, show that 

(fl‘+&®)(ce+rf/)= = (c*+<?®)(ac+5/;“ = (c=+/®)(ac+gf7;®. 



CHAPTEE XX 

ELIMINATION AND MISOBLLANBOUS ARTIFIOBS 

1. Elimination. If there be equations involving 
oue unknown quantity they will generally not be satisfied 
by the same value of it For instance, the same value of x 
will not satisfy the equations a; +8 = 7 and aj+4 = 9 But 
this cannot be strictly said of the two equations aj+o = 7 
and x+f) = 9, where a and b have no fixed numerical 
values , the appropriate remark m this case would be “the 
two equations tviU be satisfied by the same value of x \f 
7 — rt = 9— 6, ori—B = 2,” Thus if one unknown quantity 
occurs in Uvo equations which aUo involve other algebraical 
fymfto/s, there always exists a paiticular relation between 
these other symbols for which and for which alone both the 
given equations are satisfied by the same valne of the 
unknown quantity The process of finding this relation is 
called the Elimtnahon of the unknown quantity from the 
given equations, and the relation obtained is called the 
niminani of those equations. 

Similarly there may be a question of eliminating two 
unknown quantities from three given equations. For ins- 
tance. the three equations = a, »+2y = b, x+Zy = c, 
cannot be all satisfaed by the same values of x and y unless 
the quantities a, b, c, are connected with one another in a 
certain way, and this connection it may be necessary to 
investigate 

A f evr simple cases of elimination will now be presented 
to the student, calculated to give him a tolerably clear idea 
of the subject, as' also to familiarise him with some of the 
various ways of dealing with such questions. 

Example 1. Eliminate x from the equations 

BiJC + Ji = 0, + = 0. 

From the first equation we have jc = — ^ , 
and from .the second equation x= — 2, 
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Evidently therefore both the equations ■will be satisfied 
by the same valae of as if ^ = — , or, = a^l^, 

di 

Thus O163 = OgSi IS the required Ehminant 
Elxample 2 . Eliminate 2 from the equations 

+ = 0, = 0 

Let a be the value of a which satisfies both the equa- 
tions. Then we must have 

= 01 

a^a^ + b^a + Cj, = 0 / 

Hence, by cross multiplication, 

a” _ g _ 1 

Cifla— C3O1 Oibg^—a^bi * 

^ 1 ^ 

fijCj — 6aC^ d-^b^—d^bi Vcifla‘~Ca2i/ ' 

whence, (JiC3—JgCj)(fliJa'“®92^i) “ (^i^a—CaCi)*, 

which IS the required Ehminant 

ESRiiiplO 3 Eliminate x and y from the equations 

/ axX+b^y+Ci = 0 ) 

a^x+b^y+r^ = o}- 
a^x+b^y+Cg = oj 

From the first two equations, by cross multiplication, 
we have 


_ V 


AjCa — figCj CjUj—Ca®! Oi^a— Cgti* 


X 


Uifia— Oafti ®i5a— Oa^i* 

If the third equation also be satisfied by these values of 
X and y, we must e-vidently have 

fl, ^i^a — ^gCi , Clgg— CpU, 

- ai 53 — Ua*! ® ai6a— ~ 

or, «s(M3-Mi)+J3(CiCa~Caai)-fC3(OiJa-«a5i) 
which IS the required Ehminant, 


CiUa— c-a 


XS] 
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Ezample 4. Eliminate x, z from the equations 
ox _ T}y _ z _ \ 


We have 


Also 


hy-\-cz 

or 


cz+ax 

1 


x+y 


by+ez 

2ax = by+cz^ or, 2ax—ly—cz = 0 
by _ 1 
2 ’ 


•(1) 


C3 + flZ 

2hy = cz+ax, or, ax—2hj+cz = 0 

Hence, from (11 and (2), by cross multiplication, we 
have 


( 2 ) 



X 

y _ 

z 


1 

1 

1 

—ea—2ea 

-~iab+ab^ 

or. 

* 

y _ 

z 

-Zbc ” 

— 8«r 

-Sci’ 

or, 

X _ 

y_ _ 

ca 

Z 

be 



- 1 +^ 


Supposing each of these ratios = A, we have 

X = It be, y ss hea, z = 1: ab. 

Substituting these values of r, y, z in the third equa- 
tion which is 2s = sc+y, we have 

2h ab = l{bc+ca), 
or, 2ab = bc+ca, 

A 

• » 

c 

which is the required Eliminant 

Note It may be noticed in this example that the three given 
equations 2ar — by — cr = 0, ar—2bt/+cz = 0 and 2z = x+y virtually 
iniolves tiro unknovru quantities instead of three , for they are res- 
pectively equivalent to c=0, 26^-^^-kc=n 

and 2 = '''’bich the only unknown quantities are 

UKl-^. 

z 

It 18 owing to this disguised character (so to speak) of the three 
given equations that we liave been able to eliminate from them the 
i/trfe unknown quantities, x,y,s, othcricisc the required elimination 
u ould ilot bo possible 
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Example 5. Eliminate x from the equations 

ajS+A = 3x+^ = 4:(a'’-63) 

Adding together the equations^ we have 

*3+8*+ -+-i = 8a3 

* *3 

or, («+.^) = 

*. *+ — = 2a . (1) 

z 

Sabtraohng the second equation from the first, we have 
x^-.3x+~~ = 853, 

* *3 

or, (25)», 

.% 35-1 s=: 26 . (2) 

From (1) and (2), by addition, 

2x = 2(a+6>, or, x = a+6 ; 

and by subtraction, 

= 2(a-6), or, i = a-b 

d} X 


Hence, (a + 6)(a - 6) = a: x -1 = 1. 

z 

Thus a^ — b^ s= 1 IS the required Eliminant 
Example G. Eliminate x, y, z from the equations 

®+y+s = a . (1) 

2(yz+zx+xy) = 6 ® ( 2 ) 

®My®+s®=c3, ^3) • 

8*ys = ff3 . . (4) 

Since «3+y®+s* = (z+p+zy^2(i/z+zx+xy), 

/. from (l)and(2\it= ^5) 
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Now, since 3®ys 

== (a!+y+2)(aj®+y“+z®— yz-s*— ay) 

= (®+y+s){(a;®+y“+s*)~(ys+z«+*S')}, 

•. from (8), (i), (1), (5) and (2), we mnst have 
c^-d^ = fl{(a»-&a)-i6»} 

= a^—^ah^, 

■orj 2a^— 8fl!6®--2c®+2rf® = 0, 
which IS the required Ehnunant. 

Example 7, Eliminate x, y, z from the equations . — 

(1) 2i®(y+cj = (a) y^(x+z) — J®, 

(ill) z^(x+y) = c®, (iv) xyz = abc 

Multiplying the first three equations together we have 
a“y^s®(y+2)(z+a!)(«+y) a= aH^e^» 

Hence, from (iv), (y4-z)(z-l-aj)(®+yi =a 1 ... (a) 

But (y+z)(2+a5)(a5+y) 

= (S'+s){®**+»(y+s)+ys} 

= a;®(2/+0)+a;<y“+2“+2yz)+yzy+s) 

= a;®(y+z)+y®(®+z)+s3({B+y)+2iy3, 

and . from the given equations it a= a® +5® +c® +2a&c. 

Hence, from (a), we have a* + &*+c®+2fl5c = 1, as the 
(required Eliminant 

Exercise (98). 

Eliminate x from the equations — 

1. a®*® — = 0\ 2. fipx®— & = 0 \ 

cz—d = OJ ca®— = OJ 

3. »na®— M = 0\ 4 «a®+&a+c=0\ 

= z+d = Of 

5. /a®+»»a+w = 01 6 ax^+^bz+e = 0) 

' az+b = of lz‘+mx-j-n = OJ 
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1 1 
®+ — • = 

X 


8 

2z+~=z5p+7q\ 


X—— = a—b 
z 



2x-~ — op-7g_\ 

9 

a^z^+b^z+Cs 

II II 

o o 

10 

a^z^ ■\-bxZ- -Vci = 0\ 
ff2«® + &a2®+C3 ~ 0/ 

11 


II II 
o o 

12 

ax^-^bx+c — Q (1)\ 
a* +mx-\-n — 0 (2)/ 

f 

13 

or*® + S®+c = 0) [Multiply (2) by ax and subtract 
z^+2z^ -rS =s OJ from the renting equation - 

we thus get amx^+(an — h)x—c = 0 
Now eliminate x from this equation, 
and (2)] 

Ehminato x and y from the equations — 

03 

ax+hy = m\ 
bx—ay = nV 
sB=+ya = 

ax+by 

Iz^+mzy+ny^ 

II II 

o o 

15 

ax+b = cy\ 

fliy+&i = CiXy f 

jB=*+ya = ij 


Eliminate a, y, z from the equations — 


17. 

X 

= a, 

y 

2+aj 

= 5, 

z 

~ — = c 

z+y 

18 

y—Z 

y+s 

= a, 

z—x 

z+x 

= 6, 

x—v 

MM C 

z-\-y 

19. 

X+£. 

= fl. 



ji 

—+V_-c 

z y 


z 


y z 


[Example 6, page 184, may lie consulted with profit ] 

20. a*(y— 2) = (I, y={z— a;) = J, 2®(aJ— y) = c, xyz ~ a. 

21. Eliminate a, J, c from the equations — 

Js+cy := a, az+cx = 5, ay-^-lz = c 

2. Ifflscsllaneous AYtifioss. We shall now worlr 
out some examples which require for their solution either 
^e application of some principle with which the student 
IS not alr^eady acquainted or some special artifice 

Example 1. Express (a!+8u)(aj+5a)(»+7«)(a!+9a) as the 
difference of two square quantifaes. (C U Entr Paper, 1887) 
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The given expression 

= {(®+3fl)(a+9fl)}{(a:+5fl)(«+7fl)} 

= {«» + 12flx+27fl=}{a:2+12fla;+35a3} 

= {(a3+12fl2+81fl»)-4a«}{(a=+12a*+31a*)+4c«} 
= {a'‘+12az+31fl“)^-16fl^ 


Example 2. A man receives — ths of Rs. 10 and after- 

y 

■wards —ths of Es 10 He then gives a-way Rs 20. Shovr 

that he cannot lose by the transaction 

(C T7 Entrance Paper 1881 ) 


The man receives altogether 

gives a^vay 20 rupees 

Clearly therefore he loses 



10 rupees and 


.£ rz+iV.io 

< 

20 

\y z/ 

c S’ . V 
f e, if — v~ 

< 

2 

y ^ 

1 e, if z®+y® 

< 

2xy 

i c,jf z®+y®--2ry 

< 

0 


t. c , if (a:— y)* be a negative quantity. 

But, -whichever of z and y may be the greater, (z— y)^ 
can nevtr be negative 

Hence, the man cannot lose. 


Note It rna-v be observed that there is always a gam m this 
transaction except when x = y 

Example 3. If ^ , prove that 

O+C 0+0 c+o 

o’+c® = 26®, or o+6+<; = 0. 

From the given relation, v?e have ^ 

a 6 _ 6 c 

6+c c+o e+a a+b* 

cia^-TiSA-ar _ flf6—cl+ 6®~c® 

(U+CHC+o; ~ tc+o)(o+6; ’ 



562 


ALGBBBiL MADE BAST. 


[Chap. 


{a—Dlfi+a—b) _ f&— c)fa+&+c) 

6+c ~ a+a ’ 

or, (a®— J=}(a+J+c) = (J®— <j®)(a+J+<J), 
or, (a+J+<!){(a®--i®)— (J®-c®)} = 0, 
or, (a+6+c)(a®+6®-26®) = 0 

Therefore eiihet a+J+c = 0 , 

oi, a*+<;®— 2&® = 0, 

and .*. a®+cs = 2ft® 

Note It mjij be obscncd in tins connection that ^\]ione\er any 
leHtion of equaht 3 is reduced to the form rp = xp, [or x( 7 ) — yj,) 
= 0], it IS onviouslj satisfied nflm (i) when x = 0,ot (ii) wlien 
P — Pt 1 and that of these two nJtermtne I’osnlts ive cannot acce))t 
one as the ow/y conclusion to uhicli we are led an/cxg it is knoiin 
that the other is impossible 

In the present example w Ime j-ot (a”— ft“Xa+ft+«) = (ft*— c-*) 
(rt+ft+c) as one of the steps in the solution, and it is not difficult to 
see from tins that it mould he a mistake to remoic the cottinioii 
factoi o+ft+c from both sides and sot down a*~ft» =: ft^— r' is the 
next step , foi the abo\c i elation mat bo true wot on iccount of 
fl*— ft equal to ft* — < fta/ on iccount of n+ft+r beinu equal 

to ?<■/ 0 Wo might 1 emoi e «+ft+r from both sides of the equation 
Jiomeier we know tint owing to ceitaiu restrictions on the i.ilues 
«ot T^o letters the expression a+i-t-c could notpossibl} xniiisli 

(oi 


Hence the onh Icgitinnte conclusion from the rohtion 

— Ojiis '’itftcj j =0 o; but wf/tsimph ‘ii=:n’’ 
rpf wheii f IS know n to ho nut cijmil to zero 


Example 4. Show that .£ = 1 , and 

a-ft+c 18 7ioi = 0, then 'i- = -L+J_. 

a b e 

{Calcutta Unisorsity Entrance Paper, 1875 ) 
From the given relation, we have 

c+a 

a c b 

I 

or, g~^+c _ ft(g— ft)+ffe+a) 
a ~ bo * 

t *■ 

ftfa— ft+c)4-cfc+a— ftl 

be 

_ fa— ft+cVft-l-fl^ 

be 
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Hence, aitMi ]■ a—l-\-c = 9, J 

Qj. JL — / [See note, last etample ] 

’a be ^ 

Bnt by hypothesis a— J+c is mi zero ; 

therefore, we must have — = ^.i^s= 4 +— • 

a be b e 

Examples. Show that if 

— then — = -I- = ~ . 

a b c 

From the given relation, we have 


+==) + +C“(®“ +2^“) 

= 2c6a:y+2flcr3+26cy3. 

Hence, by transposition, 

+ 6®*- — 2a63y)+(a®c® +C®*® — 2acis) 

+(Z>*s®+c=y®-*2Jcy2) =- 0, 
or, (ay— Ja)®+(a3— csr)*+(53— cy)® = 0 

Now, as none of the terms of the left-hand expression is 
>ieff alive, this equation cannot hold unless each of those terms 
s zero 


Hence, aij—hx = 0, 

az—cz = 0, 


IZ—aj — 0 , 



Thus we have 



z 

c 


Examp le 6. If a+J-i-c = 0, show that 

2(a*-l-5*+c<) = (a*-l-J®-fc®)». 
From the given relation, we have 
■a^h =—c, *. a®-h2a5-|-J® = c®, 

.*. a®-i-J®-c» =-2a&, 

(a® + &®-c®)» = 4a®6® 
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or, ff* + & ^ +<!* + - 2«®c® - 25*c^ - AjxH^ ? 

a*4.54+<;4 __ 2(ff3&»+5»c»+c®c®). ' 

Hence, 2(fl*+i^+<J^) = fli*+5*+<!^+2(fli®5®+J*c*+c®o®) 

% 

Hzazaple 7. If «+5+<? = O, shew that 

1 I » , 1 = 0 

From the given relation, we have 

a+J =— ^, .*. o® 4 - 2 a&+J® = c®, 

.*. c® s=— 2 ab. 


Similarly, &^+c*— =—2lc, and c^+a**— 5® = —2ca 
Hence, the proposed expression 
1 . 1 


— 2 bc^ 
a+h+c 


_+_l_ 

■2ca —2ab 


= 0 


Example 8. 


-^2abc —2abc 
If a-hb+e = 0, shew that 


a’ 


2 a^+bc^ 2 b^+ca‘^ 2 c^+ab 
We have 2a^+bc = a®+aa+5c 

= a^—a(,b+6)+bc [*■ 
= (a—b)(a—c) 

Similarly, 2&»+ca = J®— J(fl+c)+«* 

, = {b-€)(b-a), 

and 2c®+a6 = c®--c(fl!+6)+a& 

= (c— a)(c— J). 

Hence, the proposed expression 




+ 


== 1 . 


i=-(J+c)l 


a' 




<a — 6 )(a — cj ( 6 — c;(^ — aj (<j — a^c'— ip; 


a 3 


4 




(a— 6 Xa— c) ^ 6 — c^a — 6 ) (a — cj( 6 — c; 
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0^(5— c"^— 5°fg— c)+c^fg— 5) 
\a—b)[a-:^c)\b—c) 

aHTf—c)+h^(e—a')+c'^(a—'b) 

{a—b){a—e)\Jb—o)' 


\ ? 

Example 9. Prove that 

= *+(*+i)(y+|)(®+T)’ ^ ^ = 1- 

= 4+(*«+j») + (i+i) 

= *+( 7 +- 5 )(**'+ 4 ) 


Hence, the given expression 

= *+(^+4)(f+f+*+T) 

= *+(®+f){(f + t)+(f+'')} 

= 4+(s+i){(|.+j3,)+(|.+i)} [ 

= 4+(^+|-){.(i+3,)+i-(j,+i)} 
= 4+(,+i)(y+i)(*+i). 
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Example 10. If xij+yz-\-zx = 1, show that 
X , y z _ ^z 

Since icy+ys+cjB = 1, we must have 

ay+ys = l—zxy or, yips+z) = l—zx (i) ‘ 
yg+gai = 1— ay, or, g(y+a) = 1— ay (ii) 
ga+ay = 1-yg, or, a(g+y) = 1-yg (iiij 
Now, the given expression 

a(l -y“)(l -g®) +y(l ■-z^){l-x‘)+z(l -a®)fl - 7 /=) 

of which the numerator 

= a{l-(y®+g®)+y®g®}+y{l-(g®+a®)+g*a2} 

+g{l-(»®+y®)+a®y2}. 
= (a+y+g)-y®(g+a)— 2 ®(a+y)-»®(y+g) 

+xyz'yz+zx+xyy 

— (x+y+z)-yly{z+x)}-z{z(z+y)}~-x{x(y+z)}+xyz 1 
= (a +y +S) -y(l - 2 a) 1 - ay) - a(l -yg ) + xyz 

[ I>7 (!', (n), and ( 111 ) ], 
= (a+y+ 2 )— (y+a+a)+8ayg+ayg 
= 4®yg 

Hence, the given expression = , 

Example 11. If x+a be the H C. P. of x^+jpx+g, 
and a®+jp'a+y', show that o 

P-P 

Dividing a®+^a+y by a+a, 

x+aXx^+px+q/x+p—a 
< /a® +aa \ 


(i7-a)a+y 

ip — a)x+ip—a)a 


g-ip-a)a 

the remainder is found to be g—ip-a)a. 
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I 

Similarly, dividing by aj+cr, the remainder 

■becomes j'— (jo'— 

Now, since each of the given expressions is divisible 
by jc+fl without remaindei, the remainders thus found must 
be zero 

Hence, g—(p—a)a = 0\ 

and g’—{p'—a)a = 0) 

S-Q' = (p-y)fl'. 


or. 


« = 9-t, 

p-p 


Example 12. By performing the operation for extract- 
ing the square root, find the value of x which will make 
a:* + 6a;® + lla!®+8j;+31 a perfect square 

x*+Qx^+llx^ + Sx+Slfx^+3x+l 

X* V 


2®« + 8a!\6a:3 + 113:2 
76/2+ g^a 


2a;2 + 6a;+ 1 \2a:2 + 3a:+ 81 
/2®2 + 6a;+ 1 


-3a:+80 

Now, in order that the given expressions may be a per* 
feet square, the remainder (— 3a:+30) must be = 0, and’ 
therefore 8x = 80, or a; = 10 

Hence, when x = 10, the given expression is a perfect 
square. 

Example 13. If x(fi—c)+y(p—a)+z{a’-i) = 0, 

then will ^ ^ “1=1?;. 

0 —c c—a a—o 

We have 

and identically also, a(6 — c) + ^(c — a) + c(fl5 - 
Hence, by cross multiplication, 

h—c ' c— fls a—h 


a:(5— c)+y(c--a)+ 2 (a— J) = 0\ 
■■ 5-5) = 0/ 


cy—bz az—cx ~ hx-~mj ’ 
hz—ey _‘ cx-'az _ ay— lx 
h—c ~ c—a a—b 


whence. 


c—a 
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Example 14. Solve a:+y+2 = a+J+tf 


!Prom (1), 
Trom (2J, 


i+^+-|-= 8 . , 

a 0 t 

ji+jj+Ti - V+T+T 

(iSr-a)+{p-V)+{s-c) 


[Chap. 

(1) 'i 

( 2 ) 

( 8 ) 

J 

= 0 


•^{x--a)^~{y-b)+~{z-c) = 0 . 


Hence, by cross multiplication, 

x—a v~J> s—e 


b 


a 


b 


a 


•and supposing each of these fractions = Ic, we have 

, b—c , 7 c— a 7 a—b 

x—a = A: - 7 — , y— 0 = Ti 1 g— c = Tc.- 

be ^ ac 


ab 


•(«) 


NowfromJ(8),~(®-a)+^(y-6)+-^(g-c) *= 0. 

Sabsbtufcmg in this equation the values of a;— a, 
s—c, found above, we have 


.{i 


b—c 1 , e—a 1 . a—b 1 


be a* ca ft®’'" ab 'e 


i- 


^}=0 


or, 

or, 


, 8cf6— cl+ca(c— a)+a5fa— J) _ ^ 

^ (6—flKg— c ) _ Q [li'onirala20,page 963 
a^b*e* 

= 0 , 

•since a, 5, c being imphedly unequal, none of the factors 
b—c, a—b, a—c is zero. 

Hence from (a), 

x—a — 0, or, a = cl 

_ I ' 

y^b = 0, or, y = 5 
z—c — 0, or, s = cj 
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JSxample 15. It a = cy+hZt y = os+c*, and z = hx+aij^ 


show that 


a* 


s» 




l-a» “ l-c»* 


Prom the given relations, we have 

'B—ey—bz — 0 . • . 

cx^y+az = 0 ... 

hx+ay—z — 0 

-Prom (1) and (2), by cross mnlhphcation, 

g -= y = ^ 

- —ac—b —be— a — l+c“ 

X _ y __ z 
ac+b ~ bc+a l--c“ 

Similarly from (2) and (8), 


( 1 ) 

( 2 ) 

( 8 ) 


} 


X 


= y = 


z 


- 1 — 

and from (1) and (8>, 

a ® 


rt6+(j ■“ 1-6* 

Ifow, from (4) and (5\ 


6c+o 


(4) 

( 6 ) 

( 6 ) 


-and 


and 


a 

z 

ac+6 ~ 

1-0* 

a _ 

z 

1-0^ “ 

ac+b_ 

from (5) and (( 

a _ 

y 

1 

a6+c 

a _ 

y 


a* 

whence, i = - — 

L— a-* 1 — 


whence, 


a* 


l-a** ■“ 1-6“ ' 


Hence, 


a6+c ’-I— 6* 

*’ __ y° __ g» 


l_fl3 ^ • 

SzamplS 16. Show that if aa+ 6^+03 =: 0, an< 

•^+4'’+“ = 0, then will 
X y z - 

aa® + Jy * +cg* + (a+ 6 + c)(ay +yg+ga) o. 

1 — 21 ' 
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From the given relations, we have 


az-\-hy-\-cz = 0\ 

= 0/ 


and ayz-{-bzz+oxy 
Hence, by cross multiplication. 


and 


xiy^—z-) y[?^—z*) ~ 
each of these ratios 

ax^+Tty^+cz^ 


and also = 


Thus we have 


x'*(y*—z*)+y^{z^—z*)+z^(x^-.y*) ’ 

g-t-ft+c f 

X(y^ -z^)-ty^fi* -X^)+Z{X^ —y*) ’ 

[ Art 14, Chap XIX J 
g®“ + 8y“+ft?“ 

g+^+c 

x{y^~‘Z^)+y[p^--x^)-\-z(x^-y*)' 


Hence, 

g+i+c 

_ V)+y^(g°~g°)+g°(a;°— y») " “ 

^*{z-y)+y^{x-z)+z*{y-x) 

= (y-sl(g-s)(g-yKgy+yg+ga;) [ g^e Example 10, 

— ly— y) page 125 and ” 

= -{xy+yz+zx ) , paSV^’*^:^ 

whence, ax^ -k-ly^ -^cz^ -{-{a+l-^-cXxy-^yz+zx) = 0 ' 


EzaDople 17. If show that 

g 0 

a!°+g° ya + &3 _ (g+y)g+fg+^)3 
g»+g*-* y* + 62 (g+y)s+^g+jja • 

Let each of the given ratios ='Z".' Then we have- 
xys= ak and y IP, 


Hence, 


^ y3+i3 __ g3(^3 + l) ^ 
g“+g2 y-'+d> 

_ 0 (^+ 1 ) IW-jfVS 
A‘+l *»+i 
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_ (7r3 + l)(a + J,® 

^{L^ + l){a+b)^ 

= + + 
l*(a+b)^+<a+b)^ 

lj^+lb)-‘ + (a+b)^ 

_ (<r+i/y + (a+b]^ 

~ (*+y)“ + («+7>j“ ’ 

Example 18. Show that (bcd+cda+dab+abc)^ 

—abcd(a+b+c+d)^ = (bc—ad)(ea-~bd){ab—cd) 

■\Ve have (dai+cda+dab+abc)^ 

= {cd\a+b)+ab[6+d}}^ 

= c«/7»(fl+h)»+2a&c<?(ff+i)(tf+rf)+g®h®(c+<0° . 

and (c+h+(5+dj* = (a+5)*+2(o+J)(<J+rf)+(c+rf;®’ 
Hence, the given expression 

ss: c^d^{a+b)^ ^a^b^(c+d)^ —abcd(a+b)^ —abcd(ci-d} 
s= db{c+d,^(ab—cd)—edia+b)^[ab—cd) 

= iab'-cd){ab'c+d)^ —cd(a+by} 

= (eft— crf;{a6(c^+<7®)— «7{a“ + &*)} 

= {ab—cd){ac{bc—ad)—bd{bc’^ad)] 

= {ab—cd)[bc—a<l (ac—bd). 

Example 19. Show that the following expression is an 
exact square — 

{r^ -pzy+(i/‘ -«*)* +( 2 ^ -zi/y - S(a;» -y3)fy* -g*)(23 -«y). 

Pnthng a for x^—ye,b for^®— saand c for z^’-xyy 
we have the given expiession =s a^ + J'+c* — SaJe 

= (o+h+<?)(a®+6®+c®— 5c— ra—flj) 

(Pornutla 18 page Ofi ) 
= i(fl+5+r;{(a-5)®+(5-c)®+(c-a^9} .. . (i) 
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Now, a—h = ^J/z)—(y^ —zz) 

— (a;2-y=)+2{a~y) 

= ix-~y}{x+y+z). 

Similaily, J— c = {y-~z)[x+y+z), 
and c~c = (z—x)ix+y+z) , 

whence (a-='5)=+(J— c)®+(c— «)“ 

= ix+y+zy{ix—y)^+(y-‘&y+(z-xy} 

= 2{x+y+zy(x^-hy^+z^—y2—zz—xy). (2) 

Also, a+b+c = x^+y^+z- — i/z—zz-~xy, (3) 

Therefore from (!', (2) and (3), the given expression 
= +y* i-z^—yz—zx—xy) 

x{2{x+y+z,Hx^+y^+z^—yz—zx'~xy)} 

= {{x+y+z){x^+y--^z’*-‘yz—zx-xy)}^ 

= (x^+y^+z^-dxyz)-. 

SzamplO 20. If — + i + ~ =5 - - , show that 

HOC ( l - j -0- j~C 



\a b cj o»"+»+6“"+^c*’*+‘ ’ 

where ti is any positive integer 

From the given relation, we have 
gc+gf^+c) 1 _ ^ 

abc a+b+c 

*. {g(J+c)+Jc}{g+(d4-c)}— gtc = 0. 

Now, the left-hand expression 

= o*i6+-c)+g(&+c)a+Jc(d+G) 

— (6+c){a»+g(&+c)+Jc} 

— (&+c)(«+5)(g+c) ; 

* (J+cKo+5)(«+c) = 0. 

Hence, either J+c = 0, or, a+b = 0 , or, a+c = 0. 
Taking b+c s= 0 wc have c =—b. 

Hene. (i)»- 
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1 

1 

•* A. 

[ .* 6 ^"+^ s= (— = — 62BJ-1 ^ see foot note, pt^e lO^J j 

The same result would follow if either a+c or «+& -- 
-were taken equal to zero 

Example 21. Ha-ving given a;=&y+c0+di/,y=flKr+cz4-rfKr 
^ = at^ly \-du, and u — ar+J y+cz, show that 

- ^ ^ l+a^l+ft^l+c^l+rf 

Putting P for cz+Jy+c0+rfrf, we have 

■a+oa! = (iy+cz+ff20+<*® 

= P,<ir.®(l+«) = P, . _ = ^ . (1) 

y-Vly = {ax+cs-\-du)+ly 

= P, or, y(l+J) = P, •. = . (2) 

= (ffr+Jy+(fM)+c0 

= P. or,r(l+o) = P, •. . . (8) 

u\-du = Coa:+Jy+c0)+rfK 

= P, or, = P, /. ^ (4) 

Hence, from (D, (2\ fS) and (4^, we have 

H>a'^l+6'*'l+c'’'l+£f P'^P’^P'^P 

__ ^+Sl/+C2 + <f« 

P 


= 1 



374 


ALGEBRA MADE EASY. 


[OHAP,' 


1 . 


2 . 

3 . 

4 . 


5. 


6 

7 . 

8 


1 . 


2. 


3 . 


4 . 


5 - 

6 

7 


8 . 


Miscellaneous Exercises (4). 

I. 

Find the value of -{-y* +z){x—y—^s)—^>Jvy *2“*, 
when flj = — 1, y =— 8, 2 s= l . 

Simplify Sa-^2'J>-‘C)~-{2(a—h)—Zie+a)}—{d6—4:'c—a)}. 
Resolve into factors S(a + — 2(a® — &*) —a'a + 6} 
Divide 2*^— •r0x^y+252®y® — 81/y®+^0y* ^ 

by as* — 32y+4y^. 

cs I i; ^ <*5® 

Simplify — — — r . 

a+o {a+6t=‘ {a+6)'^ 

Solve the equation - . ' 

’ aj— « a;-ho x 

If ^a;+ = 8, prove that = 0. 

S.mpl.fy ' 

II 

Find the value of (2a+5)(«— 6)+(2&+6){&— c) 

+(2c+a)(c— fit', when a = 1, J = 2, c j=:— 3 
Divide 1+8*— 24a!® +82* by 2®“+ 3a:— 1. 

If *® + 7*+<! IS exactly divisible by *+4, what is 
the value of c ? 

Find the H 0. F of **—8*®— 2*® + 12*— 8 and 
*®-7*+6 


Simplify 



15 

*-8 


)( 


I 

b 


:JL- 

a:+7 



Solve the equation 


- 0 


8*-l' 5*-7 
8 12 


7*— 5 


If a:— — = 1, prove that *®— 4- = 4. 


24 
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in. 

1. Find the viilne of — c^) + —a®) 

• 4 -c®(a=*—&^)}-r(&c+Crt+rt&), whena = 8, & = — 2» <5 = 4. 


2. Simplify 


l+a.l-a 1+a® 1~»“ 

•T 


3. 

4. 

5. 


l^x'l+x 1-z^ 1+x* 

Resolve into factors o®— J“ + 65c— 9c® 

Find tlie H 0 F. of + a® and 

5i“-8era:“-5a®a;+8a'’. 

Find the L 0 M of a;®— 5a;+6, a;*— 4a;+3 and 

a;®-8i+2. 
a:''-+5a:*+82® + 4a?® 


6. Reduce to its lowest terms 


7. 

6 . 


Solve 
If fl . & 


.1 +.J_ 

a:+3 a:-2 


1, Simplify 


»“+«■* + 8*® +8® 

2 

x-~7 
X : yt show that 
ah yy : + . ®®+y®, 

IV. 

*y®“— y*+® 


2. If the product of two expressions be 
and one of them bo a®— find the other. 

3. Resolve into factors — 

(i) ®?+®®— ®— 1 ; (ii) a®d®— c®— &® + I. 

4. Show that (u®+Jy)®+(J®— cry)® = («®+J®;(®®+^®). 

5. Find the L C M. of 8®® +27, 16®* + 86®® + 81 and 
G®»~D®-G. 


6. Solve 


8® --4 


® 


~ 8 . 


4® +8 

7. Find . md 2, .£ 5^ = « «i. 

8. If — ~ — = — 7-7- — 7~ — , show that each 

a-t-c—c a— 4»+o e+c— a 

^f these fractions 5= ' 

a+6 tc 
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1. Simplify 


g3~25y° g°-4y° 

aj’+Saiy— lOy® ^s®— 3®y— lOy* * 


2 Dmde by o+5+c, 

and find the factors of the quotient 

3 3 

3. Find the value of > when ® = c + 8, y = a— 3. 

+y“ 

4. Find the square root of 

5. Show that (a® + i®+<;»)fa®+y® + g®)— (aa+Jy+ca)® 

= (ay— J®)®+(5a— cy)®+(ci— us)® 
6 Subtract from 

-2+ ^/5 

- 7. Solve 2*x4'' =s 32\ 

/ 8*-9^ =8/ 

n/ 8. If o • ^ : c : d, show that (a®+c®)(J®+d®) 

s= (ai+cd)° 


YI 


'1. Eeduce to itsfsimplest form the expression 
3gl--y®l® a+a!)®a--a;) . 2gy®(l-g) 

ys -2'* _ * ® * 

2. Multiply g+&+ — by a— &+• — 

a 0 a 0 

3. Divide a*— 2Ja!®— (a®— 'J®ja:®+2a®&jJ— fl®}® " b 

a®~(a+i)a+aJ. 

4J If fl = y+a, J = a+a, c = a+y, then 

g® + J’+c®— c5 s= ya— aa— j;y, 

5. Reduce to its lowest terms,' 
8a®~2a®-j-16a— 48 


6. Solve 29, 1-A= 2. 

ay -ay 

7, Solve 2a+3y>-8s+85 = 0, 7a— 4y+s— 8 
vl2a— 5y— 8a4-10 = 0 


= 0 -, 
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8. If a : i — c . d = e :fj prove that 
_ a :T> ijTn‘‘a-‘ 

VII. 

1, Divide -2a!«j/-8 + 17aCir^-52' -24*«y*by -z^y-'* 

2^ Find the H. 0 F of c*' 1 and 

»s»a8 +2(r-*fl= ~e»*- 26"’+ - 1 . 

aa + jp-co-rffl 


3, Show that !• 


Z\jib+cd) 

(fl+c+^f— i)(6+c+<7— a) 


^[ab-^-cd) 

■ A o flS(2=+2/3)+iBSr(a®+J») 

-4. Simplify 


5 Solve 


ab{x^ —y*)-^xy{a^ — b^y 
x—4: S’— 6 ®--7 a— 8 


x—5 x—b *—8 a:— 9* 

6. Show that if each of the expressions aj® ■\-px-\-q and 

x^-\-p'x+q' be divisible by aj+«, then a . 

P-J7 

7. A bill of £120 was, paid with guineas and half- 
crowns, and 48 more half-crowns than guineas were used ; 
find how many of each were paid 

8. If a : & c d, prove that 

4a®-i-6&® 4c®+5d* a^b^ ' c^d^ 


. VIII. 

1. Show that {ax+by-^-czy-^-ipz—ly+azY is divisible- 
by (a-l-c)(aj-l-g). 

T 2. Resolve into factors', — 

(i) (J+c)2-6a(&+c)+5o= ; 

(u) jf® + 2a:y + c* — 2ay. _ 


•* 1 

\ 


3 . Simplify 


46-‘c?-(o*-6*-c»)« 
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4, If a-i*5 + c = 0, show that 

a*— Jc = b^—ca = c^—ab. 

' 5. Solve 3(»+S)’+5(a+5)® = 8(x+8)» 

6. Extract the sqnare root of 

25®-* - 12®+ 16®-« +4®-^ -24®-* 

7. Find the values of ®, y, s if ^ = 4, 2 ® = 9, ay = 25 

8. If a : b :: c , d, show that / 

rt(<i+&+</+rf) = (<i+i5)(fl+ c). 

IX. 


1. Find the value of 

■when a — 1, b = 2 and c = —3 

X 1 ®f®*+8) 

'{a+iy 


2. Simphfy 


5. 


3, Resolve into factors u* r* 6“ + 8s&+ 1 

8® +19 


Sblve 


Show that 


5®~12 
1 1 


18 


+ 


(y-sj* ‘ (2—®)* ‘ {x—ff}-- 

= f-i-+-i-+Xv ' ^ 

\y—z s—x . x—yi 

6. Solve ®+y : ®— y = 5.8, ®+5y = 86. 

7. Find the time between 8 and 9 o’ clock, when the 
2iands of a clock are at nght angles to each 'other. 

8. If a : J : ; & . f, show that - ' 

(ff+J+cX'ff—^+c) = fl^*^+S* + c®. 

... V 

X. ' 

1. Divide 27^3 - 863 _ 27<;3 — 54c6c by 3a —2b — 3c - 

2. Find the H C F of ®® + ll®3— 54and ®®+llz+i2. 
8. Resolve into factors (c* — +y*) + 2 {fl* + 6 *) 3 'y* 

£!+^_9 iLA ^ 


■4. Simplify ^ 

T 




(g+6)a 

ab 



6. _ Solve 
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5. Show that + J®(c+fl)+c»(o+J)+fl&c(«+6+<J) 

= («“+5*+c^)(ic+ca+(z6) 

J2x = 

7. One man and two boys can do in 12 days a piece of 
'v.’ork which would be done in 6 days by 8 men and 1 boy, 
'How long wonld it take one man to do it ? 

8. If « : J lie, prove that 


1 , 


2 . 


3. 




XI. 

Show that (a’+jy+y^)®~4zy(a;®+y°) 

= (z”-zy+y’)*. 

Resolve into factors — ' 

‘ (i)- a® ~2»*— 2(/wf— J5c) , 

(li) a:®— y“— c®+2y3+a+y--z 

Extract the square root of 
Oz® (.j- 2a , „ . 

fl=+9z““« Sz"**^ 


y^L. Solve z+2y+Sr = C, 2z+iij+z = 7, 

3z+2y+9g = 14 

5. Find the BE 0. F. of zV'-«V®-'15®V+88zy* 
— 14y= and z''-7zV+21z3y»~84zV+28zy*. 

6 A man bnys 670 oranges, some at 16 for a shilling 
^ . he sells them all at 15 for 

n shilling and gams three shillings , how many of each sort 
'does he buy ? 

7. Simplify' — 

8. If a : & =s c d = e ' ft prove that 

(a^+c^+e^)(b»+d<‘+p) =z (ah+cd^tf)^o 
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1. If a = a-^-d, y = 6+^ and s = c^d, show that 
+y®+s®""y2--0a“ay = a®+5“ + c“ — Jo— ca— o& 

2j Simplify 

* y+g . g-ba? j g~l~V 

(y® — a2)tg“ — ay)’^(2® — ay)(a-* —yzyix^ —yz)[y^ — ag) 

3. Eesolve into factors — 

'(i) a°“-2aa— 5®+2aJ 

(ii) a“+(a+J+c)a+flJ+ffc 

4 Find the H.C F of 6a^-2a3 + 02!a + 9a-4 

and 9a* +80® “—9. 


5. Solve 


6®+18 8a+5 23 - 


= 0 


15 5a-25 5 

6 A and B can together do a work in 12 days , A and' 
C in 15 days , B and 0 in 20 days , find m how many days 
they will do the work, all working together. 


7. 'Simplify 4Vl47-8^-6^i+18,yj: ' ' ^ 

8. Show that, if a y • . a * J, 


then will g!±£+i!l±|! = . - ■ 

a+a y+b a+y+a+J 

XIII ^ 


1. If 2« = o+J+c, showjhat 

a{h-c){s—ay + Hc—a)is—by+c(a—i)(s—c)^ = 0 - 

2. Show that a® +a®n® +a® is divisible by a^ + 


'3. - Simplify 


fr^—yz 


y*— 03* 


2® -ray 


(a+y){a+0) Jy+2)iy+a)^<g+a)(2+y) 


4.' Solve 


a®-— fl® , a® — J® . a® — c®‘ 


a— o 


a— c 


= n + J+c— Sr* 
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' 5. 'Find liow many gallons of ^^ter mnst be'mixed 
‘\vith 80 gallons 6f 'spirit which cost 16 shillings a gallon, 
so that by selling the mixture at 12 shillings a gallon there 
may be a gain of 10 per cent on the outlay. 


6 

7. 


Simphfy 




Simphfy 

8. li a c, prove that 

a^+ab+l^ . 6»+‘5c+c“ 


XIV. 

1. If a+&+c = 2s, and +a6+s“ = 2s(a + 5), 
show that («—8^^ + (A—s)’+(c—sj* = s** 

2 If a+abe a common factor of xf+pz + g and 

,*a’ +l3;+»i,'Show that n = ^ , 

l-J> ’ 


3. 


Siiputy ’±W«+Zr5^. 

" ^ 7-3175^7+8 


Solve 


g-S a-b 
x—arz—b 


a 


x—a ' a— 6*‘ 


5 Solve 


V+g— g _ z^rx—y _ g+y— g j 

0+c c+g - g+6 


- 6. A can do a piece of work in 20 days, which B can do 
in 12 days. A begins the work, but after d time B takes 
his place, and the whole is fimshed in 14 days from 
the beginning How long did A work ? ' ^ ' 

7,_ ^Express (g+gX®+^g)^®+8gXa!+4a) as "the difEer- 
■ence^of two squares. 

8/ Show that if a(y+g) = J(g+g) =a c(g+y), 

ihen .^'-y - , - - 

-a{b--c), b{c'-b) c[a—b)' 

* ” * - ‘’t 

1. For what value of i will g*+2gg®+(g*+8)g* 

' " . + (4g+ah'g 4-^6 be a perfect squire ? 
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Prove that (J — c)(l + ah){X + ac) + (c — ff)(l + + 5fl)> 
+(o~5)(H-ffl) l+c5) = {i-‘e){c-a)(a-b). 

3. Simplify 

1 1 r ^ 

x*+x-‘+l'^x+ Jx+l^x— Jx+l~'x'’—x+l ’ 

4. Find the H. C F of 2x®+(2fl— 36)iB“--(2(&+3fl5)a> 
48&® and 2x“— (8J— 2c)x— 3Sf 


5 Find the value of rr — }- - — , 

2no" — 2»x '2nb'' — 2nx 

a"+i" 


■when X = 


Q«i « 20X+39 5r+20 4r , 8G 
!/ 6. Solve ■ g g— + o - ^ 


8X-16 5^25' 


7. A vessel is filled with a mixture of spirit and water- 
70 per cent of which is spirit After 9 gallons is lalcen out 
and the vessel filled up with water, there remains 68^ per 
cent of spint, find the contents of the vessel 

8. If aj~s : ij—z : : : y®, show that ' " 


x+z : y+c : ~+ 2 •-'—+2 

y ® 


XVI. 


1. Find the H. 0 F of x®+2x*— 5*®--7«+8 andf 
3x® — 3x^ — 18x^ +«“ -f 2X.-1- 8 

2. Solve is/2x— 1-1- VSx— 2 s= >/'>«— t. ' 

3. If {fi-\-T}-\'C)x — (— a-l-5-l-c'y == _ 


= (a-l-J— c)?A', shew that -i-1- — +J:. = -ll, 

y z ^ -w 


X 


4. Soho = 


X 


y 


8 Jx—f/ 3 slx^y 4 
“ '6 J 


y 


X 


5. Kesolve into factors ax(y^ + J®) -1- hy(hz^ +a^y)^ 
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- 6. Fjnd the continued product of 
•/<*+ fjb— »Jc, Ja-— Jb-{- Jc,, 


njc, 

Ja - 


— c+J c y .a^+ab c^+cd 

7. if = -r » = -7 

fl—i d ab~-b^ cd~-d^ 


8. Each of two vessels contains a mixture of wine and 
A\ater , a mixture consisting of equal measures from the 
two vessels contains as much wine as water, and another 
mixture consisting of four measures from the first vessel 
and one from the second is composed of wine and water in 
the ratio of 2 : 8 Find the proportion of wine and watei 
in each of the vetsels 

XVII 


1, Find the H C F of a!®+2®+2z+2 and a:‘*+ 2 *— 1 

2, Solve J y-' - Jy— ji = JlQ—x] 

Jy—x : ^/^o— » : . 8 : 2 j 
3a Find the value of 


4. 


Show that 


a*(6— cj+6=(c— o)+c®(g— 

= c5+Jc+ca» 


5 If «+ J+c = 0, show that 

4(J»c»+c2a»+g^&») = (g3+J»+c=)\ 

Hence, prove that 

(y-s)®{z-*)*+(s-a)’(aj-y)»+(!e-y)®^-e)a 

— ys— S2— ajy)*. 

6 One of the digits of a number is greater by 5 than 
the other. When the digits are inverted the number be- 
comes ^ of the original number. Find the number. 


7. 


Simphfy 


8z® +ic’— 5z+21 
6a!®+29z“+26®-2l’ 


8. If 8(«®+J’*+c®) = (a+J+c)*** show that fl = J = c. 



584 


ALGBBBA. SIADB EASY 


[Chap. 


1 . 


2 . 


XVIII 

Show.that {(as— 2 )“+(s— a)®}** 

= 2{(a!-y)*+(y-2)^+(2-a;)<;. 

SOITB 


3. Eesolve into factors — 


(i) Ux^^S7x+5 , (n) (l+fl)=(l+c“)-a+c)“(l+a“). 
(in) m* — «* +2«(»»® +M^)— m)“. 

4. A baker charges for a loaf which he represents 
as weighing 41bs , but which leally weighs Bibs 12 oz After 
he has sold a certain number of loaves, he is detected and 
fined £5, and thus loses five shillings more than he has 
•cleared by selling short weight How many loaves does 
lie sell ? 


5. Simplify 


6. If 


a— 6 d—e e—a a+b+e 


ay+bx bz+cy cx-^-az ax-k-by-^cz 


, then each 


•of these ratios = 


x-vy-\rz 


, supposing C+5+C not to be zero 


7. Solve a!(a;+y+ 2 ) = 24, y(a;+y -i-z) = 48, 

' 2 (a:+y+s) = 72. 


S. Eliminate x from the equations 

. -7 1 - 

a+c s= dx 

X 

a—c=: — —bx 

X 

XIX, 

1 

1. Solve (a;»-2aa!+8a“)^+(a“-4fla!+5a’*)i 

r = (z®— 6a»+7a®;^+(a;“— 

2. Shew that 

■ a(a+b)(a+ci b(b-f-a)(b+c ) , g(c^f a)(c+^) __ ^ 

(a—b)^a^c) (b-^a)(b-cj {c—a){c-b) 
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3 Simplify . 

^ * c-‘—bc—ca-f‘ab 

4 If m gold coins are equal in'weight to n silver coins 
and p of tlie former equal in value to q of the latter, com- 
pare the values of equal weights of gold and silver. 

5 If a = &+C, y — c+fl, z = fl+&, show that 

Says = 2(a®+&®+c®— SaJc). 

1.1 1 


6. If 


b^{a-‘cya'*{b—c) ab{fl—c){fi^c) ’ 


prove that_i + i. = — , or, + = ah. 

a 0 c 


7. Simplify ^ (V12- J8H j/3+s/2) . ' 

‘ 8 Ehminate a and y from the equations . — 
(6+c)a+(<;+a)y+(fl+&) := 0, (c+a)a+(rt+5)y+(6+c)ss0, 
'(a+ 15 ^a+(J+c)y+(c+fl!) ~ 0 . 

XX. 

1 Show that fl(j+c)’+5(c+fl)“+c(fl+5)=— 4fl5c 

= (J+c)(c+o)(a+ 6 ). , 

2 If a+a be a factor of a®a®— 5®a®+a<;®a+3a®5c,and 

if a is not equal to zero, show that a® +5®+c® = Zabc 

3. Simphfy — 

a. ^ 1 a^ 

^ a(a» -c®)^6^6»-a’‘K&» -c‘‘)'^c(6a-.6»)ic*-a®> * 

' 4 Divide a<(5-c)+J*(cJra);i-c*(a-5) by 

(a— 5)(5— c)(c— a). 

6 If a+5+c = 0, show that a® +5® +c8=6a5c(c= — a5). 

6 Solve ® ^ 


a+a— c'**a+6— c 
7. Solve aa+iy+fiz = 

2a . 2y 


= 2 


= 1 

^»+c”*'a+c 


1 . 1 
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8 A person starts to walk at a uniform speed without 
stopping from Katak to Jobra and back, at the same time 
that another starts to walk at a uniform speed “without 
stopping from Jobra to Katak and back They meet a mile 
and a half from Jobra, and again, an hour after a mile 
from Katak. Find their rates of walking, and the distance- 
between Katak and Jobra. 

XXI, 

1 Show that {(J+<5j^+(c+a)*+(o+5)“}x c> 

+ i®(c— a)+fi“(a— &)} = 2{a*\Jb — 

2. Show that 

(6-c)3 (c-ay ^ 

(a—b)(b—cy [^b—c){c—a) 

3 If a+J+c s= 0, show that 

o®+fl6+i® = 6“+&c+c® = c“+ca+a®.. 

4 If s = a+5+^ prove that - , 

(s-8ff)» K5-3J)»+fs-8c)» =8{(o-J)»+(&-c)”+(c-o)®}. 

6. Resolve into factors + 2ab —2ac~-Zb^ +2bc 

6. Find the H 0 F of a;*— 2®® + 5a; “—4® +8 and 

2a;*-a;® + 6a;»+2a;+8 

7. Find the condition that «a:®+5a;+c and 

fl'a® + Vz-\-c' may have a common factor^of the form «+/■ 

^ I 

8. If a 5 = J : c = c a, prove that 

a = Va»T6®c^Ta^ Jb‘*c+d*-{-b^cd^ 

XXII. 

1. Show that a(6— c)(l+a&)(l+ac) 

+ 5(c - a)(l + bD){X+ ba) + c[a—b) (1 + ca)(l + cb) 

= aJc(a— J){a--c)(&-tf).. 

2. If a+J+c = 0, show that - - 

+c^ = lalcifi^^^ab)^. ^ 

3. Show that if a®*-4-Jaj+C' and a^as^+J'a+c' have- 
a'common factor of the form »+/, then will (ac'— a'c)* 

= (f/-5'tf)(a&'-a'^) ' ^ 
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4 A and B ran a race , B has 50 yards start, bnt A 
runs 20 yards while B tans 19 What most be the length 
of the course that A may come m a yard ahead of B ? 

5 Show that 

jo+g+r g(4p+8r')— r(;a+r ) _ fy-g+r)” 

P-a P^-g^* 


6 . 


Show that 


fga - +(5° -- + fc° 

(a— A)® + (6— c;“+ic~«)® 

= (ff+J)(J+c)(tf+o). 


7. Solve af+y +2 = 2a+-25+2tf, flr®+Jy+cs = 2ic+2cff 
+2fl5, (5-c)a!+(c— «)y+(a— J )0 = 0. 


8. Eliminate y, 2 from the equations — 

flr+fy+&2 = 0, cas+Jy+ffs = 0, 6a!+ay+c2 = 0. 


XXIII. 

1. .Show that (J--c)(l+a*J)(l+c®6) 

+ (c- 0)11 + i=c)(l + 5=0)+ («- 5)(1 + c»a)(l + o» 5) 

SSI oJc(o+&+c)(fl— &)(a— c)(5— c), 

2. Find the L 0 M of 21a*— 18x+2, 28a!* — 15®+ 2 

and 12®*— 7®+I. 

3 Show that (®+y)^—«^—y^ is divisible 

by (®*+a-y+y*)». 

4. If 2s = 0+5+c and 2/* s= o*+J*+<;*, show that 

' (;* -o*)(^* ~i=) +(/“ -&*){/* -c»)+(i* -<;*)(#* -«*) 

= 46(s— o)(s— &)(s — c). 

5. If (l+®®'+yy'y* =(l+»*+y*)(l+*'*+y'*), 
show that su = a' and y = y/ 

/ 6. Simplify 

ah g— 6lCg*+^°>+&c(5— 6 (S*+c’)+coCc— g)(c*+o* ) 
o-'A®vO— *;+J*<J*^*—c;+c*o*(c— o) * 

i 

7. If o+i+tf = 0, prove' that ~ 

rt^ + J^+c® _ o*+6*+c® ''o* +£*+<?» 

5 ~ 8 ' 2 * 
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8. Eliminate a and y from the equations — 


oaj -f-Jy = n/o" +b^, - 15-i-n * 


.+ 

jp- g 


XXIV. 


= 1 . 


1. Solve I8 + y+2 a= o+i+c, 

ix+ci/+az s= ex+ai/+iz = oS+Jc+co 

2. Divide 248 into three parts such that one-half of 
the first, one-third of the second and one-fourth of the 
third part shall all be equal to one another 

3. If Ua^ + h^+c^+d^) = ia+b+c+d)^, show that 
a — b = 6 = d. 


V' 4. If 2s = fl+J+c, show that 

a(6— c)(s— o)^+&(c— a)(s— J)®-l-c(fl!--J)(s— c)* = 0. 

6. If fe+cy =s a, ass+cx = b and oy+Ja? = c, 




hi 


prove that 

6. Elimmate x and y from the equations — 

- ax+by = x+y+xy = “+^“>-1 = 0. 

7. If caj“ — and dx^-^bx-c have a common 
factor, show that a — oJef-l-cd!® = 0 

8. If a®+&*+c^ = (a+&+c)®,^hen will 

^ gsn+i _ (a+j+c)S’‘+i where n is any positive integer. 

XXV. 


1. If aj = y = ja-cc, z = c?-fl5,' 

prove that . 

"2. If 2s — a-f J-f c-j-if, show that 
4 6(;+cfij*'-(6“-fc3-o’!.-d3)= = lG(s-a)(s-&)(s-c)(s-'tf . 

3. Prove that (6+c-a>»-l-(c-l-a-&)3+(«4-J-c)® 

- 8(6 + c - a)fc + « - 51f« -p J - c) =-,4(a3 ^ j3 ^ _ ZaU\ 
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'4. 


Show that, if «+6+c = 0, then 
Ih-^c c— a a— b\f n h 
\'a b c Ab-c^c-^a 



9. 


6 Ifa::a = y:J = 2 :<?, prove that 

z+a y+b s+c z+y+s+a+b+c 
6 Provo that, 

if ax+hy+cz = 0 and ~ 

ar=» + fi2/3+cs»+(a+5+cl(y+3)(g4-a:)(a:+y) = 0. 


7- Eliminate x, y, s from the equations — 

(i) az^hy^gz = 0 ) (u) a(y+s) ^x) 

/fx+Jy+/r = 0 I ICz+z) = y v 

gz-^-fy-^-cz = 0 ( cix+y) = z ) 

8 Eliminate /, w, « from the equations — 
al = 6j71 s= cti, 

I® +■«*+«* =s 3, 

«V3+J»OT*+r=/i'‘ « 



CHAPTER XXL 

QUADRATIC EQUATIONS 

1. Definition. Any equation which contains the 
square of the unknown quantity, but no higher power, is 
called a qiiadratir equation or an equation of the second degree 

If an equation contains only the second power of the 
unknown quantity (and not the first) it is called a pure 
quadratic ; if it contains the second as mil as the first 
qiouer it is called an adjected quadratic. 

Thus = 4r> IS a pure quadratic ; 

and Sa;® — 7a! = 6 is an adfected quadratic 
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2 Solution of a Pure Quadratic* Bolving a 
pare Qaadratic ■we have to find the sjwa^c of the iiriknoicn 
guanhty ja&t in the same way as simple eq'oahons are solved 
and then to extract the square root of the value so found. 

Example 1. Solve 5(2=+1)-2 = 8(a° + 7) 

We have 5*®+3 = Sx’^+21 , 
hence, 2*® = 18 Cby transposition), 

a® = 9 ; . 

now, since the unknown quantity is one of which the 
square is 9, it must be either +8 or —S' (Thus there are 
tiffo values of je satisfying the given equation, as the student 
can easily verify) 

Note The student should carefully observe that the last slop 
of the abo\e solution amounts to answering the following qucs 
tion — “What quantity is that of which the sqn'ire is 9 ’ ’ 

Example 2 If , find 

By transposition, we have 

5i!°-l-7 _ 5I-2a; 85 -2g 16 . 
h®-* — 7 y 9 . 9 ’ 

1 

(Componendo and 

7 ib— 9 7 diiidendo) 

*» = 5, .. x:= ± 

Example S.'J Solve =7 

\aJ“+S/^ a;=+9 y ’ 

By transposition, we have 
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*' a:»+9 

8ai»+9 «: 2-c®+18, 

A a* s= 9, .*. * = ±8 

2a i/i 

Example 4. It a+J « 


(rctno\ injj iho factor 18 
from both sides) 


t find z. 


®+ ^/I 

We have *yilha*) = 2aJl+z^. 

A (ff + i)® = (« — J) Jl+a* 
or, = (a-Z.)»(l+a*) ; 

A **{'«+&/-(«-&)»} = (ff-ft)®, 
or, «= 


:= 


® “ ± 


Example 5 If 


1+ Jz^ — \ 


iab 

a-^b 


l+iaja:*— 1 a»— 2 

Put y for -s/i* — ! and A y®— 1 for a-— 2. 

Thus we have = —— = “K** 

I+2fly y-'-l y+1* 

Therefore (1+y)® = l+2ay, 

or, l+2y+y= = l+2ay, 

A y+2 =s 2c, or, y = 2(a-l) ; 

ic., 's/**'— 1 = 2(c— 1), 

A «®-l = 4(fl-l)®, 

.* z — ± 

* • 


, find z. 


Example 6. Solve (o+a) * + (« ~a) 
Since 


J. 
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= (o+a!)+(c-a:)+8(a®— (a+®)^+(«-a;)^| 

= 2o+8(«* -®®)^ X I [because (a+vY +(a-»)^ = 
therefore, cubing both sides of the equation, we get 

2rt+8(fl®—»®)^x J = or, = l^-^2a 



Example 7 Solve ■ j - - - j >+ i. ° — I = 

fl*+(a+s)*- a2+(c-®)» ' ’ 

■Since (fl+*)|a^+(a*-«)^| — 

and (a— a!)|a^+(«+«)^| = «^(a— j- 

therefore, clearing the equation of fractions, we have 

2J^+(o“— a®)^| (a+a;)^+(a"-aj)^j- 
•• 

= c^j^a+a^|(a+aj)^+{A— »)^j- + (o^— 

,= o^+o| («+a!)^+(fl— a:)^|+c^(«®— ®")^/ 

Hence, removing a^from both sides and transposing, we get 

(o+®)^+(a— a*)^! ' . 

x|^«-(o’— (A) 
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whence = (a+®)^+(fl— a)^ , 

sqxiaring both Bide?, a =; 2ff+2(«®—a^)^ ; 

or, ~o = 2(fl®— a*)^ ; 

,*. a’ s= 4(0®— a=), 

4a» = 8fl», 

2=+^. 

.. a - + 2 * 

Note ItmuKt ho ob<?erttd that the abo%c equation admits of 

atiolhor solution which has hcou oierlookod , for a — (o’ — hcinjr 
I factor coiAmou to both sides of (Al,if this bo taken equal to zero tho- 

pb on equation IS oiidcntli hntisficd Hence («’— j®)'' = « or t= 0 
IS another solution Tho satiio remark applies to example 5, iihich 
the student will \cr^ cnsil> see for himself 

Exercise (99). 

I‘md the •roloes of a m each of the following equations — 

1 . 8a+ ^ - jz. 2. 15 - ^ 26 ‘ 

g 14r® + lG 2a®+8 _ 23-® 

* 21 “ 8 a * -11 8 * 

^ a+7 a-7 7 


„ 2a® + 10 _ 80+a® 

15 26 


21 

.8a* -11 

a-1-7 

2-7 _ 

a(a-7; 

2(2 + 7) ~ 

a®-l 

a® + l _ 

(a-l)-* 

(2+ 1)* 

1 


^/l— a-hl Vl-f-a 


(nationalise both tho terms of the left-hand side and then proceed > 

7, (l-ha+a®)^ = «-(l-a+a®)i 

8 (a— flVa— 61 _ (8-ha)'a+6)" 

(a— Wo)ia— {X’j-ma)(x+mb)’ 

^9 ga!+l+(g®a®-l)^ _ 6®a 

/7r4-1— frtO-rS — Tii 
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10. (o+a:)^+(a— ar)J = 8(fl2— 

11. 5^7 

2*® -9 

12 . g ®— 5 _ jb ®~2 a ® — 6 

4 *■'-8 2® — 5“^7Il9* 

13. •^a+(a®--2®)^j^^+^(j— (a3_g.2^i|^ 

=„/_?±^U - 

la+(a®-2®)2j 

[Since a+(a»~a:®)^ = (g~^^)+fo— a;)+2fa»--ya ^ ^ 

2 

( (a+®)^+(« — as)^ I * 

T" 

•anti aimilnrlj , a— (a®— = ( (g+-c )^~fa— a; 1 ^ 

. . the left-hand aide = = -/2(a-f.®)» ’ 

Hence, squaring both sides, «c J 

^ A <l + 2x)^-l [1-221^4-1 

quantity to the left-hand side of the^ Sh unknown 
kno^ quantities to the right-haUwde ^^f ?^^^^ and the 

be negative , change ?he asn of ^ ‘*^®- CO-efficient 
equation and ffien divide every ferm bv 1^7 
■=' th«=th6 eq^ahon « redn^^?“th^ «* 

Mow add ^(,a,-sqoara of half the co-efflo,ont of^)to 

both eidea, on wh.oh tho lef Uhand a>do beoomea a oomplale 
«qhare and wo get (a,+£)’ = ;- 

~ *V therefore* = — | ±\/^£!. 
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1 

Exercise (100). 

“ Solve the following equations — 

1. 70j(5~68 =s 7x®. 

By transposition, we have — 7a® + 70aj = 68 

Since the co-elBcient of a* is negative, changing the 
«ign of every term, we get 

Dividing both sides by 7, 

IJow adding 1 — j or 25 to both sides, 

^ a:2-10a!+26 = 25-9 = 16, 

or, (a:-5)» = 16 

Hence. c-6 = ±4 

z = 5+4, or, 5—4, 

- ” 7,e., a: = 9 or 1. 

S. 2j!»-lla;+5 =: 0 
By transposition i 2x*' — 11® =s— 5‘; 

•dividing both sides by 2, a®— -V'-c =“#• 

/ll\a 

Adding ( — j to both sidos 

v-®+{^)* = vZ-s 

le, (®— V')“ = U, 

, ^ ® ~ i ?•, 

® = -^5- ± 5" = 6 or ^ 

3. 87-98® = 80®- 16®“ 

4. a7«“-86®+2l6 = 66®-8®®. 

K ®® + 8 K a K ~ 

5. '-jj— = 5®—®“ — 5 

'B. 4.®»-89®)= 10C®®-4|®-6) + 8i|'-S). 

7., 4l5®“-85®) = 5(®®-7*+12)+ . 

V 

8. 2® + 02 = 2 45®-®“ _ ' 

3. 4(®“+2S®-2t) 29®®-8®+l. 
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10. (8*-l)(a;-4)+(a-2)(2«-3) = 4*(«-3)-5 

The left-hand side = <3a*-132-l-4)-l-(2s’'-7a;+6) 

= G 2 ®- 202 -hl 0 . 

Hence, we have 62®— 202-}- 10 = 42® — 122— 6, 

2®— 82 = — 15 (hj transposihonlr. 
2®-82-}-(4)® = 16-15, - 

or, ( 2 - 4 )® = 1, 

.*. 2—4 = ± 1, 

.*. 2 =4 ± 1 , 1 e , 2 = 4 or 3^ 

11. (22-5)(82-7J-(2-1){42-5) = 2®-3(2-f 14) 

12. (32-11)(2-2)-K22-8)(2-}-4) + 182 

= 10(22-1)®-H2. 

13. 'JC-^)(2-^)-}-(2-^)(2-1) = (2-J):2-J^). 


14 . 


40 


15 ‘ 8(10-2) 


3(10 -i-2) 
95 
40 


[By toD^positiou, 


T c I 82—50 122-}-70 . p 2-}-4 , 2—4 10 

16+800+5) = 16. 74 


190 2—4 ’ 2-}-4 

Subtracting 2 from both sides, we have 

' ' (S-)+(Sl-0=>- 

8 8 


, 8 


or. 


2—4 2+4 


4 

— 




or, 


17 . 


2-}-l 


2-f-l 


2 


18 
6 ' 


2x8 _ 1 
2»-1G ’ 

2»-16 = 48, 

2 ® = 64, 

2 = ±8 

[Proceed as in the last examnle f 
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a+3 8 2a;— 8 CProceedmg as ui example 1<>, we 

JL8. r-rn+r — "Z — r* pet J*'*— whenceCj;— 2)»=4 ; 
X+2 z-2 2-1 r = 2±2 =4,or,01 


a -2 2+2 _ 2 r 3 -+ 8 ) 

20 . 2 ± 2 . 

_3 — 2 

3 + 2 2—2 3 — » 

3—2 

2+2 ' 

Wo taro .) 

o 

II 

.to ] 

3—6 3—12 5 

22 

23-7 

3—12 3—6 6 

23-7 

2 z — 9 


53 = or?rT- (C u Lntr Paper, 1878) 

x-t t Z+Z 02+1 

[Wehavc = 


55 . 

2 

11 * I 7 _ 

0 

2 + 5 

11.-8 e-4. 


56 

1 

1 1 * - 

8 

2+a 

^ 3+20 ' 2 + 80 

3 


whencc^+^^-^ = 0, 


__ 1 . I 

z+a '^j-+3a 


K^+At^r+ZaJ'^ 


vrucQce 


x-i-2a - 2r-i-ift 

z-i-a z+2a ’ 


4. The general expression for the 
'quadratic. 


A &c ^ 

roots of a 


X B The roots of any equation arc tho'e values of the unknown 
•^uantilj that satisfy the equation 

As every quadratic equation can be -written in the form 
U2*+6r+<; = 0 (after suitable reduction if necessary) -we 
must regard, this equation as ihe, general igpe of all quadra- 
tics, Let us solve it. 
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By transposition, = —c. 

h e 

Dividing both sides by a, +~^ = — - 


Adding sides, 

(*+^y= 


2!+^ = ± 
2a 


4a* 

Jd^—iae 


a = 


2a 

—h± Jb^—Aac 
2a 


Thns the roots of the qnadrahc 
J— Jb“*--Aar 


■7^-^ and: 

2a 

regard the expression 


2a 


~&± fJb*~^ac 


2a 


ax^ + iz+c =: 0, are 
and therefore we must 

as -the general car^m-* 


Stan sought _ - 

By the application of this formula we can find out the 
roots of a quadratic equation without going through the 
process explained in Art. 8. 

Example 1. Write down, the roots of 2*“ — lSa!+15 =0 


Comparing this with the equation aaj*+^r-j-c = 0, 
we have a 2, J — — 18, <j-= 16. 

Hence the roots of the given equation are 

_ -(-18)± ^/f-18^*-tx2xl5 
2x2 

_ 18 ± Jl69^:i2b 
4 

_ 18± JU __ i8±7 

. 4 4 


That IS, « = 6 or f. 
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Example 2. Write down tlie roots of ~8** = 11*~4. 
Bringing all the terms to one side, we have 

'-S»«-n®+4 = 0 


Here 

Hence, 


a =5—8, h =—11, c = 4. 


--(~111± N/(-lll'‘-4X(-ajX4: 

2xt— 8j 
11 ± «v/l21+48 
-G 




11±18 _ 
-G 


-4 or ^ 


Exercise (101). 

Write down the roots of the following equations — 

1, 8*’ — 17a;+24 = 0. 2. aj’’+9a?+20 = 0 

3 " Gz* = 20-73'. 4. -9z“+25 = 6z-10. 

^ 6. 8*2 = 14Z+15. 6. -8i®-l-20 =25 

7, 5+®— 4z® = 0. 

4. Sreedharaoliaryya’s method of solving a 
Quadratic — Reduce the equation to the form pz^ — qz = 
r multiply both sides of this by 4;a {i c , by four times the 
co-efficient of and theti add to both sides we thus 
get 4p®®’ +4pyz +- 2 ® = 4pr + 2 ®, the left-hand side of which. 
IS evidently a complete square, being equal to (2/y;-i'2)° 

Example 1. Solve 5z=-17«+6 = 0 
By transposition, 6®*— 17® = — 6, 

Multiplying both sides by 4x5, 

4x'f5®)»-4x(6®)xl7 =-120, 

Adding ' (17)’ to both sides, we have 

4+(6®)’-4x(5®)Xl7-|*(17)’ = 289-120, 

' ' or, (2’x6®-17)’ = 169, 
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10a!-17 = ± 18, 

17 ±18 


a = 


10 


« 8 or| 


SiZample 2. Solve — 82®+10aj = 3. 

Multiplying both sides by 4x(— 8), 

“4 X 64®* —4 X 8 X 10® = —96. 

Adding (10,* to both sides, 

4'X64®*-4x8xl0®j{-(10)» = 100-96 
or, (2x82—10)* = 4, 

162 - 10 ''= ± 2 , 


lEzample 3. 6®* +282 = 122+10 v 

By transposition, 

6®® + ll2 = 10. 

Multiplying both sides by 4x6, 

4x(62)*+4x(62)x11 = 240. 

Adding (11)* to both sides , 

4 X (6®)* +4 X (62) x 11+ (11)* = 121+240, 
or, (2x62+11)* = 861, 
12®+11 = ±19, 

2 

= f or - 

Exercise (102), 


Solve the following equations by Sreedharacharyya*< 
method : — 

1. 2®* +92 =18, 2. 15®*-28 = 2. 

3. 16®* + 100® = 8®* +2 +40. 4. 2*+60flt= 102—152—2 
5. 17®* +19® = 1848. 6. -2c®*-flC2 S(22-o). 

7. ®*+a» = oi(3®+a)— 2®*. ' 
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6. Solution of a Quadratic b 7 tlie metliod of 
Resolution into factors — Reducing a Quadratic to the 
torn? ffx- + 5js+(! = 0, if -we know the factors of which the 
left- hand side la the product, then by equating to zero either 
■of these factors, we get a solnton of the Quadratic 

Esample 1. Solve x^—5x+6 = 0 

Endently the left-hand side = («— 2)(a;— 3). 

HenCe, we have 

(«-2)(a-8) = 0, 

either a— 2 = O'. or, a;— 3 = 0 

and *. X = 2] and a; = 3 

Thus 2 and 3 are the roots of the equation, as the 
^student can easily verify. 

Example 2 Solve 2a!’* — 10a: = 3a:— 15. 

We have 2r(a:— 5) — 3(a:— 5) , (1) 

(2a:-3)(2!-5) * 0 

Hence, either 2a:— 3 = 0 1 or, a:— 5 = 0 

and a: = J j and a: = 6 

Thus 5 and 5 are the roots of the equation 

Kote The solution ilso it once follows from crjuation (1) , for 
^ — T bciiu^ a fictoi conimnn to both sides the equation c\ identlj 
Imlds "Otid when this f ictor is rorp, . . wlieji r = 3, and, oideiitlv 
nlbo the eqniiioii is satisfied when 2 j = " or r = J , thciefore 5 
and 3 are the loots of the equation Tlie student will tlius obserie 
tint it iR not ilwijH iiecessarj to transpose all the terras to the Icffc- 
hmd side of the eqintion 

Example 3. Solve 10(2a;-l-3)(a:-8)-i-(7a:+3)“ 

= 20(a!-l-3)(a;-l). 

•We have 10(2x’'— 3a:— 9)-l-(49a;“-l-42a;-f 9) 

= 20(a:*-J-2aj— 3), 
493!“ -28a:- 21 = 0, 

’ 7a:“— 4a:— 3 = 0‘, 
or, (7a:=-7a:)-t-(3«-3),- 0, 
or, (7a!-l-8)(a:— 1) = 0. 



1-26 
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Hence, either 7a;+3 = 0] or, a—l 

and z = — tJ and a? 

Thus — f and 1 are the Poets of the equation 



Example 4. Solve (7—4:j8)x^+i^- jS)z = 2 
Since 7-4 ^8 = (2— ^8)*, 

■we have ' (2- V8)**“+(2- J8)x = 2 


Hence, putting s for (2— ^S)?, -we have 


i 

s®+s-2 = 0, or, (s+2)(s-l) 

Hence, 

either z+2 = Oj or, s— 1 

and 

s=— 2] and /. s 

Thus, 

* = 2-VS= 2(2+ v'S)) 


1 « , ( * 

or. 

~ 2- V8 - ) 


'Example 6, Solve - — ;± +. L 

{X'-6)(z—c) {a-tc){a+b) 

= I + L_ 

, (<i+o){z—ey {^a+t>){z—d) 

By tran^ositon, 

J_/-i Ll = _i./_i I \ 

z—c[z—i a+cf a-^bXz—b a+cj* 

Therefore, either — ^ i_ n rc t n m 

’ z-b a+c~^' . [See note Ex. 2] 

whence z = a+J+c, or, — L. = ^ 

»— c a+b 

, whence also z = a+b+c 
Thus the equation has got two equal roots. 

Example 6. Solve g+gfa+g) . a+z _ a 

o+c{a—z) z . a— 2caj * 

Since = g j c(a+z) 

a+c{a^z) a+c{a^zrd+e{a-z) * 
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, we have by transposition. 




or. 


(a+«) 


^(1 +«) 


or, (g+g)(l-f g) ^ c(a+x) 
tr g ~ a— 2 cx' 

Hence, either c+* = o, end ... * = _ 

TIins-Band''^>+'’' , .i 

^(8+2g) of the equation. 


= a 


^ 1 

SJfts a+da—x)) 

e(a'i-x) 


xuxepcise 


vwo;. 


Solve the following equations ~ 

1. 8g3-i24.+ i«6g~28 2. 4g9-4a; 

3 g+2~-JL« _ 1 

g+2 ~ 

5. g9_42_4 _ 

7. S(g-2)» =s 18+(8g+l). 


*80. 
4. g» + 9»-52 =- 0. 


O 21^3—10 _ 

lFr:r“7g = 6 


6. 6g* + 5g— 4 =r 

g^—s 


8. g-* 

-!•» , 


« 2. 

10. ®*“-(a+t)g+a5 


11. («-5)g3-(fl+j)jB4.25 =s 0. 


m 

13. _ « 

8«~2g “■ 4 • 


16. 


g— «”^a— ^ 


2(? 



«+ ^/2ag-a.a - 


g - 

o 


'r 
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1 [Pages 2, 3.] 


1. 

66 

2. 

. 18 

3. 12 

miles 

4. 

7^ miles. 

5. 

9. 

6. 

l2. 

7.45: 

miuntes 

8 

15 minutes. 

9. 

32 

10. 

ffV » 20J 11. 5 sq yds 

12. 

7s Qd 


13 

20 

14. 

9 

, 15 28 


16. 

4 


17. 

4480 

18. 

900 

19. 1952 

20. 

720 





2 C 

Pages 8, 

9.] 




1. 

84 

2. 

0 

3. 4 

4. 

1. 

5. 

5^, 

6. 


7. 

6 

8. 4 

9. 

12 

10. 

81 

11. 

2 

12. 

h 

13. 5 

14. 

80. 

15. 

29. 

16. 

326 

17. 

68. 

18 O' 

19.' 

40. 

'20. 

14, 

21 

114 

22 

4 

23. 64 

24. 

69. 

25 

19, 




3 [Pages 11, 

12.] 

i 

- 


1. 

24. 

2. 

37^. 

3 4 

4. 720. 

5. 34, 


6. 

1 

5 

7. 

1 

, 8 ,40. 

9. f 

10. 4 


11. 

0 

12. 

50 

13. 1 

14. 26 15. 100. 

16.- 

200 

17. 

1520. 

18 14 625 

19. 22680 


20. 846000 





4 [Pages 


15.3 




1. 

4 

2. 

■2 

3. 

6 

4. 

18. 

5. 

8 

6. 

16 

7. 

82. 

8. 

256 

9. 

11 

10. 

21. 

11. 

. 11. 

12. 

9 

13. 

3 , 

14. 

162. 

15. 

18' 

16. 

9 ' 

17. 

o' 

18. 

21. 

19. 

23. 

20. 

1. 

21. 

98 

22. 

60. 

23, 

9 

24. 

42 

25" 

51. 

26.' 

5805. 

27. 

7. 

28. 

17i 

29. 

2401. 

30. 

192. 

31. 

1029. 

32. 

1218 

! 33 

48 

34. 

143 - 

\ 

; 

35. 

18750 

36. 

16. 

37.- 

-160 

38. 

78. ' 
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5. [Page 19.] 

1. A’s loss = £100. 2. “70 3. -25 4. -100. 

6. -30. 6. 4, — 3, 5. 7. 15, —10, -20, SO. 

8. -15,10,20,-80 

6 [Pages 21, 22.] 

1. - 22. 2. -18 3. -81 ; -41 4. -19. 

5. -1180. 6. -222. 7. -2084. 8. -658. 

9. -7128 10. -220416417. 

7 [Pages 23, 24.] 

1. 8. 2. —5 3. —4. 4. 0. 5. — 14, 

6. 10 7. -51. 8.-8 9. 16. 10. -82. 

8 [Pages 26, 27.] 

1. ~a-26+S^ 2. -a3-2&»+c*. 3. -2fl+4flA+5c. 

4. — 2ffir— 8c’. 5. 2fl'’i— 95’c’— 2<f/l 

6. — 6*^y— llaya- lOi’y’. 7. — llc’Jc+llc&’c- ScrJc’, 

8 — 25z'’wn+16m’7/ar. 9, —14 10. —284. 11. 92. 

12. 5. 13. 177. 14 -4653 15. -12015 

9 [Pages 28, 29.J 

1. — Cff+J— 3e. 2. 2x—z. 3. 2z’+9z’+7. 4 —a+2b 

— Sf/ 5. 2z’— 8y’. 6. — 5z®— 2zy— y’— 2j;~y— 2. 

7. 44®5 8. —m^nr—mnp—m^n^. 9. 

10 a*b*c*, 11 cf’J’c’. 12. 

+c»-8ffJc 13. 153.^ 14. -125 15. 200 

16. 120 17 ' 400 18 1280. 19. 128<i. 

20 . 0 

10 [Page 32.] 

1. -10 2. 10 3. -6. 4. -22 6. 0. 

6 -201 7. -77 8. 83. 9. 17. 10. 177. 

11 [Page 33.] 

1. n+46— 2c. 2. — 8o+8J+4f 3. 3z+2y— 8r . 

4. — 2ni®— 8»J7i— 1, 5. c*. 6, — aa:+5zy— lly’. 
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7. 8 7ic-7c“+10*y 9. -!c®+a» 

— «+2. 10. x*-^isi^y—2zy^. 11 — m*— 6/w*«+7wn»^ 
-24w^ 12. 13 10a® 

— lla*y+10a®y*+6®®y®— 8y*. 14 2m^nx—7n^xm 

+12x^mni-7m^n^a+8n^x^m 15. 11a®— 3a®y— 

+15a®y®+26a®y®-19ay*+40y®. 

t ^ 

12 [Pages 34—36.] 

1. — a+75— lOc 2. 10«— 7n+12r. 3 3a“— dzy+Sy®. 
4. «®+5z®— 8 z^l 5. «“+2c5— d5tf— 2 J*. 6 . 8 z® 

-8z=y+12zy=-l2y® 7. 6-9z+12z»-16z®. 8 . 2 z*— 

2a3--a2__2 9 6z“-8z*+a»-10zS-9®-3 IQ. -a» 

— z®y— 15zy®+8y®— «®— 2fli 11. 14z*y— 7z®y“+5zyz* 

— 2 z®y 2 12. — ■3«®+J®+8c*+a6+56c— 9ac. 13. 5z®— 5zy 
+y®— a— y — 8 14 — a®— «“i+12fl&®— 2J®+8fl®+7a&— 

3J®, 16. 5«a®^— 8a®a®+8y23c®+2y“2Jc+4y2®Jc 16 —2 

— a®y® 2 + 2 ay® 2 ®+ 2 a® 2 ®y+ 6 z*y®z*— 8 ay 2 *. 17. 4cX*y^z*~- 
80a®y®2®+28a®y®2*— 22a®y®2®^ — 102 a®y® 2 ® + 155z*y®2®. 
18.— 12a®y^2® — l00z®y®2*+58z*y®2® + 92a*y®2® +39z®y®2* 
— 88 z®y* 2 ® 19. — 4a®+5zy— 7y®— 8 y 2 . 20. 6 z®— 
12 a®y®+ 2 fl®&a— 7a6y®— 9zyfl&. 21. — 2 a®^+ 6 a®y— 2 a®y® 

+8zy®+7y*. 22. — 2z®+8aV— 10z®y®— da®y®— 13Ty*+ 
50y® 23. 8 J®. 24. 4a“— 8ay+y®— 12a— 15y 

+9. 25. 2a®-dc®6+7a&»-15J® 26. -12z®y+7a*y* 

- 8 z» + 17y-29 27. 6a®-4a&-6&c + ll 6 » 28. -2a® 

-8y»-5zy-3a-2. 29. -8a®-ll5®tf-6aca-56®. 

30. — da®— 22zy®— dSy®— lla®— 2day— 15 

13 [Pages 38, 39.] 

1. — 4a+8&. 2. 7a— dy. 3. — 2z. 4. —4a+2b. 

'5. 6a+2& 6 . 2J 7. 6 8 8 9 .. ~2<f+7t. 

10. 0. 11. -2z+5y+72 12. -2c 13. 15a-15y 

14. 8a— 8J. 15. ll?n— 7n. 16. 6a— 6&— 18c. 

17. 6 z- 6 y- 202 . 18. a-y-18z. 19. -8z-y-z. 



AIJSWBBS. 


407 


no. a-116+17c 21. 2a!-12y+202 22. 5a-5+llc. 
23. «— 8 y +22 24. 11«— 2i— 16c. 25. fl--(5+c— 

(-m+ 7 ?-a)+y -*2 26. a—{b+c-d+m+(-n+x-y+z)). 

27. {c-&-(c-«?+Mi)}--{-77-(--aj+y-2)} 

28. -{-o-(-6-c)}~(-<f-{-m+70}-{«-(2/-s)}. 

Miscellaneous Exercises (1). 

* [Pages 39-44.] 

I. 


1. 

10, i. 

2. 

8 3 15 , 2c 

, 7a6® ; IQm^pq. 

4. 

6 5. — i 

8. 

9,7,5, 2, -1, - 

-8, -4, -8, -12. 




' II. 


1. 

0, 46, 25, 45. 

2. 

16 3. ( V«) X ( V^) X ( Vo) 

= a 

, &c. ; 35 4. 

-7«»y , -560 6 16®^-8®y3+24jsV 

+y 

'-82a!3y ,81 

7. 

— 28b+80&+18c. 

8. a— 2y+s. 




in. 


1. 

(i) c(«+J) = 

■ «— ya 

(ll) (x+t/y 

— a®+y®+2ay , 

•<m) 


(iv) V 

a>h, 803&. 

2.' 

5,-4, — 

i,-10 

3. -1000 5. 66, 

7. 

-6o=» + 6c-9®»+16. 

8. a. 





IV. 


1. 

-11 ,1 

3. 

4t^ 5. 9. 

6. 8a+2c+J. 

7. 

«3+J»+C* 

8. 

7x^—y^—2xy. 





V. 


3. 

2, cr, J, «+& 

6. 

7i 6 505 

8. y. 


- 


VI. 

- 

2. 

586 

6. 

60. 8. 8808. 



s 


VII. 

- 

2. 

2,0 4. 

l+a , 

, 8c+5— 5c. 6. 

(i) (a+&)(c-5) 

= a 

, (m) 

(a+&P-.(aa+6») 7= 2fl&. 6. 0. 


'*7. a+h+c. 8. 2c!— |J+§c— 
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16 [Pages 47, 48.] 


1. 

54 2 99 

3. 126 4. 

-898 

5. 83.. 

6. 

80 7. 0 

8. 1186 9 

—280. 




17 [Page 53.] 



14. 

— 42a ’^y®. 

15. — 24a*^y^^. 

16. 

40a*^y^^J 

17. 

-156a‘V®2®. 

18. 140a8y^2®“ 

19. 

24a®6®. - 

20. 

--70«^®6i®. 

21. 48a’“yl®2^. 

18 [Page 54.] 

22. 

24a"y®2^^ 

1. 

-lOa’ 2. - 

■20<?*6®. 3. -21»i^«®. 

4. - 

•18aV 

5. 

8a^6^«. 6. - 

•40»i®n^. 7. 50a®y®2“ 

8 - 

-24a*y^2^.. 


9. 10. 11. — 24»®y®2''' 

12. 13. Sda^b^z*. 14. — OOa®®'^*'. 

15. <70®®y®2 16. 17. OBo^asSy®. 

18. 160aj^*y^2^ 19. 20. 112a^®a5i®y®2^ 

19 [Page 57.] 

1. -2a®J+3ff5®. 2. “5a®+10a6—15ac. 3. 
Zab^c—abc^. 4 — Sa!®y® + Ga!®y®+Sa:y*. 6. 7a‘b^—7ab^ 

+21a®54-86fl85®. 6. -16a»5=c+24a®&®c®-82a-‘Z;c®-f ' 

^a''b‘'c‘ 7. — 6a*a;+8a”*a!® — 10a®ar 8. --8m%+ 

12»w®«®— 20;n®»®. 9. --20a!’+24a!®— 28a!®+^2aj^2 

10. 12c4^?«-18c3rf7+80c3rf«+24c«(?« 11. -I6a‘&® + 

12a«J*-10o»i®+8a*J® 12. 

a®i®c®+a356c« 13. 7»*-2a!®. 14. 

15. 9i6-25y^ 16. a«+4a®. 17. oi®6«+4a*5®. 

18 4ai«5^®+81a®&^ 19. 8fl®y. 20. -2c®d 21: axK 
20 [Pages 68, 59.] 

1. 2a®+6fl!&+3J®. 2. 2m^ — 5m?i + Sfi^ 3. rt®+i® 

+c®+2ci+2ac+2Jc. 4. fl®+5®+c®— 2a6+2ac— 26c 
5. a®+6®+c®-2fl!6-2flc+26c. 6. 2a®+26® + 8c®-5fl6~ 
7^^c+66c 7. 2®® + 8y®+42“— 5ay— 6a2+7y2. 8. 6a®-2a®'' 
— 36®+3afl5— 8a6-l~5a6 9. a®— y®.--2®— a;®y— a/®2+ay® — 
y®2+as®-s®y. 10. a®y®-y»2?-2®a*-2y2®ai ' " 
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21 [Pages 61—64.] 

1. a<+a;»+l 2. «»+&’. 3. 4. a'‘ — 

2o»J®+ 5‘‘. 6. a«+iB*+l. 6. a;®— a:V+2®®y®+I/‘'* 

7. w®+n®. 8. ;?®-?®. 9. 27ff3-76a6“+45a8&- 

125&\ 10. o®-26ff®J®+2naM. 11. 4a»-96=+246c- 
lGc=. 12. a:®-6a:=> + 6a:®-l. 13. a;®-2a®aj»+c* 

14. 15. a:«+10aj-88. 16. a:®- 

2a;''+l 17. a®+«®J’+fl‘‘&^+a’&® + &"- 18. a:=*+y‘’+s'’ 

19. fl3+&'‘+f®-8a6c 20. 2fl"-a'’&-14a‘‘&* + 
13<?®i=»-48flS5-‘+28flF’-20J°. 21. 22. a® -6®. 

23. a;^=-2/’=. 24. jr®+25aj‘‘y*-24a!®y® + 26y®. 

25. 26. 

27. 7nMa:'~(?i«+wr)a°+r® 28. 

29.o&a;® +firc)x< +( 26 c+flifia:‘' -( 2 Jrf+c»)®® 
+2crfj!— rf* 30. wpx"*— (JM^— »nr+7Jp)a:®+(»ns+7jg'— ??r 
— ;js)a:®+((7— ) —w)®!— 31. a;®+(a+J+c)®° + (®^^‘“^ 
+Jc)®+rtic 32. 

51. -6aj® 52. -2y^ 53. 6a;*y 54. 15a;V • 

55. -8a6-= 56. -cry-*- 57. 12o®6=c«. 

58. 15I//S 59. -SOy^&c-^ 60. 76o 

61. rt+2a^i>^+& 62 rt— 2fl^&^+&. 63 Ssc^— 

64. o+i 65. ®— y 66. 


67. 4®^-37a:V+9y”* 68. a®-6’. 69 a:=-y“. 


70. «-&=. 71. a+y+s-SasVe^* 72. a®'‘+aj®". 

73. fl“®~Cfl~*J+18o-=‘6=“18a-®&3 + Ga-<&'^-&' , 

74. a;"®-“ 52 J“®y®+ 4 y°. 75. 4a“^®+12c -6”^+ 


Ort-2J-3~256-®. 76. 9a!~^-25a;“^y*'^+70a;"‘'V'^~i9y”"‘ 

i 

77. 2aj®-8®^rt+4aj®a’*-5z^a3 +6{B"'a*-7a!"^fl?+8aj-*fl®. 
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fl 3 S. —* _3 * _5. 2 

78 -8a“^-2o~^6~^+6a"»5 ^--7a~^b '^+6a^r*-5a^b~*^ 
+8oH-*. 

22 [Pages 66, 67.] 

1. 9®8+24a+16 2. 49®® + 112aj+64:. 3 (r3 + 10«5+ 

■266®, 4. 4«®+28a6+496® 5 9®®+48®y+64y® 

6. 25w®+80»z«+64«®. 7. o*a!® + 6o6®y+96®y*. 

8. 16a®6®+8a6fi®+c* 9. 4a^+20a®6®+256*. 

10 . 16»i®+8m®n®+«*, 11 , fl2+46® + 9c®+4fl6-|- ' 

■6flc+126c 12. a®6®+6®<J®+c®a®+2a5®<J+2a®6c-f 2 c 66*. 

13 42>®+95'®+16r®+12;;5'+16;or+24jr, 14 aj*+y* + 
g*+2®®y®+2a®s®+2y®2® 15 4®®+9y®+163® + 12a;y+ 

16*3+24^3 16 a*+y“+3®+2!S»y®+2a5®3*+2y®3*. 

17. a® + y* +4a® +96® +23y+43fl+6®6+4ya+ 6^6+ 12a6. 

18. 9fl® + 166® +c® + iA* +24o6 + 6flc+ 12arf+ 86c+ 166<f+ 

4«? 19 4a®+as®+16y®+9s®+4aaj+16oy+12flS+83y.+ 

•633+24^3. 20 16«l®+9«®+9^®+4?«+24>»»+24fwp+16W(7 
+ 18«j»+12«j+12^3’ 21. 4a;® 22 43®. 23 16a®. 

24 fl®+4a6+46® 26 a;®+2ry+y®, 26 81. 

27. 4 28 0 29. 9 30. 1. 31 16. 

32 25. 

* I ' 

23 [Pages 69, 70] 

1 4a;®~28a:+49 2. 64a;®-803:+25 3 a®a!®-2a6^y 

+6®y* 4 25a;*+80a;y+9y® 6 9ot®— 48w«+64«:. 6 a®6® 

' +2o6«?+tf®<Z® 7. a*6®~2a®6c®<f+c‘(?®. 8 «8-4a;2yg+ 

4y®s®. 9. w®n®jp®+2>nnjjgT+£®r® 10. 4a8— 20o®6® + 
266®. 11. fl®+46®+9c®— 4a6-6ac+126c 12^ 4a;®+9y® + 
16s®-12a:y-16a;3+24y3. 13.. 9>»®+16w®+26ff®~26m»-, 
S0»2^+40«? 14. fl*+96*+26c4-6o®6®-10a®<5®+806®c». 

16. ®’*+y“+o®+6®~2a;y— 2a:a— 2a:6+2ya+2y6+2o6 ’ 
16. a® + 4*® + 96® + 16y ® ~4aa!— 6a6— 8ay + 12a;6 + 16*^+ 
246y. 17. 7921 18. 18689 19. 248004. 20. 986049. 

21. 866®. 22.646®. ' 23. 49a». 24.1213®/ 

) 
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35» 2552c® +10&c®a+cSa». 26. 4 27. 81. 28. 16. 
29. 25 30. 144. 

24: [Pages 71, 72.] 

.1. fl®a;2-52y®. 2. 25z®-64 3 4. aH* 

-52c2, 5. 49c® -95=. 6. 16o*-255^ 7. 

8. 4c®5*-495®c®. 9. »*-!. 10. c®-5«. 11. c* + 
:2c5+5*— c®. 12. c®— 5®— 25c— c® 13. ffi*+fn®w®+«*. 
14. c®sc®— 5®y®+25yc2— c®0®. 15. c®— 45*+ 125c— 9c®. 

16. a:*+a®+l. 17. a®+a*+l. 18. z*+4y^ 19. a* 
+5*. 20. a®— 2*^ + 1. 21. 4c(5— c) 22. 4a(3c— 25). 
23. 4ay{a®+y®). 24. 4a(y— ff+5) 25. 8o(85— 5c+7f?). 
26. 9376. 27 1069840. 28. 4985645 

:29. (5a+6)(5a-6) 30. (3a+4c)(8o-4c) 31. (4^n+77 ^) 
<4j»— 7n). 32 i2p+9g)(2p—9g) 33, (fl3-+85)(ca— 85). 

.34. (6a®+lly®)(6a®-lly»}. 35. i7+8d)(7--8d). 

■36. (12c+5d)[12c~-od) 37. (o+5+c)(c+5-c). 

38. {fl+25+8c)(a+25-5c). 39. (2a+3c-45)(2a~3o+45). 
■4.0, (c+25— 3c)(c— 25+3c) 41. (c*+95®)(c+85)(c— 85). 
42 (a— y+c— 5)(a— y— c+5) 43. (9a®+25y®)(3a+5y) 

(3z-5y). 44. (2c+a){2a-llz). 45. (9a+l)(a-l). 

-46. (7c-5)(a+155) 47. (5z-2y)(a+l2y). 48 (2o+85 
— 4c)(5— 2c). 49. (2m+677— 2y)(2wi+«— 8y). 60 (5z— 7y 
4-12?)(a-y+2z 

25 [Pages 73, 74.] 

1, 8a®+l2a®+6a+I 2. 27a®+27a*y+9®y«+y» 

3. 8a®+86a®c+54ac®+27c® 4. c®+6c<5+12a®5® 

+85® 5. c®5®+8c®5®c+8c5®c»+5®c®. 5. c®+8a»+5® 

+6c®a+12a®c+8c=5+3c5®+12a®6+6a5®+12o5a 7. 87ra» 
+27«® + jt?®+36m®77+547M«®+ 12m®p+6mjP®+27«®y+9Kp* 
+36ff?»y. 8. a®y®+y®2®+s®a®+8z®y®0+Szy®z®+8z®y®a 
+8z®yz®+8y®z®a+82®a®y+6a®y®z®. 9. 125w®. 10 a® + 
^a®y+8ay®+y®, 11. 275®. 12. a®+8a®+8a+l. 
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13. ff® +6®^ 4- 12a! +8 14. 8a®. 15. 90. 16. 176.. 

18. 52 19. -64. 20. 87. 21. 0. 22. 10. 

26 CPages 76.] 

1. l-Ga+m^-Sa*'. 2. 8 -86a! +54*® -27a!®.. 

3. 27 -108a! +1443!* -64a!®. 4. 125}w®-800w®w+ 

240»2«®-64«®. 5. 8;t)®-60jo®j?+150pff®-125j® 6. 8a:®^ 

-.y3„g3_ i2a:®2^+6a!y®-12a!®2+6T2*-Sy®2!- Syz^+l^a^s-- 

7. 8?re®-27«® — p® — 86m®«+64?w«® — 12w®ja+6wp® — 

S7n^p-9np^ +36mnp. 8. 

3?*w®+3?“?/*-8»»*»®— 8>ra®/i*+6Z®wS»®. 9. 646®.. 

10 a:®— 8®®y+82y®— y®. 11. 8®®. 12. 0 13. 848. 

14. -505 16. 27. 16. 86 17. 140 

27 [Page 77.] 

1. a®+l. 2. 8®® + l. 3. I25»i® + 1. 4. 64®®+848y®i 
5. 27 ot®+512«® 6 a®6® + 64c® 7, a®®® +1256®. 

8. 125a® +7296®. 9. (a+2)(®®-2®+4) 10. (2o+l) 

(4a®-2a+l). 11. (7n+S)(»»®-3»i+9). 12. (3»+l) 

(9®®-8®+l} 13. (2+4)(2»-42+16) 14. (5j»+1)- 

(257W®— 5m+l) 15. (2a+7®)(4o®— 14aa!+49®®). ' 

16. (4a®* +By)(16a*®* — I2a®*y + 9y*}. 

28 [Page 78.] , 

1. l-27a® 2. 64®® -1. 3. 125jn®-27«V 

4. ®®— 8y®2® 5. 27a®— 6®c® 6. (5a— l)(25a® + 5a+l). 

7. (7®— 2y*)(49®* + 14®y*+4y*) ‘ ' 

8. (67;-5/K86A:*+30A?+25Z*) 9. (1-8A:)(1+8A!+G4l*). 
10. (9»i— 4aw*;(81m* + S3ma?i^ + 16a®»*}. 

29 [Page 79.] 

'1. «* + 10®+16 2. ®*+8®+15. 3. a*+17®+66. 

2. m*+16w+63 5. ' ®*— 4®— 12 "6 . -ot*+ 6 »i— 16.. . 

7. a*-7a+12 ■ 8. ®*+2®-15 9. ®* + 5®-86. 
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10 a®-15®+50. 11. a!2-7i8-G0 12. A*-ll/c-2G. 

13. fl® + 10«+70 14. m-— 8m-84: 15. a;“-18»+G5 

16.*' «» + 19®+84 17. a®-14c+88 18. a®-9»-52. 

19. TO=-ll»i-80 20. ss»-18®+80. 21. o=-6a-72 

22. »?i= + 6m--91 23. a“~26®+160. 24. a^-lSa-GO. 

25. a®— 6a— 100 


30 [Page 81.] 


1. as'+Ga^ + lla+G 2. a®+14a=+69a+70. 3. a®- 
a*-24a-86 4. a3-a''-70a-200 5. a3-4a2-29a-24. 


6 a3+a2-40a+80 7. a3-87a+84 8 . a^-Ga^- 
87a+210 9." a3-28a®+lG7a-885. 10. a3-18a“+99a 
—162. 11. a3 -13a® -8a +240 12.a®+25a®+199a 

+495 13.- a3-62a+9C 14. a^ -23a® + 151a -273 

15 a“+18a®-144 16. a®-7a®~188a+1080. 

17. a3-8a®-78a+315 18. a3 + 85a®+39Ga+1440. 

19. a3-148a-G72 20. a®-81a®+290a-800. 


31 [Page 83.] 

1 , a®+ 2 /®+s®+ 2 ay— 2 az— 2^2 2 . a®+y®+s®— 2 aJy 

+ 2 rs— 2^2 3. a®+y®+ 2 ®— 2 ay— 2 a 2 + 2 y 2 4. a®+y® 
+2®+2ay— 2 aa- 2 y 2 5 a*+y®+ 2 ® — 2 ay— 2 a 2 + 2 y 2 

6 a® +a® +y® +s® — 2 fla+ 2 ay — 2 aa— 2 ay+ 2 aa— 2^2 

7. 0 ® +a® +y® + 2 = — 2 aa— 2 fly — 2 a 2 + 2 ay+ 2 a 2 + 2 j /2 

8 . TO® +n® +J 5 S + j 2 +r® + 2 TO 7 z+ 2 TOp+ 2 TOg'+ 2 TOr+ 2 «p+ 

2ji£+2m +2;75'+2;w+22r. 9 ^®+ff®+r®+a®+y®— 2 ^ 73 '+ 
2 pr— 22 ) 8 — 2 ;jy— 2 jr+ 22 ’a+ 2 ! 7 y— 2 ra— 2 ry+ 2 ay 10. o® + 
*®+c®+a®+y®+s 8 — 2a5 + 2 ac— 2 fla + 2 oy + 2 as — 2 Jc + 2 Ja— 
25y— 282 — 2 ca+ 2 cy+ 2 c 2 — 2 a 2 /— 2 a 2 + 2 y 2 11 a*+4a®+ 

9y®+162*— 4(RB— 6 oy— 8 a 2 + 12 ay+ 16 a 2 + 24 y 2 . 12. 4a® + 
^® + 4<;*+<?®-.4aJ+8a(;— 4af?— 4&c+2&^— 4c«?. 13. 49. 

14. 9. 15** 7)^ 16. 144. 17. 1685. 18. 1 .' 
19.^ 68 '20. 0 21. 47. <22. 69. 
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32 [Page 86.] 

' 1 . ««+5«*+10«3 + 10a!®+52+] 2 . *" + 6®'' + 15a:* +20** 
+15a:“+6a!+l 3 fl®+8fl^5+28a®4“— 66o"J®+70o*&*+ 

5Ga®i®+28o*J®+8flJ’' + 5® 4. fl® + 9fl®J+86o’i’’+84<z®J® 

+126a®i*+126«*5®+84fl;®i®+8Gc®i’'+9«6“+5®. 5. a:'' 

— 6a:*y+10a!®y®-10a!=3^®+63:y*— y® 6 «i’--7w®«+21?«''«“ 

— 86w%®+8D»i®«*— 21m®?i®+7»?;i“--«’. 7. a:*+8a!“ 

+24a:®+82a:+l6 8. a:«+10a:*+40a;»+80a:«+80a:+S2 

9. a!®+8a:^+28*“+66a!'''+70a;‘‘+56a;3+28a;°+8a;+l. 

10. a!*+12a!3+64ai®+108a:+81. 11. a!»-6a:* + 10a!®-10aj» 
+6a:-l. 12. 64- 1922 +2403* - ICO::® + 602*-12^®+s«. 

13. 16a!*-82a!®+24a:»-8a!+I 14. »®-9*®y+86a;V 
— 843:®y® +126a!°y* — 126a!*y® +84a:'’y® — SGa;®y" + 9a:y" — y® 
15. 243a!®-810a!*+1080a:®-720a;®+240a!-S2. 16 l-8rt+ 
28fl®-5Ga®+70a*-5Gfl®+28fl‘*-8ff^+c» 17. l-7c+2l2» 
-85c®+852*-21r» + 72“-c». 18. l-18a:+lS5a;*~540a:® 
+12153!*- 14683!® +729a;®. 19. 1 - 14a: +84a:»- 280a!® + 
660a!* -6723!®+ 448a:® -128a!». 20. 266a:«- 1024a: V+ 

1792a!«fl!® - 1792a:®fl® + 1120a:*fl* -448a:®o® + 112z®a® - 16a:a^ 
+fl*. 21. a:^® — 10a!®a+45a:®«“ — 120a!’ff®+210a!®fl!* — 

252a!®fl® +210a!*fl® -120x®a’ +45x®a® -lOxc® +»> ®. 

22. 248x® -810x*a+ 1080x®ff® -720x®fl® +240xa* -32a® 
23 10x*+20x®+2. 24. 2x®+S0x*+S0x»+2 

25. 14x®a+70x*c®+42x®a»+2a’. 26. 16. 27. 82.' 

28, 04. 29. 128. 30. 256. 31. 80. 32. 8. 

33. 0. 34. 16 35. 0. 

33 [Page 87, 88.] 

1, a!®+y®-2®+8xy2. 2 . i?®— 83'®— r®— Gyjr. 3. 8x®— • 
27y®-0®-18xy3 4. a®-86®+27+18a& 5. 27a®- 

1255®-64-180a5. 6. (a:-y-l)(x®+y*+l+ary+a!-y)i 

7. (a:— y+2Xa!®+y®+4+a3^— 2x+2y), ' 8. (a:— 2y— 82) 
(3!9+4y® + 92® + 2xy+Sas!-6yx}. 9. 0. 10. 0. 11. 0. 
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34 [Page 89 3 

3 8(c-5)(c-&)(fl-c) 4 («-3)(y“-s)(y--*). 5. o 

6 . 0 . 

35 [Pages 92-95 ] 

11. 27a!3+8^®+3^— 14. 2fl“J“+2a®c*+26^c“ — 

a4_54_c4 16. 4(fl»i*+aV+J®6=). 16. 2(a^+ 

J4^g4j. 19 , 8flc. 20. 8a“J*. 23. (a+rf+J— c)- 

(a+if-.j+cXJ+c+fl--rfJ(6+c-c+rf). 24 x^-2x*+l 

25. a-*— 2a*6’+4aic=+6‘*— c"*. 27. — 2&‘*c 28. 2a’c^ 
34. 8x® 44. 247. 45. 86. 46. 84. 47. 849. 

36 [Pages 99, 100] 

' 1, — 4fl> 2. — 5a^. 3. 4jB^a'. 4 8mn*. 5 — 4p=?. 
6* Sa'^i® 7. 5z®y*2. 8 ~8a®<;“. 9. -8w»»*p 

10. 8 a= 6 *. 11. -6x*ij» 12. 8 a®»V 2 ». 13. 

14 -7a*». 15. -7 to“. 16 -7a‘^6*»‘>. 

37 [Pages 100, 101.] 

1. a—2h. 2 — a!^+2iB. 3 xa—2x^ 4. 8a=— 4&*, 

5. — 2B6*+8a®6. 6 a*— 2 b®+8b® 7. aa— 2a“+8a=. 

8. — 8z^+2e*— 5aa. 9 2r«®n®-8m*— 4«*. 10 — 

+iP3+h^- 11- -2ay*+8a3-43r3. 12. 

Ja^a 13. Sza+J^a®— 4a’>. 14. 6w®»— 7wjn®— 

15. az®y— B®a+a®y®— a*. 

, 38 [Pages 105—108] 

1. a-2. 2. «-6. 3 8a+4. 4. 6z— 7. 5. 2a— Bl. 

6. a®— ay+y®. 7. 2a— 8a. 8 a®— az+a®, 9. B®+2a& 
— J®. 10 m®-87M«+2n®. 11. a®-8B&+5*. 12. 2a® 
—Bxy—2y^. 13 a®— 4aa— 2z®. 14 8+2a— 2a®+a®. 
15. a®— 2z+8. 16. 2a®+3a5— 46®. 17. a®— 2aa+4a®. 
18. a*-2a6+26*, 19. 2a®— 8a -8. 20. a® + 8a® + 9a +27.. 


I 
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made easy. 


21. a*+2«=’+4a“ + 8a+16 22 3-?®+2a!®. 23. 8®=-' 
4®+5 24 82 + 161+8x2+41^ + 2®*+®®. 25. ®*+2®® 
+8®2+2®+1 26 2fl2— 8fl(5+4&2 27 ct^+SaJ— 5&". 

28 ®3+2®®a+2®a2+o2 29 a^-ZaH-l^. 30 ®* + 
^y®2+3y2®2+2y®®+^* 31 ®*+2fl®® +8a2®2+2fl2®+a*. 
32 ®*— 2®®y+S®2y2— 2®y2+y* 33 ®2+(o+J)»+a&. 

“34 ®— c 35_ar+J+tf 36 ai+ac+5c 37. aS+ac— 5c. 
38 ®2— (a—5)®— a5 39 a^+J^+c®— a^—ac—Jc. 

40 ®2+?/2 + l— ®y+a+y. 41. ®“+4y2+9g3+2icy+8®2— 
'Gy®. 42 ®s+y2+g2+a:y— ®®+y® ^ 43. 2®— 8y— s. 

'44 a5— ac— Sc+c® 45 ®+c 46 ®+a. 47 a^+aS- 
5c— c® 48 a5— ac+5c— 5®. 49 y®®+2y®®+y®®— 2 y 2 ® 

— ®®s— ®3® 50 a®— a®+a® 51 c+a— 5. 52 2(a+5)®. 
53 a+y+2+®yc 54. 16®*— 8®2(2y®+a®)+(4y®— a®J*. 


59. a®6 60. a5“^c^. 61 — 8®®y^2r®. 62 , 8®^— 

4y^. 63 a®— a^5^+5^ 64 a^— a*5^+5^ 65 2®^ — 
5®»y^— 8y^ 66 a^+a^5^+a^5+5^ 67 2a“® + 

3a“-5“^+65“® 68 S®”^- 5®""^y~^+7y~^ 69 a^+a®5^+ 


‘*2 !.*■'» AaaiJL-' 

a^5^+a5+a^5^— 5’**^ 70 ®'*+y'^+s*— ®®y3_ 


1 1. X i: 

y3gj — gSjjS, 


39 [Pages 109, 110.] 

13 ®®+®®+a+l 14 ®®— a®y+®y® — y® 15 ®*+®® 

+®®+®+l 16 a*— ®®y+®®y®— ®y®+y*, 17. ®®+a* 
+®®+®®+®+l. 18 a’--a*y+jc®y®— ®®y®+®y*— y®. 

19 ®°+a®+®*+a®+®®'+»+l. 20. ®®-®®y+a*y®- 

+®®y* — ay® +y® 

40 [Page 111.] 

t 

t 1 a(5+c) 2 a®52(J+aJ. 3. a^y®^— 2®}. 

4. 2®y2(®+2y-3s). 5 2a35(2a®-8a5-45®) ' 

'6, a®®(y-5a®y® + 3®).7.' 8®2y®g»(a®y-4y®®f 7®s®). * 
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a 9. 3tlJr''y‘'{2a-3+3y'’). 

10. f =«=-;«»&»). 

41 [Papo 111.] 

1, + 40), 2 . o{2ff-i nr)(2rt-07), 

3. (C.rM l)(r.Jr’-l)- 4, { 4 j-M- 1 )( 27 *J' 1 )( 2 z~ 1 ). 

6. 6. jr:-{r’ + '»)C2j-l-S)l2/:~,3) 

7, ?“{l + ‘'j-»)(i+3*)(i-8r), 

9. (G*--!'*o) 10 + 77’’). \ 

II* {li + w'»)(ll~n") 12. (T/V +nj(7r^t--‘4. 

13. (tiM'WjOi?— W) 14. {'!/* +Ki*)(nz‘^-M5) 

15. ;*.oM 16. 

17. IS, 2rtA‘fl-’+8){7/rj-9-8)- 

19. tr 20. 

<7n*#.» + llK7n"^’’'-U) 21. (rt+S/»+r.''){rt+.3?;-5f) 

22 tV) 23 iTt/, 24. (Q-r-^ 8/) 

(Q+?). 25. (2rt-£?H 8. ~3^)(£rt-2^-.8r+.V). 

26. (T.-ffiV-asKrz-^-l-ar). 27. 12{r.jr-l)tr+2). 

28. 4<t(^-0 29. (.^'x+&~t)(<J-7&+V). 

30. (l4'J-l-Jlx-28y){2iT-l »7x~ !!«/). 

31. 32. £efl(:.a~8). 

42 [Pages llz/ U3.3 

1. (J'^+r.t.DC.r’-jr-M). 2, (j:Mx + I)(Jr’-®+l)(i5«~ 

y^ + l). 3. (n* +or 4- x*)(rt^— «*•*•/•*), 4, (a’Hftx+a*) 

B. (*"»+ l3'+8){x=~ ta+S). 
6. (2/^-1 f.r+n)(2x*-Cz4'P). 7. ‘Hz»+2z+£)(z’-2r4-2). 
8, {ff’+0rt4-85(o*-2rt4 8) 9. (T^+a-;i)(a«~a-S) 

10. (2x^4 2 x4*3)(2x»-2z 4'3). 11. (2xM 2x~8)(2x=- 

2r-8) 12, (2r« + H^4 S){2x2~Cr4-3). 13. (2fl«+5rt~S) 
{2a«.-n«-a). 14. (2fl*4'lOrt+2D)(2a*~10a4*2li). 

15. (8x’l-a4-J)(3*®-af+4). 16. (8B’4'a-4)(8fl»-rt-4J 
17. (8zM :}x~4)(8x»-na-4). 18. (8ff« + riB+ l)t8n®-- 

19. (47^-Cxfl4'5a»)(l*» + 0xft+5O 20. (8 b-4* 
1-27 
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algebra, made east. 


laz-k-bx-tZu'-lax+^x^) 21. (a;=+4a!+l2)(a;’-4a!+12).* 
22. (a2+5ffJ-56“)(«=-5fl6-5&=‘) 23. (6a=+2aJ-62) 

(6a=-2a6-6»). 24. {7wi®+27wn-4«®)(7?ra“-2»jn-4n=)^ 

25. (8a®+12a®+9a:®)(8fl^— 12ffa;+9z“) 26. (2®®+14ara- 

+49fl=)(2i3-14aw+49fl=). 27. (a;+y-s)(a;-y+2). - 

28. (2a+J-3c)(2fl!-J+3c) 29. (8«+2y-8s)(8a:- 

2y+33)30(a+2J-5c)(a-25+5c) 31. {4y+3a-6s)(4y-. 
3a;+52) 32. (a— 2&+Sc— 2i0(ff— 26--8c+2t?). 

33. (aJ— 2?^+s)(«— z) 34. (2z+8ff+5&+l)(2a:+3a — , 
55_1) 35. (8®+2y— 72— 5)(8a!— 2y+7s— 5) 36.' (4a+ 

3J_4<;_8)(4 q:- 8&+4 c- 8>. 37. (aj-7y+52-2)(a;-7y- 

52+2) 38. (4a:+5a+3y— 7^)(4a!+6fl— 8y+7i).. 

39. (7a:-4y+82-l)(7a:-4y-82+l). 40. {a+5-c-rf> 

(c— &+C— <7). 

43 [Pages 114, 115.3 

1, (fl— 25)(«®+2flJ+4&**) 2. «(«— 82!)(fl®+8flra!+9a!®)^ 

3. (22+l)(4a:«-2aJ+l)(64a:8-8s® + l) 4. (a-25)(a®+ ' 
2«&+46“)(fl®+8a3&3+G4&''). 5. (8fl« + 5a:=)(9a«-15a2a!®- . 

+252!^). 6. (?«+w)(OT— «)(?w=— 7nn+w®)(m-+jn«+n®). 

7. (7a;+8y)(49a;2-562y+64y=) 8. (2a:=-l)(2a;a+l) 

(4a:*+2a=+l)(4a!^-2a;='+l). 9. {a-2z^){a-k-2z^){a^ ^ 

2«a;=+4aj*)(ff’'-2flaj=+4a!«). 10. (5a!®-6a3)(25®®+80a;^a» 
+36aC). 11. fl&(4o*+7J+)(16a®-28c^6*+495»). 12. z^y- ^ 
(8a;® + 2y®)(8a® — 2y ® — 6a;®^® +4y ®)(9a;® + 6a;®5r® +42/°) 

13. (a+J)=(a^-2fl®J+6a=dS-2a&®+J4). 14. 2(a;+y> 

(a;-2/)(4a;*-14a:®2/*+l3y*). 15. 2(c-2r)(rt=+flJ+i°) 

(4a°-2a®53+d°). 

- - k r 

44 [Pages 118, 119] ' 

1. (aJ+3)(a:+l). 2. (a;+2)Ca;+8). 3. (a;+8)(a;'+4)/ 

4. (a-+4)(a;+5). 5. («+3){a;+6). 6.. (a:+4)(a:+7). 

6. (a:-4){a--G) 8. (a;-5)(a;-5) 9. (a;-5)(a:-6'.^ ' 
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10. 11. (3^-I2):7-2) 12 (a:-2)(a— 20). 

13. (."-}- 14. tr+8)(s-C) 15. {x+ 18 )(j:~ 2 ). 

16. («4-12){x*- 8). 17. 18. (r+18)(x~.4) 

19. (.♦-$){= -t-fi). 20. (r-lCKx+O) 21, (x~32)(x+.8). 

22. (x-HKx-^ O. 23. (x-7)(t+G) 24. (x~0)(x+8). 

25. (x4.20){t-4) 27. {x-'24)(s-)-S). 

28. {r-M2)y“T} 29 (x-12)(x~8) 30. (x+2rO(x~S). 

31. 32 (x-£l)(x~I) 33 (x~22)(*-4). 

34. (?4'155{?-‘»'} 33 36. (x+M)tx~C). 

37. 33. (m-Jf.Ku+G) 39 (rt+20)(a-8). 

40 (o-’^rn-o) 41. (;)-2l)(/’+2) 42. (m+nitw-S). 

43. (n’fCtOfrj-n) 44 (ff-SOCo-S) 

45: tx+l?5)rx-.t.). 46. («~MK<i+ 2 ) 47. (o~ir.){o-0. 

48 (y-!*KO{x-i\ 49. (a-80)(fl + i) 50. (x-i ir))(x-7J 

51. 52. 

53, 54. («+ 1 {')(<*— 8?'). 55. (<i— 5^) 

66. 57. (x+8J/)(x"-5y). 

58 69 (/* + 10?X;>~8y). 60 (x+21y> 

{x-JV) 61. (o+l)(d-i)(<i’+5) 62 (x«+f))(2»~8). 

C3. (x4.j,( 3— SKxM 7). 64. (x~l)(xH-x+l){x’’-{*3). 

65. (o-2)trt’+2tf+0(«'-2) 66. (x-l)(x+3)(x’+x+l) 
<x*-.Sr+5). 67. (fl-l)(«+2Krt*-i-fi+l)(o’~2'X+4) 

68. (x»+2){x*~2){x4'2Xx-2)(xM-'l) 69. (<T4-2)Crt-2> 
{r.» + 4)Cn^+rO. 70. (x’ + l)(x»~2Ki«-x« + lK«" + 2**+4) 
71 . 72 (x+lKx+2)(x*+0z+l). 

73. (x-lXCx+lKx-'J) 74. 

75. '-"-i « 76. (x+])(x~2)(*+2)(x-S) 

77 (x-2)(x-8}(J-T)(x~4). 78, («-2)(«-fOX«+2Xfl+5) 
79.(«-* J)(<»'M0){rt^*2Xff+^'. 80. (t+1),*-0Xx+2Xx~‘10). 

81. 2(z*}*!/)nx-^ %)* 82 (S/iJ ?^X«~7i). 83. (^w + 17j/) 
(8n~s») 81. SB* (x+llyK7x+r»y) 

86 {2ff+£'t^)(P(r-.5/>). 87. (Jlft-1-Ui)00«~7f>} 

8S. 7»X0w»-n;j»). 89. (x4 2f/)Cx+8f/K«M-lyjr+12y!)‘ 
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ALGEBRA. MADE EASY 


go (a-2b)(a-6b){a-U){a-&b) 91. (2j:-5)({B+8). 

92. (3a-5)(2a+8) 93. (4m+8)f2»i-8) 94. (2a;- 81/) 

<8a;+8yi 95. (5a-8&K2«-7&) 96 (Sm-4Ji)iim+5n). 

97. (2a;+6y)(6a;-y) 98. (4«+5&)(5o-6&) 


99 

(8a;-6X6a;-72/) 


100. 

{‘iz—dy,{Sx+8y), 


45 

[Pages 122, 123.] 

*1 

1. 

(a;+S)(?;+l) 

2. 

(a:+5)(a;+l) 

3 ’ (a;-l-5)(a;+8). 

4. 

(a;-7)(a;-3). 

5. 

(a;— 8)(a; + 6)~ 

6 (a;-9)(a;+5). 

7 

1 

00 

1 

8. 

(a;-ll)(a:+5) 

9. (ffl+2&— c) 


(a+c). 10. iz+y)ix—y+2)^ 11. (a;+y+lK®— y+5). 

12 (a+56— c)(fl[— 6+c) 13 {x~^y—z){x—by^z). 

14. (a:— 2y— 2s)('B— 8y+22) 15. (a+i— 3c1(flt— 18A+8c). 
1.6. (a: + 12y— 80K*+S2) 17. (a:+y— 52)(a;— ISy+Ss) 

18 (2a:+l)({B-8) 19. (Sx+l)(x-2) 20 (8a;+2)(a;+4) 

21 (4a:-l)(a:+2) 22 (2a;-3)(8a:+2) 23 (2a:+l) 

(8a;-4) 24. (8a:-l)(2aj+S) 25. (2a; +3)(4a;- 5) 

26. (2a;-6)(2a;+7) 27 (2a;-3)(3a;+4) 28. (8®:f2) 

(a;-6:. 29. (2a;+6K®-7}. - 30. (2a;-7)(a;+6), 

31. (8a;-5)(a;+6) 32. (3a;-2)(4a;+8). 33. (a+5Jj 

(2fl— 3J), 34. (2a;— 3y)(Sa;— 2y). 35. (3»«+2»)f2»i— 
36. {Sp^Aq,(p+Sq), 37. (2a-5&)(4a!+3J). 38. (6wa-2M) 
(2w+S«). 39. (4a;-y)(8a;+4y) 40. (3a-lft)(6fl!+3&). 

41. {2a—b){a—2b), 42. (a— 85)(3fl;-F5j. 43.- (a;+3y) 

(8a;-?/). 44. («-H4)(4a-l) 45. -(a-4&)i4a-J). 

46. (a;— 5)(5a;+l) 47, (a;— 6y)(5a;— ^). 48. (a;+6) 

(6a;+l). 49. (a+66)(6a-6) 50. (a-66)(6o+&). 

51 (a-7b){7a-b). 52. ia+7b){7a-b) 53 ' (o-7&) 

<7fl+J) 54. (8a;-y)(a!+8y). 55. '{2x-y)[x-2y). 

56. (10a;-y)(a;+10y). ^ 57. (2a+2'— 1 (a+&-f 2). 

58. lx^y)\2x^+2y^+xy). 59. -(a+b)H2a^ + 2P+ai-). 

60. (®-4y)(4®-y)(a;® + 2 /*). 61. (a;+2j(a;-2)l2a;®+3). 

62. (2fl!+3i)(2a-8&)(2«2+5»). 63. (8a+4ftj(8a-4&) 
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^ - , 

(«»+2J®). ' 64. ({»-2)(2a-iy(ss“+2«+4)(4ic®^2a;+l). 

65.. ' 

‘ 46' [Pages' 126, 1271 


i; {a+l)(a5a+l). 2. (a+lP(®-l)- 3. (®+lX»~l)«. 
4. (ab+c)(ae-i-i). 5. («—«)(®+J)(»^— 6. (a®+ 
7^ (®-'S)(®+y+s). 8. (®+fl)(J~tf). 9. (a* — 
fl6){2a-85J. id. (fl-6)(a+6+c). 11. (2a-3&K2«+3&+4c). 
12. {ax~-hi/Yax+lt/-\-cz) 13. (®*-2/s)(®^+2/3+2/=). 
14. (4®~5flU4® + 5a+8&). 15. 

16. 7n«4->w^) 17. (o— i)(a+6)^ 18. (®+y) 

(!B-5r)3 19. ffl5+2i(a3+8fl+4) 20. (a-6)(®«-12®+26). , 

21.' (2a— 3i)(4fl+3&)f«-f8J). 22. (a— y)'®— y~l). 

23. (2fl-J)(2a-J-8). 24. (®*+fl»)(®-B)=. 25. («» + 
26«)(fl-5)(ffl-2fi) 26. (a+2&j(a+&+c) 27. («-8y)(®- 
y+s). 28. (jJi,-2«ijC?n-8«+2p) 29. (a-8&)(fl~76--6c). 
30. (»+4fl)(2a-8o+4t) 31.^ (o-46Ka-26+S). 

32. (8®+y)(®--8y+2). 33. {a-l~-e)(a+l+c+l}. 

34. '(®--2y + 83)(®+2y-33+4) 35. (S®-4y-2g)(8®-4y 
,+22!— 5) '36. («+*}(«— J)(®+«Ka—aK2!r*—8tt‘’) 37,(2® 

^ -8&)(®=»+cx-J). 38. (*+a)(a-oKa+6)3. 39. 

{a-c)(«-&) 40. (&+c)(a+c)(c+J). 41. (6,-c)(«-c) 

(.a—S){ab+lc+ca). 42. (*—«)(«— c)(a—J)(o*+J®+c®+a5+ 
ic+ca). 43. C&+c)(«+c)((T+J)(J-c)(a-(5)(a-6). 

44 (i-c)(a-c)(a-6)(o3 + 63+c3+c»^+oja,j:^ag.,.^pa.^ 
d®c+Jc*+a6c), - ' Z „ 

- y ^ 

47 [Pages 132—134.3 


1 tf“+5®+c»-a&+ac+gtf, 2 . *’+2^*-+l+®y +"«-«. 

3 a +4y»-f92a+5/y-3®s+6ye 4. 2a-36-c. 5. 

““ + 26C.--7. 5-2«+J. 8 2®«-3®+4. 

.9 *»-2..+S.-6 10 ..-G..462-2. 11 *.+3i 

*18. la »— 6.5+12i..- 13. a>-2a»S+2aJ.-6». 
. 4. - X 8ai"+2.-l. 16; re.+4iq,+i,j,s_ - jg 
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ALGEBRA. MADE EAST. 


(fl;+8)(a;+4). 17. (a;+2)(a!+8)(ss+4) 18. («-l 

(!B-2)(aj-3) 19. (®-2)(a+8)(a+4) 20 (a!-l)Ca:*-3J 

-2). 21. (®+l)(®®+4sS“6) 22. (a-2)(a;®-4a;+5) 

23. («-2)(SB+2)(!c®-8a-5) 24. (*-1J(»+2)(j5®-4®+5) 
25. (aj+l)(a;-8)(a!8-3a-2) 26. (a:-2)(aJ+8)(a:=+4aj-6) 
27. (®+2X®— 4)(a;®— 3a!+7) 28. (a--5)(a;®— 2®+3) 

29 (aj+3)({c®-8a;+4). 30. (a+2)(®-4)= 31. (®-2 

{2®=+®+2) 32. (®+2y)(®®-2®y-5y®) 33. (a+3J)(«‘ 
+fl!5-86®) 34. («-26){6«2+7fl5+14&=) 35. (2®-l 

(4®»+2®+3) 36. (®-l)(®+SK2®+l) 37. (®+l)»(®-2) 
38 (a-iX2a^+ab+i^) 39. (®-l)i3®®+ll®+3) 

40. (a+3y)(®®— 8®y+3y®). 41. (x+a—b)(x—a+2i} 

42. {®®+(«+5)®y®}{®+(a— (fl— %}. 43 {«® + 

4.4^ («+2®— y)(«-®+2y) 

45. (®+2fl+J)(®— 0+26). 46 (®+8y— s)(®+y+2) 

47. (2o+6--3c)(2a— 86+3c) 48 (®®+4®--'3)(®®+2®+8) 
49. (o®+a6-6®)(a®-5a6+6*) 50. (2®®-4®-3)(2®®- 
6®+3). 51. («--l)®(®® + l) 52. (o=+8o-5)(o®-So+6) 
53, (a—bx){a’-iz—cz^) 54. (®*y®+®y— 2+l)(®®y®— ar^/ 
+S+1) 55. {(y+s)®-y+2}{(y— z)®+y+2} 56 {(a+6)a 
+(a-6)y}{(a-6)®+(fl+6)y}. 57. (®®--2®~l)(»2-2®~4> 
58. {a“-3o+5)(o=-8o+l) 59.- (2®»+8®-8)(2®®+3a 

-4) 60. (®“-®y+y=)(®®-4®y+y*) 61. (®®-2®+4)(®®- 
3®+4) 62. (a*-2o6+26®)(a2-5o6+26=) 63. (®®-8z 

■ + 5)(®“+7®+5) 64. (o- 6)2(0“ +606+6=) 65. (®=+4o 
+ 10)(®=+4®-2) 66. (®“-3®-5)(®=-3®-17) 67. {®-l) 
(®+8)(®= + 7®+80). 68. (®->8>(2®+8)(2®“-3®+7) 

69. 0. 70. 0 71. 0. 72. 800 73. 0. 74. 5 
75. c(fl*-5a=6®+56^). 76. 892000. 

48. [Page 136] 

1, 0=6® 2 4o= 3 3®y®. 4. 6o=y®. 5. 9w=«^ 
6. 4o®. 7. 12m2J. 8. 15®“y=2= 9. 18o=ff“. 
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10. 24c3. 11. 123®. 12. 16m3K3p3j3. 13. 

14, 6. 15. 

49 [Pages 137, 138.] ' 

1. cCa+Zi). 2. a3y3(a;+y) 3. 8(a!+3). 4. 4fl=(a®+&c). 
5. tn^n^im—n)^ 6. ax(2a+Zx). 7. 2fl®J®(8«+4&). 
S; 3a-®y®(a;-2y). 9. 2ab{a+2h), 10. lG»3a3(aj»-«®). 

11. 8C«®+fl®+a®) 12. 83fl3(*“+a=). 13. 6Cff+36). 

14. 4a(®— 5) 15. xyix+Qijy . 16 a®«®(«+2»). 

17 2®+3 18 fl~2i 19. ®-2 20 18(a:+2a). 

21. 22 a+2. 23 4a6(3a+&) 24. «®+5»+6, 

•» 

50 [Pages 144, 145.] 

■ 1. 23?- 1. 2. SiP~2. 3 2z+5a 4. a?(8a;+4). 

5. 3fl!— 1 6 Zd—Zb 7. ®*+aj+l. 8 ®— 

9 ~a:(2!B®+aj+l) 10. a® + Sa5+l. 11 fl!®+4aj+l. 
12 Z‘+2ax+da^ 13. a;*+8fla;+5a® 14 2fl»-3ca;+7a;“. 
15 2-82+53!®. 16. 1+42-72® -17. 2=(22®+3fl2+4a®) 

18 2(fl® + 5a+2). 19. 2®+8 z-2 20 2®-32+5.' 

21 2®+5z+l 22 2®+22+4 23 2®+32+5. 

24 2(2®— 2fl2+2a®). 25. 82®+22y+4y®. 26 2®+22+3. 
27 42®+2ti— 5. 28 2®-|^2z+8 

' 51 [Page 148.] 

1 2® -52+ 6. 2 228-172+12 - 3. 2® + 32+4. 

4 828-52® + 7, 5. C2®-U2+4. 6. 22®+162-8. 

7\ 32®+62— 1. 8. 52°— 82-1. 9 22° + 82 — 1. 

10. 32®— 22+1. .11 2°+2+2. , 12. 2® + 82 — 2 . 

52 [Pages 150, 15i.] 

1. 2+'4. 2 22 - 1 . 3. 2a!-8 

5 8a-2b. 6, Sa-5J. 7. 82 - 4 . 


4 22 ® + 1 . 
8. . 22° -8. 



424' 


ALGEBRA MADE BAST. 


53 [Pages 153, 154.] 

1. an- 2 ann 3 4. 

5 24:X^y^z^ 6 140fl=J®c“ 7 120rt®J®c®.- 

8. lBQx*yHn\ 9 10 24(a;=-J^»)=. 

11. (a-lXa:-8)(«-2). 12 a%a-x){fl+Zx){fl-2xV 

13. a=(a-2)(<r+2J(a+4) 14. 12a3«*(a!=-a")(«“-a«+flr°)- 
15. 48(a;— 2j(aJ+5)(«+6) 16. (s— 3)(«+5)(5B + 4)(a+7J. 

17. 3a’(4a3-962)(fl2_ja) jg. (8o3 + 27A3)(8fl=’-27S3)- 
19. 12®''(4a=-25y=)(2®-2^) 20' {2a;--Sa)={9®“-o*)^ 

21. 22(4a!*+81) 22. 6(3a~a?)’'fo=-42;=). 23 (2»-l)“ 
(4«“— 3)(»+3). 24 (SB— 2y (a— 4y)C«— Sy (a:+5y).- 

25 (a:+2)(2»-l)(32+l) 26 (l-4®=)(l+2a+4a;®) 

(l+2«-4«=) 27 (a®-S)=(9a®-l)(9a-*-l). ' 

54 [Page 156] 

1 92-* +80^3- 17*3 _ 763.^.32 £ {Igx^+Saj^-lOg®*— 

8ix+S2 3 48aj*-G5»«-120aj3+160*“^27®-86 

4. 45a;*-24®3-128a*+40*+80 5 nx* -Ux^ --Ux^ 
+ G3a!+180 6 12a!®+8®«+25a;* + 8423 + 35^=* + 18*+8J 

7. 32j;«-24J!®-8a;* + 18a;2-48a= + 27fl;-18. 8. 12as®+ 
242!® + 95aj* + 1 18a;5 +249 j!» + 144a;-'21 6 

55 [Page 158] 

1. 12a;-‘-100a!®+195i“+70a;-72 2 6a;*-792!®+273a=' 
^ -188r-96. 3. 48®*-92®®-128a;=+157a:-30 4 16*® 

+ 4025 • + 2025 ® + 3825 ® - 2025 "^ - 8925 ® - 15253 - 925 + 9 . 


Miscellaneous Exercises (2). 

[Pages 158-164] 

I. 

2. (l) y®(25 — 225)— y^W+yCaS®— 25® — 2g®) + (25®s— 252®) ? 

(n) (2:y® — 25 ®y) +2(25® —ary® — 2 y®) + 2 ® 2 sy — 2 ®( 25 + 2 y).- 
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4. 5. Sab , 128. 
6. (a+c)3-(J~(?r. 7. (2»+8y)(2®+8y-4:). 8. a-8. 

II. 

»* 

2. «-2a^+l. 4. a:®-6a° + 15®^-20a;3+15a;®-G»+l. 

5 . a*—(p-'l)z^+(q—p+l)a:^-‘(p—l)!B+l. 

6. (a-b)(b-c) , (&+2fl+3c)(6-2ff-8c) 7. a-2. 

8. sc^ -f (J--flr)a!^+(a— /rJ)sc*+(fl5— ti®)®— «®&. 

III. 

1, 802. ' 2 . 36 3. ai^-ay-azJrys. 

4. (4«-l)(lGfl= + 8o+3) 7. a=-l. 

8. 3®«-29®»+104®3_1G4®»+9G®. 

IV. 

1. 2. (i) fl»~3fl&c+(5’+c“) , (ii) 

~a(J8-c’)+(i*'c~Jc=) j (m)a-*(5-c)~fl(&<-c'‘)+(&^c-&c^).. 

3. -11 ; -68 6 fl+2&+8<!. 7. 12 b®^ 

V. 

1. 121. 3.- 8fl'' + 12o=c+Gac» + c®. 4. &^+aW + 

5. (i) ®)(6flr®+l) , 6i) (z+yz)(y+sx)^ 

6. 2rt+8&+c. 8. 18®* -45®® +87®“- 19® +6. 

- ' VI. 

1. 87669405 2. —125 5. (ft + J+c-J-tfjfflf— 5— 

{<T+5~c-if)(a-5+<;-rf). 6. (i) J+2) , 

(ii) (2a— 6)(S/?+ 5+8) ; (lu) (5®+2y)(3®— 2y+2). 

7. -(2®-y)fl® + (a:+y)fla;-®® 8 ®=-(a+5)®+a5.' 

VII. 

1. 7 3. "®+a - 4 (i) (2®-8)(8®+5) r 

(h) (6®-53^-8)-7®-7y-4) ; (m) t®-8y=)(ll*-21srf).. 

' 7. (a-b)(a-cj(b-c). 8. 280®® -123®= -87® +6. 
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VIII. 


1. 55 4. (a!-3)(2®-l)(8a;-2) 6 {a-l)ix+a). 

6. 2(a+b)x 7. 3a ; 4c“+2. 

IX. 

2. *6+10^3+402!+—+^+^. 3. a!3-2a+8. 

* *3 *3 

4. c3{^~^)-af^3-r3J+^^(5-c). 

5. (x+2i/)(x+7y'j(x-3if)(x-5t/). 8. 0 

X. 

2. 242. 3 a^+&^+c3+2A3+2J3c^+2c^a^ 

4. (a^+i^)(a+b)(a-i)(2a-I>Xa+^i) 5. (i) (3a»-4ad 

+3S3)(2a3+i7a&+253) . (u) (8a!3-7a!+8)(4*3_8®+4)', 

(ui) (ax-+bz+a)(bx^+cx+b) 7. 2528000. 


56 [Pages 168, 169.] 


1. 

i 2 
26 

8* 

4y 

3. 1® 
5* 

4. 

8*s 

5, 

6. 

2az 

bxy" 

7. 

2<76 

3a 

8. 

3npg 

bm 

9. 

10. 

1 

g+8* 

11. 

2*— 3a 
2x 

12. 

a 

a+46 - 

13. 

14. 

2*3 

x-—2a^ 

15. 

4x 

®+3 

16. 

*~2 

®-3’ 

17. 

18. 

a— 45 
a-bb 

19. 

a3 

a+6 

20. 

1—4* 

i-6** 

21. 

22. 

l-2as 

l+Sa-* 

23. 

*3-13 
®3— 4 

24. 

Saz 

a— 3z' 

25. 

:26. 

*— a 
®+a* 

27. 

*+5a 

®+7a’ 

28. 

2x—d 

8®— 2* 

29. 

^0. 

2— Sa* 
i— 5a** 

31. 

®— a 
®3+a* 

32. 

3a +55 
8c-l * 

33. 


2d 
'6ab * 

a 

^ ^ 
* 

3a 

a:+4a' 

g-S 

«+4‘ 

•» 

®+7y * 

2g+3 

3g+4' 

2g---5a 

dx—7a 
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m - 


'0-: 36.' .+8. 36. 

38. ?±g.39. 

11—46 a*+a»— 6“ 

'l+2a;-8«* - 'o ((B-l)" 


41. 

44. 


a-‘b’~c ^rj ^+8 

x+5 


40 ?£rSf. 

■ 2aJ4-5y 


l-2!ii+3a!= * 
x‘^Sax+7a^t 


42. 


g* +3a;+5 

®«-3s+i* ' g-‘+8g~5‘ 


j ^cs 3g^ ‘-~otg*~2c‘' 

2®*— 8as+5a* * ' b®+4* ’ 3*^+a®— 2a** 


<7. 

49. 


2(a°-5fl64-7S°) 

3(a-‘+5fl6-i-76-j* 

2a'* -6* * 


AR 3(3g°+4®+5) 
A(2®*+3»+4>* 

cn 4g(2g°— 8y*) 
hy{^6z^ ~-%y^y 


57 [Page 171.J 

1 45<?fl n 6flg^ 46y^ 3c2® _ 

46f^’ ^bdf' 4:hd/ ^ " 12abc* 'iZabc' 12ab^* 

3. ' lOxylc %y°ca ^ ^(a+l) ahia^h) 

-' ‘ Wz^y^* e0®'*2/“ ’ 60»^y* * ‘ a(a®— 6*)’ a^a- —6*) 


c(a— h) - ®*(a— 261 ay“(a+26l “ « ' 2a“ 

tt(a3~6-‘)’ a(a=-46=;’'a(a-*-46")* - aCa~6j’ 

c-g . ' „ 2a(g+61 -^6(g+6l 4crg-6) 

'a[a—b)’' ' * a^—b^ ’ * ,- 


8. 26gcggfg-gl - Sc^aV g+gl " 4g*6“s " 

a“6*c»(a2— a^^’,aa6-c*tai— «*)’ a’‘6''c*Cg-* — g*} * 
g^g^2g+8?/) 6*y(2g— 8y) - c* , 

' ' gy(4g"-9g*)^ gy(4g»-32^»)» g^^i4ga-9y='}’ 

10 ft°fg°-g+ll 5«(g°+g4.i1 3(g+3i 

^ g*+g- + l ’ g^'^-ajJ + i ' g3 + 2g*-5g-6 ’ 


4(g+l) - 
4J'’+2g“ — 5g— 6 


7 51 g**j— 46“' -a6c 

, ’ g*+8a63’ a4+8a63^ 


13. g(g”+3g64-96“ l 6fg-36) . c 

- a3-276=» ' g** -276® ’ ^3^2^* 
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ahc 


a6(tt“ + 6®— c=* — Zaft) 

(a-h)^ 


1 R <e—(A^ 

[^a—b){b—c){c^a) *' 


(h-cV 


itt—b){b—c)c-‘ay (a-~b){b—c){c—a) 

58. [Pages 174, 175] 

.4 • rci 

1 . 

5. 

8 . 

11 . 


17 . 

20 . 

23. 

26. 

29 


? 

35 


1 . 

5. 



o 

0. 3 1 

4. 

4ai 

ab 


a‘-b* ' 

a+h 


123'y 

V 

a'^ — 2ah-‘1)~ 

2{a—b) * 

Ua 

4x^-9i/^ * 

f a 

{a-i-bf‘^fl—b) *■ 

2a^ 

9. 

1 

10. 

2 

a^-b^' 

(a— d)(^— t;* 

a-*— 4®+8* 

2 

12. 

6x1/ 

13. 

2ah 

SB^ + lOxi-Ib 

8a'^H-Z7y® * 


0. 

15. 

' 

16 

— 64aa® 

fl* — 10®** 

a® 

18. 

2i 

19. 

4y* „ 


1-lba^b^, * 

a*-16«*' 

Sn'^h 

21. 

108®* 

22. 

9ff®'a+a) 

a^ — b’* * 

8U*-y * ' 

®*-81o* *, 

. 24 

6a=-32 


6o®® 


X*- 

-5®” + 4 

4®* — 5a'‘x"+a^ " 

4Ro3 


27 

28. 

a— c 


®*-l* 

1®— OX®— ^3 * 

4 

30. 

4 


31 ^ 

a** — bar 5 * 

®‘*-i-14a®4-13tf* ’ 

a+8* 

0. 

33. 

4®® 



i+®*+®“ 


a* -04 






Iba® — bbblw® 

« 




' 59 

[Pages 177, 178.] 


3* > 2 

fl3 

T' 

3. , xyz 



a + 2 _ 

“T-* 7. 3 

X 


a. 

0 



i KB WEES, 


429 


a’-4aj- 




a;-* — ic— 6 


11. 1. 12. 1. 


-lit * IC ®+2 &) 

T- 15. ^ 16. -^— 


r*+s^+i- 1®- o?+"+w- Ks+fe) 


.20. 1.' 


n, fl! + J — C 

a+d+c* 


22 . 1 


60 [Pages 180, 181.] 

• i 


f/T 4- ft V 


4, rt— ft. 


m—n 

m-Y'in 


6 (wi-«)= 7. 1 8 19, 


aM-y- 


Trk ' a®— 8r+12 1 

ai-lOa+21* ■ ^ * 13. ay. 

14 flft 15. 2a. - 16. 1. 17. ~P ~„ . 

r> •Vff ^5“ “t* (t n <« A A-a 

ab{a-b)- ® “^ • 21. a- ft. 

61 [Pages 188-193.] 

■» 

idf+bc+cf’ '1' ”*• 5. 4ay. 


6. 1. 21 0. 24. Z. 25. — 26 1 

a* + 10a®ft+Crtft»-ft* • 

29 a«+2. 30 1 31. 

"T**' - C— ft 

32. 1 34. 0 35. S. 36 a+y+r. 37. a- + 

ft®+c*. 38. a+ft+c, 39. 0 42. 0 43. 1. 44. 2. 


45. 1. 46. 0 


47. 48. 


(a~«/(a~ftx®-c)* 


€1.' 


(a— c)(a--ftjia;--c) ’ 
^ la-«)ia~ft;(a-c] * 


WV/» I - _ 

56. a*. 
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62 [Pages 197-200 ] 


1. 

1 2. 

2 

3. 

8 4. 

-4 

5. 0 6 

T. 

7. 

-2 8. 


1. 9. 

7 10. 

8 

11 5 12. 

7_’ 

13. 

-6 14 

0 

15. 

-8 16. 

9 

17. 

-2. 

18. 

19. 

1. 

20. 

-1 21. 

2. 

22. 8. 23. 

-5* 

24. 

I. 25. 

2 

26. 

i 27. 

S 

28 -5. 29 

6 

30. rt+&. 31. 

2flf 

32. 

7(»+^> 

33 

0+5 34 m 

— « . 


35 a+h 36. 37. 

4 

39. c+d. 40 J(a+5+tf) 41. 


■J(fl5+5+</). 42 12. 


43 

db. 

44 

: 30 

45 12. 46 

A. 47. 

ab 

18. 

48 

16 

49 

20. 

50 

1 

3. 51 8 52. 

10 53. 

9 

54. 

9. 

55. 

5 

56 

8 

57 5 58 

7. 59. 

'8o 

60 

-24. 

61 

18 

62 

6o 

7 

.' 63. 66. 64 

4^. 65. 

6. 

66. 

ioh 

67. 

(rc+5® 

5'*+c= 

68 

-2^ 69 

8 70. 

11. 

71 

2 

72 

250+245 

73 


72 76 

3 

76 

2. 

77. 

-1. 

78 

-2. 79 

1 80. 

-7i 
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[Pages 201 

, 202.] 




1. 

27 


2 { 

7. 3. 20. 

4. 

2 

5 

10. 

6. 

5 


7. i 

1 8. 5. 

9 ; 

li. 

10. 

5. 

11. 

7. 

12 

8. 13. 5 








64 

[Pages 205- 

-207.]. 



- 

1. 

1 r 

m* 

2. 

■To 

3. 2f. ' 

» 4. 4 

•05 

5. 

8. 

6. 

8. 

7. 

10| 

8. 2, 

9. 8. 


10. 

'4* 

11. 

5. 

12. 

li. 

13. 4. 

14 4 


16. 

. 7j 

16. 

1. 

17. 

4. 

18. 2. 

19 4 

9 

S’* 

204 

3. 
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21. 

2. 

22. 


23. 

2*} 

24. 2Gi 

25. 

18. 

26. 

56^. 

27. 


28. - 

4') 

Trt* 

29. 

-v- ' 30. 

— -y-. 

31. 

091 

32. 15 


33. 

'll 

47* 

34. 

-1. 

36. J 

. 36. 

ai(a+l>—2c) 

•^b-‘-ac~-bc' 

37. 


oi(<;+l) 

38-^ 

-am 

-n 

39. 

h-\rc- 

he 

-2a‘ 

40. 

Zal’ 

fl+6 * 


41. S<7. 


42. 




65 

[Pages 209, 

210] 


1. 

ir 

m 

2. -8 

3. 

•^ra* 

4. 

-1?. 5. 

-r, 

0 

6. 


,7. J 

8. 

__n 
? • 

9. 

2. 10. 

1. 

11, 

r. 

n 

12. iT^r. 

13. 

1 

14. 

j 15. 


16. 

C 

17. 7.* 

18. 

41. 

19. 

20. 

1 

21.- 

# 

— T . 

22. 8i. 







66 [Pagre 213.] 


1. 

24. 2. 

-6. 

3. 

— 0 
i* 

4.- 2 

5. 

7., 

,6. 

a+b 

7. 

ah 

a-^b* 

8 

c^'(f+^7) 
■ ab- 


9. 

2. 10. 

s 

Sa-*’ 

11. 4. 

12. - 

a-i-5 

13. 

S. 

14. 

2. 15. 

ah 

a—b 

9 

16. 

25." 

17. 

S. 

18. 



19. 6. 

20. 


21. 

10. 


1. 

15-ar. 

2. 

a;-20 

5. 

y-2z. 

6. 

21 

• 



a 

9. 

n- 

10 

— hours. 
y 

12. 

-miles. 13, 
z 

44 

% 


67 [Pa&es 215—217.3 

3. ®+25. 4« 2j~y. 

7. 100 -Sar, 8. 4a:— 


14. ?. 

4 


15. a:-2, a:-l. 
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X, af+l, 05+2# 

16# 

8a5 17# 2>w+3 

18# 205—2. 

19# 

days 

y 

20# 

Zdb 21. — • 

lb 

22- W 

23 

~ hours 

X 

• 

24. (05+15) years , (o5+45) years. 

0 

25# 

lOy+as 

26 

lOOas+lOy+s 27# 

100+10y+a5. 



68 [Pages 220—223 ] 


1. 

40 and 10 

2 

80 3# i2 4# 

00. 5 40 

6. 

96 

7 

42, 48, 44 8. 83 

9# 25, 65. 

10# 

15 and 24 


11 36 12 72 

13# 10, 11 

14. 

£600, £250 

15 £120, £800 

16# £3 lOs 

17. 

35, 26# 18# 90 by 180 , 100 by 280 

19# 14 miles 


p6r hour 20a 8 mile? 2Xa 30, lOa 22# 15 ft ^ 12 ft# 
23# £88# 24 60,80 2 6 20 men, IG women 

26# A 84 miles and B 70 miles in 66 hours. 27 28 da3rB. 
28# £2 16« 29 24 ft# 30, Worked for 22 days. 

31 4 days 32 £52 52a. 33# A, £162 , B, £118 ; 

0, £104 34# 34 sheep , £70 35. 98? miles from London , 
10| hours 36# 44 37 82 38, 72 39# 28. 

40# 5, 8, 2, 24 41. 19, 5. 4, 32. 42 22, 31. 9, 54 

69 [Pages 231-235 ] 

1, 16^ minutes past 3 2. 27^ minutes past 5 

3# (iJ minutes past 7 , (ii) 21 t"i 'and 54i''r minutes 

past 7 , (ill) 88i®r minutes past 7 4. (i) at 5 tx minutes 

past 7 , (u) at 16 t\ minutes past 6 5. miles 

6# 8 miles from the starting place of the faster walker ; 
£ hours ' 8. 36 minutes# 9. 81 anb 4^ miles per hour 
10# 160 11. £6 13. 800# 13. Greyhound, 960 ; 

hare, 1200# 14. 180. 15. 20 8hilhngs; 5 shillings. 

16. 40 17, 76 ibs of gold and 80 lbs. of silver 18. 4 hours ' 
^ and 6 hours# 19# 42 years, 20. 6 J oz from the 1st bar. 



AKSWBSS, 


4S8 


18^ from the 2nd. 21. £450 8s. 4^ , £15G, 13s 4rf. 

22 11 pic6 » each man o£ the 1st set 6 pice, of the 2nd 

■set 5 pice, of the 8rd set 4 pice, and of the 4th set 4 pice. 

23. 180 24 25 02 ,'8s per os, 25 7s., 11s. 8ff. 

26. 2080. 27 each , 512 28 12 29. 654. 

30. 1504. 3 1 80 3 2 786. 33. 4650. 

70 [Page 237 ] 

‘ 1. a: = 2\ 2. « = 51 3. ® - 71 4. ® = 41 

y = 8|- y = 2)* y=6r y= 7/- 

- O '*— 0 6 a; s= 21 7 « — 401 

® + y=8/* y=16/* 

:8 a; = 81 9. a; = 61 10 a; s= 61 

y = 5) * y = 4) ‘ y = 8 j * 


?}• 


s}/ 

1 } 

-!}• 

if}- 

I}- 


1. a: 

y 

5. a: 

y 

9. ai 


1. a; 

y 

’ 5. X 

V 

9. X 

y 

13. X 

•y 


1 } 

1 } 

5 ) 


8 

2 

4 
2 

5 
2 


& 

!}• 

;}• 

}}• 


u 


71 [Page 239.] 

2. aj = 21 3. a: = 71 

y=:8r y=2/ 

6. a: = 131 7. aj = 61 

y== 3/ y = 5r 
10. a; — 211 
y ==|20/* 

72 [Pages 242>-244.j 

t 

2. aj = 41 3. a: = 71 

y«l/- y=4/* 

6. a; sS G1 7. a; = 21 
y = 4/* y = l/’ 
10. a? =11 11. a- = 11 

y = 8/* y = 2r 

14. a; =—51 .16.;p=— 21 
y= 2/* 


4. a; 

y 

5. a; 

y 


17 a s= 


19* a; 

' y 


:|) 


20. a; = 81 

* y = 2/ 

1—28 


21. a; = 71 
y = 9/’ 


4« 

y 

8 . X 

y 

12 a; 

y 

16 aj 

y 

18. a; 

y 

22 . X 
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23. X 

= 10| 

24. ( 

a= 4] 


25. 

a = 

2 \ 

y 

= 6 /* 


y = io; 

• 



y = 

8/^ 

26. X 

_ 0°-^® - _ 
am— bn* ^ 


bm* 


27. a 

a 

I. y = 

= h 

28 X : 

-hy~ 

= i 29. 

X = 

4,y = 

2 30. a = 

■ rVi y = 

: 18. 

t 


73 [Pages 248— 250.] 




\,x- 

= 1 ., y- 

= 2 . 2. 

, a = 

= 2 , y = 

8. 

3^ a = 

= 3, 

-y = 

: 4. 

4. X = 

= 4 ; y: 

= 5. 5 

a = 

= 5,y = 

6. 

6. a = 

= 6, 

y = 

; 7. 

7. x = 

= 7, y = 

= 8. 8. 

a = 

= 8, y = 

9 

9. a = 

= 4, 

y = 

2 . 

10. x = 

= 5, y. 

= 8 11 . 

a = 

= 7,y = 

4. 

12 a = 

= 5, 

y = 

: 8 . 

13. X = 

s 8 , y- 

= 12 14. 

a = 6, y = 

= 14 15 

a s= 

8 , 

y = 18. 

16. a = 8 , y 

= 9 


17 

^ M ■* 

• X =S 

12, 

^ = 

16. 

18. a = 

= 21,y = 

= 12. 19. a; 

= 21,y = 

= 24. 20. 

a = 

18,' 

y = 28. 

21 . 

a = 99, 3 ^ 

= 16 

22 . a = 

10 , 

y = 

8 . ’ 

23 a; = 

■ 8 , y = 



24. a 

=: 

4, y = 

7. 


25 2 s= 

8, y = 

5 


26. a 

= 

1, y = 

2, 

2 = 

8 , 

27, X — 

2, y = 

—8, a = 

1 

28. a 

a 

8, y = 

= 4, 

3 = 

1 

29. X — 

% y — 

3, a = 

4. 

30. a 

: a 

1, y = 

: 8, 

2 = 

: 6 . ’ 

31.® = 

2 , y = 

8, a = 

4. 

32. a 

= 

8, y = 

6, 

2 = 

9, 

33. X = 

y = 

10, a = 

14. 

34. a 

a 

8, y = 

12, 

2 = 

20. 

35. 2 = 

8, y = 

4,a = 

5. 






1 

- 

74 [Pages 

253, 254 ] 




1 . a = 

= 

2, a = 

8. 

2 . a ! 

a 

2 , y = 

3, 

, 2 = 

’4. 

3. a = 

2,y = 

8, a = 

4. 

4. a : 

= 

2,y = 

3, 

. M • 

4 ; 

•. 5. a “ 

8, y = 

2, a = 

1. 

6. a : 

a 

8, y = 

2, 

2 = 

'1. 

7.x = 

4,y = 

8, a = 

2. 

8. a = 

= 

4, y = 

,5, 

2 = 

6.,> 

" 9. a = 

7,y = 

5,3 = 

8. 

10 . a : 

= 

ii y =■ 

-2, 

2 =s 

8. 

11 . a = 

4 

8,y = 

2, a = 

5. 

12 . a,: 

= 

8, y = 

h 

2 = 

0 

?• 

j- ^13. a •— 

1 

10 , y = 

20, a = 

5 

14. a = 

= 

2, y =- 

-8, 

2 = 

4. 

15.at= 

5,y = 

6, a = 

7. 

16. a = 

=: 

2,y'= 

4, 

2 = 

6. . 

.17. a = 

2, y = 

5, a = 

10. 

18. a = 

= 12, y = 

12 ; 

2 =12.' 

19. a = 

6,y = 

12, a = 

8. 

20 . a = 

= 

iy f= 


2 = 

h 
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21. 

a == 

7,y 

= 10, g = 

9. 22* a = 1, y = 

= — 2, g s= 8. 

OO 


5s.fc2-.a3 

• A1 

c»+g»-&« 

g=+&“-c« 

aO« 

a =s 


2bc 


“ 2«i ’ 

2g6 

24. 

a = 

i»y 

= 2, 

— < 

3. 25. a=-28, y 

= 10, s = 9. 




75 

[Pages 257, 258.] 


1. 

a = 

g 

T’ 

y = 

A,. 
2 * 

” 2*^ g+5-c’- 

2 

^ g— ^)+c’ 


2 





2g2^c 

g = 

S+c- 

-g 


3a 

a sss .Vs 

g6 + gc— ic ^ 

’ ^c+gfi—gc’ 

g = 

2g5c 

.4. 

a = 

o > y ~~ r\ L 

c. 5. a = 2, 


ac+bc—ab 


a^^b‘ 2ab 


y = 

i,z = 

= 6. 

6. 

a = 

b,y =s 3, s = 1. 

7.' a = 12, 

y = 

10, s 

= 8. 

8. 

a = 

13, y — 8, g = 9. 

9. a = 4, 

7/1 = 

5, z 

= 7. 



-- b(2a—b) 

1°-*“ a-b 

_ gf2J— g) 
~~ b—a * 


1 1 — A ca * db . 

~{b—a)[c—a) {c~-b){a—b) ’ ~{a—c){b—c)"^ 


* {b—c)[a—c) ’ ^ ^c— 6j(a— 6) ’ * 

iq - a^bc ^ b-ca 

~ (a—6){a—C) ’ ^ “” {b—c){b—a) ’ 


1 

{a—b]{a—c) * 
c°g& 

{c—a){c—b)* 


14. » = flic, y = gJ+Jc+cg, g = a+b+c 15. « = J— c, 
y = c-g, £ = a-l, 16. a^ii^Ci-bnC^)+b;^{c^aa-c^ai)+ 
= 0. 17. g = G 18. *g = 4, a; = 12, 
2^=5, g= 7. 19. a = 6,y— 4, s = 3, tg =: 2, i = 1. 

20. z= ai^y = be, s = ac 


76 [Pages'262— 265.] 


1. 2. 7,3. 3. 6, 2 4. GO, 15 5. 24,15. 

6« 7. f 8. f. 9. Es. 15 , Eg 24 10. 8, 5. 

11. 6 miles and 3 miles per hour.-12. 8, 16. 13 SO days. 
14. 480 sq yards “ 15. Tea 23, 8tf-and cofEee Ls Gd, per fi>. 



m 


algebra, made, easy. 


16. 3 miles, 4:^ miles per hour 17* 22 and 26. 

18. A, As 600 , B, Es 400 , 0, Es 200 19. 75 20 65. 
21. 21, 40. 22. A horse, £24 , a cow, £12 23 5s ,'8s. 

24. A, 24 days , B, 48 days 25. 26. 15 miles. 

27. 72. 28. 75s., 86s. 29. 84 sheep , £70. 30. 27 

77 [Pages 273—276.] 

1. 875 2. 601b. ; '28s. per Ib 3 A, 14s , B, 19s. 

. 4 . 20, 30, 60 5. 3s 4s 2d. 6. A,— ^ - — , 

I p+n—m 

B, i^^days 7. A, Es 980 , B, Es 1540 , 0, Es 2380. 
m—n 

8. 8 hours 9 720 miles 10. A and 8 gallons. 

11. 253. 12 3 half-crowns , 8s , 9 six-pences. 

13. 20 persons , 6s 14. Each of the eqnal cocks in 32 
hours and the other in 24. 16 8s and 58 respectively. 

16. 75 and 25 quarts 17. 6 qrs of wheat , 10 qrs of barley. 
18. 45 and 22^ miles an hour 19. 20 bushels of rye and 
52 of wheat 20 21 guibeas and 21 crowns , 9 guineas and 
12 crowns 21. 2\ miles per hour. 22. A, 5 , B, 6 minutes. 

23. 10 and 12 miles an hour. 24. — Smiles per hour 

o— c 

24. 100 miles. 


Miscellaneous Exercises (3). 

[Pages 276—286.] 


I. 

^ \ 

1. a4+a={c2+a* 3. (a!+y-l)(2=-l-y£+l-?y+y+»). 
5. a«+2. 6. -J. 7. £125 each 8 ^2700 , 9 fuen. 



ANSWERS. 


487 


1 . 


?«“ — 7»+l 


II. 

3. 2(fl+»n)(c+77)+25rf. 
a 


a'*—d 6 + 6 ‘* ' * 

al , ale 


s = 1. 7. -^hotirs j , 

a-\-b ab—bc—ac 

III. 


hoTirs. 


4. §. 


- 8 , y = 8 , 

8 ~ 
20 ’ 


1, 2. (a— &)(«+«). 

3. 0. 4. 5. G. 6 * = y =^. 

7. 27-rr minutes past 5. 8. 846. 

IV. 

2. (i) (a!~a) , (ji) «-y~ 2 . 3. 


4. 


2a^6^(a+J) 


6 . 


y — (TT — I — I • *7. 48 minutes past 10 8 £2800 and £1200. 
2ab—a~-b 


V. 

-1. (6®-2)(3a:-7). 3. 8(3!= +y» +s*). 

4 a®+{2m— 8)®-'6nj. 5. a®+aaj’--«*a;— a®, 6. (i) 7 ; 
» = 1, y = -1, s = 0 7. 1800, 8. . 150 yds. ; 

A’s speed = 80 yds per mmnte and B’s 8peed“= 20 yds. 
per mmnte. 

VI. 

1. 16 , (flj— y)({B®— ay+y’>). 2. 5sy(a;— y)(a;*— . 

(a+d+eXa^+ft^+cS— fl5— &c— ca) , (p+j)®+(j?+j)3—aa=;0. 
3* 4. *«-! 5 17 6. a! = 2.y=:0, 

®~ "“2. 7. • 8. 6 hours 16^r mins, 

nnd 6 liourS 49 minutes. 
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VII. 


1 . . 


2 4**’ * aiy+z-®)* 


'3- IeStt- ®- *’ = *’ *' = ^ 

7. ^feet 8. 4 days 
o~-a 

VIII. 

’1. «!±5^!. 2. 8a»+4aiB-a». 3. ,(2a!+l)(a!“-l). 

4. 

8 . £ 40 . 


1 A rr J®+c3-ffa C»+a»-ft® 

— . 6. 0 7, a = — , y = jrr 

a+c 2 a 26 . 


IX. 


'2- 1 3. 1. 4 laq™* 6. a-l,y-2, 

’ t 

e = 3. 7. 12s 8. 12, 10|4 and 10^ miles an hour. 

X 

1. a*+a-a*6»+a*6!'-6«'+s , a"+a*-5a3-5a»+4a+4 

2. 2, 6 — 1 ; a = a, y = 2a, z = 8a. 8. 50 miles, 

80 miles. 

XI. 

♦ 

1. (a+y)^+z*. 2. 2a»-8a+5 6. (9a+82)(8a-16) ; 

4(a— (m®+9w»+7i®)(jn*— »n«+»3) 7, a = 4, 

y s= 6, g = 6 8. 480 

XII. 

1. 3 2a2--8a+l , 2a«-8a«~7a*+28a® 

-36a=+20a-4. 5. — . 7. a =-5, y =-8, z= 

Of ^ 

8. 50 miles. 



AK8WBBS. 4S^ 

/3 [Pages 289, 290.] 


1. 

vr‘. 

2. 

1 

3. . 

sV^. 

4. 

3 

^/®*x Ja* 

‘5. 

8 ' 

6. 


7. 

1 

8. 



v?»« 


3V®* 


2V®' 


9. 



10. 



11. 

a^. 

12. 

A is: 

A 

-as®. 

14. 

9 

a\ 

15. 

z\ 

16. 

17. 

h~lQ- 

4 

19. 

27. 

20 

32 

21. 

22. 

36. 23. 

r"! 

. 24. 

81. 

25. 

86. 

26. as-” 




79 j 

[Page 293.] 


( 

1. 


2. 

a~^h^ 

3 

. a6®. 

4. 

, a-^y^ 

'5. 


6. 


7. 

r. 

8. 

, a-’. 

9. 

y> 


10. 

1^35*0*. 

11. 

^sor^a-K 

12. 



13. 

14. 

ah~^6^ 


15. a*l^. 

80 [Pages 299-301.] 

(1. 4 ”23!^ 4-1. 2* 3. 1 

4. a;=+6®s3-4y-t-9A 5. aj-“+aj-^y-i+y-». 

6. a+c3-l+ff~^+flr^ 7.' z+y-hZ’-Sx^t/H^. 

8. fl!=’’'-95»"+125V-4c*»'. 9.' a3~C45». 

■i 

10. 11, aj— !5^. 

12. 2®-»+4a;-i+2 ' 13. y+aiV+a ’ 

14. ^ ' 15, as*"— l+aj“^". 

16. 435— 2a5^y“^+ 235^0^+2^-! +25, 

^ 18. 3s*"-a!*", 19. as*’'"*-^^"*’. 20. a”-!. 
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21 a?^+ 8 aj^-l 22 . 

2a^y^+y. 23. 8!~ 24. aj^—4®^ 

r 4 « a _a 1 -JL jL _a 1 ! 

+4®Hr2»^-4a’*’+a:^. 26. a»a ^+a^x ^+a H^+a ^x» 


26. 

29. 


1.1 orr 2®+86®^y^ „Q x+a 

Ja^ Jb‘ ^ x- 21 y ' a!=+Sjea+«’‘ ’* 

% 

i. 30. {^^—x~^y^ 31. 1 32. 8 


33. 5 34. 2 36. 4 36. a = 1, y - 2. 

37. ® = 2, 2 ^ = 8 38. » = 1, y = 8 ^ 


39. « = 1, y = 2, 2 = 8 40. a; = 2, y = 4, 2 

81 [Pagre 302.] 


6 


1. ^/^5 2 V24 3. 4. Vi^ 

5. 6. 7. 


82 [Pagre 303.] 


1. 

8V2 2. 

4V5 

3. 

5V2 4. 2V4. 

5. 

8V5 

6. 

7V4 7 

6 VS. 

8. 

o® V^ 9. «* V» 

10. 

“8 VS. 

11. 

-4fl5V8& 


12. 

ha^xVAax 




83 [Pagre 304.] 

1 7^8 2. 7J2. 3. 8V5. 4. 2;^2 6. V^- 
6 6V6. 7. VS- 8. 8V3 9. 6V6 10.0 11.0. 

12. 17V^13. (7a!+yjV^ 14. (a:»-2y»+82“) V®- 

15. 4aV22 

84 [Page 305.] 

1. V^andV^ 2. 3. 

4. ”V^andiV 2 ^ '5. »V ^6 and » V 21 ^- 
6. The latter. 7. The former. ~8. The former. 

9 . V 4 , VS, V 2 . 10 . VS, 



ANSWERS. 
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‘85 [Page 307.] 

1. 5^2. 2. ijS. 3. 9. 4. 37 TU 6. SO. 6. 5. 
7, Sw'VeT 8. 9* 

11. 9V5. 12. 13. V27. 14 “^/35. 

15. 10 40^/3. 17. 288^2*13 480 ^8* 

19. 210a5«V*. 20 2 21. J. 22. VJ* 

23 24. *677. 25, 1341. 26 8*635. 

27. ' 2C 882. 

86 [Page 308.] 

-1. ajb^hja 2 a-h _ 3 60 -IO 4. IGs-Sy. 
5. 62-51. 7. 6 +yiO. 7 7+4^6 8 6 -6^5. 
9. 2^0 J2. 10. 5+3Vlb-}-8VT2‘. 11 

12. - 182+80 ys. 13. 83+12 y 35 14. 2fl=— 2 46\ 
15. 29^»-21y» + 20^/a:*-yC 

87 [Page 311] 


1. llrliZ?. 2. 6+2 yc 3. 24+17 y2 

4 9+2 yrs. 6. 6. 

1C - 


7. K2+V2-y6) 8 5 828. 9. 6 4G4 10 5 414. 

11. 3 650 12 6*854.13 *504 14. 2a; 15 y5(l+y2). , 
16. 2 +ys. 17. ^(y50+2y8-8y2) 18. 198. 

19. AzJT^ - 20 2a;8. 21. 

22 VTc+vTs+yy 

88 [Page 316.] 


1. ys-i. 2. y84-2. 3.'8-y2. 4. ys+ys. 
5. 3-y5 6. s+ys 7. 4~y5 8. 8+2 y2. 
9. 6+y5 10 6-2y8. 11 2y7+y8. 12. sys- 
2y7 13., 2yix+y8. 14. y^-y^. is. yi-y^. 
16. -V2(y2-1) 17 V2(y8-1) 18 V8C1+V2). 

19. V5(y3+y2)20 y2. 21. 1, or^y8-2. 
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22. h 23. rs+\/a"-a:“. 24. 

25. V«+i®+ ^/i^. 26. ^/iC+2+ 

27. «/i+y+ 

. 89 [Pagres 320, 321.] 


22. 23 

O 

2° - • 


16‘ 

4. 

t 

{ 

6. 


r 6. 

, 25 

2 

10. 

ff' 

4 

. 11. 


-«)“ 

2& 

# 

7 

15. 

5 

16. 

G 

17 

3 

a = 

81 

# 


21 

— j 

'b+- 



a 



a \ 

< 

-1/ 




24. 

ia 

25 

80 

27. 

4. 


38. 

1 p 

aii* 

29. 

. n 

32. 

Tsr 

CO 

CO 

1 or-l 

34 

2a 

^/5* 


*=--4ff= 


39. 5. 


30 31. 32. tV 33. 1 or-l 34 . 

35. 36. 7 37. 5 38. 

400 4a 

39. 6. 40. 4. 

90 [Pages 326, 327.] 

1. 2«c+8y. 2 2a+8. 3. x°—x+J 

4, 2i“— 3a;+4 5. 2j^+2aa;+4&“, 6, 

7. a!=-a:+J 8. 7«=— ^+8 9. 

6 «c 

10 ^ n «,2J-„3ffl,23- 


r 2 a; 


a; 5 • 8a 


13. 14. |-3-^.15. 

16. ^-5+g. 17. *-®i+l. 18. 



19. 

hxy^ , 2a!^v 

*"■*■• ”3 6 


A5TSWBBS. 

20 . 

22. a’"-2«". 


,23. 3o’”+a®"5+^-56'"-2. 

91 [Pages 330, 331.] 


1. 

5a^— 4 

2. 

7fla“-36“. 3. 

7a364+9a*6», 

t 

. 4. 

i. 

5. 

5a6 c® r* 

T-s- ®- 

a"l"6+c. 

7. 

a— 6+c 

8 

2a— 6 — 8c. 9. 

a2+26*-8c2. 

10. 

2a“-36® + 6c». 

11. 

-+T-T- 12- 

a— 2 — 
a 

13. 

a= + l+i. 
a' 

14. 

i+i+1. 15. 

y ^ 

16. 

a ^8a' 

17 

a+2*l* — . 18. 
a 

i 

19 

a— 6+c— d 

20 

o*+6^. 21. 

a^~b^+D’‘-d^ 

22. 

a®+a— 

23. 

2a(6+c)+26c 



92 [Page 334.] 

1. sc+g. 2. 3a— 3 3. 4a— 86. 4. a^— 3a+2. 
S. 2as+a-8'6. 3-8a®+2aS 7. 2a“-8ca+c2. 

V «, 

93 [Pages 338—340.] ' 

1. The latter 2. The latter. . 3. The former 

t 

4. The former. B.^The latter. 6. a-', d, 7. 1 : 4. 
8. 1-1 9. 76 : 8. ■ 10 28 : 27. 11. 5 : 7. 

12. 8:4. 13. 68 and 72 14. 86 and '51. 

15. 28 and 85 16. 42 and 54 i7. -15. 18. 36. 19 -17. 
ad— be 


20 , 


c-d • 


23. ,76 76 24. 1772 ; 1771, 25. B. 
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94 [Page 341.] 

$ 

1. 4 2. 18. 3. 87i 4. 8C 5. 20.. 

6. 60 7. 20. 8. C 9. 14 10. 18 

95 [Pages 345, 346] 

1. * = 9, y=6 2. a! = 26, y = 9. 3. a:=:5G,y = 80. 
4. iff. 6. ^ 6. % 7. /t- 8. i 9. 2^. 

f 1 (\h^ 

10. 11. 2.. 

97 [Pages 352—354.] 

26. 0. 

98 [Pages 359, 360.] 

1. = a^d\ 2. 3. 

*4. M+c=0 5. 76=— ?nfl6+a°« =s 0 

6. (hi—cm)(am’-bl)=:(cl—an)° 7. ffft = 1 8. S5pg =sC, 
9. C^JL^S ^ 

10. (5lC3“iaCl)"(ffl^^3“ff3Jl) (^iffs 

11. (J I Cj “ JaCj)^(ffiJ3 — ffgJj) — (c^ffa “•Cgffi)^. 

12 (an^ -‘hi+6m)[am^ —071+1) = (c+fljww)= 

13. (c®+8ff5)(J®— 2ffJ— flc) = (So’— 2ffc+5c)®. 

14. ff’+d’ = ?w’+7?®. 15. (nl>i+l>Ci)^+(ajb+hiC)‘ 

= (cci-flfli)’ 16. aH + bH — aim 17. fl&+i<-+cff+2oJff 
= 1. 18. ff+J+c+oJc = 0 19 o’+6’+c’— flJc =s 4 

20. <?’{o+&+c)+ff6c = 0 21. ff’+y’+ 2 ’+ 2 ff:yj =: 25 . 


Miscellaneous Exercises (4'). 

[Pages 374—389.] 


1. 15 2. 0 
5 


I. 


3. 5&ffl+J) 4. 2x^—Az7j+b7jK 



ABBWEES. 


4d5 


II- 

1. 21. ^ 2. 4»*-6a:-l 3. 12. 4. 


• 5 . i;=- 8 a +2 


6 . ’ 


1. -80 

4. 

“ 7 . i 


2 . 


4r® 
l-a*‘ 


r- 7. 11. 
III. 


3. (a+J— 8c)(a— 5+8c). 


*-« 6. (»-l)(*-?!k*-S). 6. 


1 

X* 4 • 


IV. 

2 . a“+sc«y— 


-3. (i) (sb- 1K»+1)‘* (li) («+l)'a-l)(&+l)(J-l). 
5. (64iB®— 729)(3®+2). 6. — t ~ 7. » = fl®5, y = aS®. 

V. 

1. 1. 2. a®(J— c)+S®(c— fl!)+c®(a— &)=— (5— c)(c— fl)(a— J), 

3. 9!^^. 5. i^-4+4-. 6. 


ala-* +27) 

'7 SB s= 8, y — 1. 




11 


VI, 


1 . 1 .' 2 . 

fl* 0“ 


3. a5®+(a— J)®— fl&. 


EC j 5®^ "“43/^8 £5 , in n 

5. 6.g = j:,y = i.7.g = 3,y =:5,s = 7. 


8®’‘+4®+24 


VII. 


J..' 2®3®“3— 8i^y. 2. afi*+e®+a+l. 4. 9^+^V ^ 

5. 7 7. 80, 128 . ' c«-6y 

VIII. 

2 (i) ( 6 +c— a 3 (&+c-. 6 a) ; ^u) (®— a)(«+ 2 y+fl). . 




o+fi 


( 0 -i»+cjl&^c^ - S®*- 8 ari+ 4 »-*. 

7. « = y = 3J, 0 = 1:^ 

' IZ. ' 

!• —2D. 2. 3 («— 6+l)(a’‘ + i®4-l+ab— a+J). 

4. 6. 6. SB ~ 16, y = 4. 7. 27i®Tjaimtite0 past 8, 
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AliOBBBA. IIADB £aS7. 


X. 

2 9<j2+4J“+9c'' — 6ic+9«?+6fl&. 2 z-+2x+S, 

3 {(a+6)®+(a—i)yj{(«— &)*+(«+%} 4. 

6 8. 7. 20 days 

XI. 


2 (i) ’ (lO (!»+y“«)(a~y+g+i). 

3 §5-1+^ 4 a;=y = s = l 5 x’-5zij+77jK 

a ox 

6 480 at 16 a shilling , 90 at 18 7 1. 

XII. 


2. 0. 3. (i) (x-b)ix-i-b-2a) , (ii) (a!+fl)(a;+J+c). 

4. 3»-l. 5. 20. 6. 10 7. 18.,/8. 


XIII. 

3. 0. 4. 0 5. SO 6. 1. 7. 4GV2- 

XIV. 


3 47 4. a+J 

7/ = ^(a+2J+c; s = i(a+5+2r). 
7, («‘+5a»+5a-)°— a*. 


5. aj = i(2a+5+c), 
6. 5 days. 


XV. 

*• 3- 4. 2.-3S 5. i. 6. 4. 

7. 54 gallons. 

XVI. 

1. x<‘+2x+3, 2 1. 4. a; == 2i, 2/ =:= U. 

5. (a!2/+Bj)(ay»+59a!). 6 +2aJ+2aa+25c. 

8 In the 1st the wine is ^ of the whole, in the second §. 

XVII. 


1 . 


a 


a;a+a;+l. , 2 . 
72. 7. 


x = 10,^ = 25, 
x^~-2x+S 
2 a:=+ 5 «- 3 ; 


3. «(.«— 1).. 



answers. 
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XVIII. 

2. fa. 3. ( 1 ) (7aj-lX2aj~5) ; (n) 2(a-c)(l-ffc) , 

< 111 } . {m+n),n.2m^, 4. 1920 5. (t+h+c 

y, « = 2, y =: 4, o = 6 8. = 1* 

XIX. 

1. ^c. 3. ac—ic— 5*4*0°. 4. mq : 

7. VG-2. 8. a3 4-5°4-c'*-8o5c = 0. 

XX. 

3. •”(o?*t*5,°4'C*4’054*oc+5c). 6. x — c^. 

or, - c /. ®_ 2 ^ , y - j}6 ’ ® 

8. 4 and 3 miles an Iionr , 8^ miles 

XXI. 

5.' (a— 5)(a4-35— 2c) - ^ 6. »*—a:4'8, 

7. (ac'— a'c)* » (5a'— 5'a)*(6'c— Jc'). 

X^I. 

4. 1020 yards. 7. a = 54*c, y = c4-o, s = a+5, 

8. a®4-5*4-c®--3a5c = 0. ‘ ‘ 

XXIII 

2. (7a-2)(4a-lK8a-l) ' 9. 

oc+ca+ab 

8 . 

r 2“* 

• XXIV. 

1. x z=a,ij = b;z = c. - - 2. 54, 81, 108. 

a'‘‘**5* “ (a-6)** . /- 

XXV. 

7. (i) dbc’^%fgh-~af^—bg^—ch^ = 0. 

(li) 5c4-ca4-c54-2a5c =: 1 

o 5^c^ \ o 5 ^.c /\a*'*'P’^c8 j* 


2. 54,81,108. 



ALGEB3A MADE BAST. 


US 


99 [Pages 393, 394.] 

1. ±2J 2. ±5 3 ±2. 4 ±9 5. ±2 6. ± 


7 


--I/. 

8. 

± Jmab 9. ± 

bUa 

2 

)*■ 

10 

2a 

"^/5 

11. 

±Ji 

12. ± 

V?- 13. ±«l 

^a-i 

r 

a* 

14. 

±h 










100 

[Pages 395-397.] 




3. 

1.7i 

4. 

8|, 2| 

. 5. 

2^,2i 

6. 

6i» 

-i| 

7. 

-2 

^ 8 

4, ‘OS 

i. 9. 

2±i.y3 

ii. 

9, 8 


12. 

3 4 

lFi T* 

13. 

2 3 

3» T!r* 

14. 

29, -10 

15. 

10.- 

-29. 

16. 

2, -8 

19. 


20. 

10, -f. 

21. 

24, 

43 

~Z'- 

22. 

1. nr 

Tf 

23. 

8. 

24. 

6, n 

25. 

h 

_40 

CD 

-11± V18 

a:. 






1 
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\ 

[Page 399.] 




1. 

8, 2s 

2. -4 

, -5 

3 — 

,r, A r> , 
jr* St 

-h 5 

> 2j, 

-1 

0. 

6,^ 

7.-1, 








102 [Page 400.] 

1. ""6. 2. l-f, “"1^. 3. xk» “S* 4. -ji *“84:. 

6. 9}?, -11 6. 7. 


103 [Page 403.] 


1 

2, 4. 

2. 5, -4. 

3. 1, 

4. 

4, -IS. 

s. 

8, — §• 

; 6. 

7. 7, -i. 

8. 

2, 7. 

9. 

2, — TS* 

10. a, } 

11. 1, . 

■ a— 6 

12. 

a, —5. 

13. 

a Sa 
T’ 4 ’ 

14. 4,8. 

A 2ai—ac 

-15. 0. 

-5c 
2c * 

' 

16. 

a 

"'T- 


s 





UNIVERSITY PAPERS. 


'CALCUTTA UNIVERSITY ENTRANCE PAPERS. 

1903 . 

1» (a) , Pro\e that {ac+h(l)^~~(ad+bry =(a*—b^)ic*—d^) 
(It) Dnido 8a" — //" — 27/’*—18aZ»c by 2a — 1--% 


2 ' Simplify 


(■r+lP 


0/+1)" 




(j— y)Or— 4^{//— £Xv-x)^ts— j-X^— v)* 

3 (a) Pr6\e that o'" xa** =a'"+", whom m and m ire positive 

mtegers ^ 

- . (b) Simplify (i)'x(J)”-{(tr/)/x(r«)»-}x{(x“Xx(^0"‘} 


4 Solve -Cl) ^+^ = 2. 

( 2 ) 5 + 2+1 = 23 . 5 + 1+1 = 28 , 

and f +‘i+| = 27. 

6 A general wishing to draw np his regunent m the form of i 
hollow square found that he had 50 men oier^when it was 4 deep, 
but that ho wanted oO men to coinplele it when it was 6 deep, tho 
number of men in the front being the same in botli cases Find the 
number of men in tho regiment 

6 If 3- (5+t) = y (f+o) = r (rt+5), pro\ o that 
o (jj+z—t) = b (c+r— j/) = c (r+y—z) 

1904 . 

3 Simplifj — 

(1) (2.r+3y)"-3(2.T+,3y)’(2a:-3y) . 

+3(2j>+Iy)(2*-If/)"-(2c-3y)" , 

’(2) ^iLy“+^ff»+«’ yi®+ni«+w''j^^a^yi"+«f+i= 

‘2 Seduce to its lowest terms . 

3 Show tliat (a* — l)(a?— 2)(3 — ■})(9J — 4)+l is a perfect square 

4 (<i) Distinraish between an eqiinhoti and an xdcntily, and 
giVo an example ot each 

■(i) Soho_a)S(2^«+ife^«=a.., 

' (2) JB+y+s = 0, a'C+5y+<!£: = 0, 

and o®ic+6®y+c’«+(6— c)Cc-'a)(a--5) = 0 

1 - 29 , 
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alghbri made easy. 


5 At 7-40 A iu ordiuarj tram starts fiom P, and reaches Q' 
ifc 11-40 A.M au express train -nhich starts fiom Q at 9 a ai arines 
at P at ll-4U^v.M , if both trams tni el at uniform speed ivithout 
-stopping, find the time when they meet 

6 If o 5 r y, then'a’-l-i* ^ . 

' (Seepage 360, Ex 7 ) 

1905. 


1 

2 

3 

4 


(1) Given T+y = 5 and j-y = 7, find the lalue of 

®®+v“+4(a; — y)* 

(2) If c^+7j'^ == 1 prove that (ar-4a;*)’+(4y'’— 3y)’ = 1, 
Dnide a*(6— c)+Zi*(c— a)-hc’{fi— 6) hj a-t-5-l-c / 

(See page 127, Ex 1 ) 


Simplify 


J— r 


r — a 


+ 


a — ft 


Solve — (1) 


a^—(b—cy b — (c— a)* ' c-*— («— ft)-* 

(See page 191, Ex 34 ) 

•c — br , x—cn , x — ah 


+ 


• = a+ft+c , 


ft-|-c r-f-« a+ft 
,(2) a—y-H5 = 2, 4T+0y'+r«,- 31, 
Hid 5 x—llif+ 13 z = 22 


6 A company of men is formed into a hollow square 10 deep 
If the compain be increased bj 1600 men, the whole number maj 
also be formed into a hollow sqnare 10 deep, so that the front in 
the latter formation shall contain twice the number of men 
contained in the front of the former Find the original number 
of men 


6 (1) If cr ft r (J, prove that 

fl— ft c—t( 

(2) If (tt+ft+c)® = (ft-hc— a)y = (c-h«— 6)- = (a+ft— c)??, 

fchbw that — +--+-i = — . 

*l z ' K c 


1906. 

1 Factorize — r'»+4n-* and (a+ft+rXftc+ca+aft)— aftc 

(See page 112, Ex 2 and page 126, Ex 8 ) 

2 (1) Proie that (a"0"=n’"",prhen7n and « are positne integers.. 
(2) If a* = ft, fti' = c, c* = a,^ proi e that ryz =1 ^ 

3 (1) If <T +&-+(.* = 1, and c’ +7/’ +;:'’= 1, p^o^o that 

(ftz— cy)®+(c®— ar)’+(oy-7ftr)®+(ar+fty+«;)’ = 1 > 

<2) If fte+ca+a5 = 0,pro\ethat --ly-+ --1— +-JLy =0. 

a*— ftc b^—ca c^—ab ' 
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4 Distinifni*’^! Ijctwcen an cqmOou and an nlniiittf Give au 
cvami»le of each. 


f>oI\e — (1) 


r-h^ 




* c® 


(2) r4-i/+“ = 0 (6+cV+(f’-^a)y-{*(«+&)= = 0. 


ind Lrj-^-rii!/+ab: = 1 (See page 2 6 6, Ex. 4.) 

5 A man -svilk-s from A to B and back in a ceiiaiu time at the 
rate of -Ji miles an hour But if he had Ainlkcd from A to B at the 
rate of ^ miles an hour and back from B to A at the rate of 4 miles 
an hour he ivould haie taken d minutes longer Bind the distance 
Jjctwccii A and B 


6 (0 If « - 7.' = c proi c that each ratio = . 

(.r-J-#/+jr){f7>4-c>r+(e+n)y+(«+*)‘} = 2(fi+i+cXv3+-c+ry) 


1907. 


1- Prox e that n” Xn * = a*’+*, where m and n are positiv c integers 

c w 

bimplilj 

’/2 (1) Bactonzc — fi) x®+2r— , 

(ii) «®{6+c)+i%+a)+t®(a+&)+2«&c 

(See page 127, Ex. 40 ) 

(2) If 2« = n+Zz+c, show that 

, ... 1 . 1 .1 1_ abr “ 

s — — h ‘ » — c s s(s— aX* — AX'* — 0 * 

(See page 185, Ex. 7 ) 

3 (J) Find the G C M of r* — 115r+24 and 2ix * — 

(2) Extract the square root of * 

4 Solve-(l) = 


C2) .+„+j = „+6+,, = 

and ar+biz+c-z = (See page 368, Ex. 14.) 

5 A mao met several beggar? and wished to give 25 pence to 
r** 1 ®” counting his money he found that he had 10 pence 

loo little for that, and tlien made up his miiid to give 20 J ponce each. 
^tcr doing this ho had 2fJ pence over. "What had hel at first, and 
now mau) beggars weic there * 
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/liGEBBik MADE EASY 


6 


(1) If a h = c d = e f, show that each of these ratios 

= 5+!^+# I®*® ** > 

(2) Pro™ (hat .t 

0 o a 


then ' (See page 340, Ex. 4 ) 

1908. 

1 (1) JDivide — 

fl(a+&Xa+c)+i(i+c)(i+a)+c(c+flXc+5)+3(ft+cXc+aXrt+&) 

l>y (^»+cXc+a)+(c+a)(rt+i)+(a+5)(5+c) 
(2) Besolve (wy— &r)='+(5i— cy)»+((a— a^)-+fo'B+5y+f.c)* 
into two factors 

fl 

2 (1) prove that (a*") = a™, m and « being positue integers. 
(2) it = a(b~o), 7/ = i(<*— a), s = c(n— 5). pro\e that 

(0+(lT+(l)‘ =S- 


3 If <B*+7r+c IS exactly dnisiblo bj t — 5, what is the \ ciluc 
of < f 

4 ^ (1) Distinguish between an equation and an ideiUity, and 
gn 3 an example of each 

(2) S„Ue-<0 

(u) 2r+y-2c = 0, 7a;+Gy-9i: = 0, 
and lar+Uy— 15s =: 40 


6 A purse is full of four-anna pieces After i of the coutenis 
IS taken wa'^, there remain 32 pieces more than the number of 
rupees in the ''•ilue of the whole purse How many four-anna pieces 
did it contain at first ? ‘ 

0 (1) If ^-=-i=X,then 4 = «*, 

o c d ' d 

(See page 34J, Art 8 Note ) 

(2) > prove that 


a(b—c ) _ l(c—a) _ cia—b) 

..I _ . » *“** ^ 


x>~y^ 


Alternative Questions 


I If a+6+<; = 0, prove that _ a’‘+b<‘+c* ^ 

5 d ' 2 

(Seo page 387 XXni, Ex. 7 ) 
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IL Simplify , , 

a , Ji 1 ^ 

{r—aXc—b)U —> ) 

1909 . 

1 Dmdo, hy (he 0K?imi y mefhotf, aa/^-cib} fl+ft+oi 

and express the quotient as lialf tlio sum of three squares 

(Seo puge 104 , Ex 5 , & page 87 , Note ) 

Of, 

lltsolie into factors 

(1) (njr~\-b]/y+(<ii/—bry ; (2) i(jxb+ccT)—a^—b*+c*-}'d\ 

3 Find the H C F of 12 and ar'+llJ^+Sl 


Of, 


Siinplifi 


j-’— Tj-d-lO _ir’— 7J-+12 a-*— a— fi 

a-’— 10x+24’^a‘-'— 2.r— .>55 a-’—ldr-H'J * 


3 (1) If (rt’+6«X'®='+i/’) = («r+iv)^ slicu thata- t/=a h 
(2) Find the square loot of ^--—+8—^4-^ - 

4 Sohe-X0 4i.+,-|T = 2‘ 

(1) i4.|.=,10,±+|- = 18.aud|+| = lG 

■■ e If ax+hy-\->jz — 0, hx+by+fz = 0, and qx+fy+cz = 0, 
proie Hint ni&c4-2^//i— «/■*— cA®,= 0 ‘ 


Or, 

Two hoys shirt together td walk 3*1 miles Ono walks 12 miles 
in the same time that the other takes to walk 11 miles, and niTives 
-it the end of the journey an houi hoforehand Find their rates of 
walking in miles per hour 


CALCUTTA UNIVERSITY MATRICULATION PAPERS. 

1910 . 

Compulsorii Paper, 

(U ’Find the continued pioductof 

a+h+i, O+c— a, c+n— 6, a+b—e 
Of, * 

If ir— - = p, find the lalue of a-*— 1. lu forms of ti 
~ , a Ji’ 

~^(2) Resolve into factors a-'’+l and ar^-J-a:— -20 
2 (1) Find the G C M of («+3)" and a’+r— G 
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ALGBBBA. MADE! B^ST 


Pind the L C M of — 4, r® — r— 2 aud ir’+a ; — 2 
(2) If — = ^ , pro^ e that (t®+y=X«“+^*) — 

(See page 851, £z 9 ) 
3 (1) Solve A=_4_ O7,0 j— 5v = 17, 13y-2r = 2a 

>• (2) Draw the graph of // = r+l 

Additional Paper 

1 (1) Sohe ^^+2:^ = =4 (Seepage 396, Er 17) 

(2) Draw the graph of 

2 (1) Piud the square loot of 4 j‘^+20c= — 3 — 

* ' * ,rj*4 

(2) Piovethat Xu" =«"•+", foi positn e integral \ allies 
, of m aud « _ (See page 296, Art 2 ) 

3 (1) Find, -without the assumption of inj formula, the sum 

of the first u natural numbers ' 


(2) If a®, i®, c® be in A P, proicthat 

Wc' 7 +^' ^ ^ ) 


Or, 

(1) Find, -without the assumption of auj formula, the sunu 
of « terms of the series l+l+i+J+fic 

(1) If a, b,c be in A P , and o, I, (/ be m G P , show that 
a, a—b, d—c are in G P 


4 If a — b-^c—a, y =r r+a— 6, and r = a+b—c, 
find the i alue of 

a®+6»+c®— .-iahc ' 


(See page 164, Ex, 8) 


1911 , 

Compulsory Paper, 

1 (1) Find the continued product of 

l+ar+'K®, I—f+r*, and 1— r->+ 3 )\ 

Or, 

If a+;/+£ = 13, and = 50, fi„d the value of 

'c’’+y®+:;« (See page 88, Ex. 22 ) 

(2) Resolve into factors r®+2,r-143 and a"+2a»i-2aJ®-&«* 
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^ V V 

'' 1 ^ V. r 

^ '2 (1) EmdthoG- C M of 

3® ■'+17*' — G2j:+ 14 aud 7^='— 52'C--- 46x+8 


j t 

Oi\ 


Euid-tlie,L C M of a“— 96 ®, a*— «&— 66®, and a-+a&— I2&“. 


(2). If 


y 


a+6 — 6 6+c — a> c+a — 6 ’ 

^ f ^ 

-tJiow that each of these fi-actious = CP 375, IV Ex 8) 

.'L /4^ 2*— 3 3 k— 5 , 5®+3 7 t ;+5 , t 

3 (1) Solve -3 ^—+-6^ W-^ 

' ' ‘ ' “■ ' 

Or, 

-Solve K^+zz+K = 1, 2x+3?y+is = 4, aud 4®+9j/— c = 16 

(2) Draw the graph of ^ = 1 

AdiUtional Paper. 

1 , Soho -(1) 17x®+19x = 1848 , (2) — - 3 + 6 ? = 0 

Or, 

' - 1 1 

(3) Drawthe graphs of (h) «-'+y® = 25, and, ( 6 ) 3.b+4v = 25. 

Prove that the second graph touches the first, and find tJie 
•CO ordinates of the point of contact ’ ' 

2 ( 1 ) Eiud the square loot of 

(;o-6)*-2(n®+6®Xa-6)»+2(a^+6''). 

Or, 

P) £!+v!_g£-+ 6X+7 ' ^ ' 

p® r" '»/ K 

(3) Provo that (a*")" = a*"", foi pogitn e integral values of 

m and^H , 

3 (1) Find, without assuming any formula, the sum of « tpyrna ^ 

-of the senes 1+3+5+74- , - 

- ^ (2) How many terms of the sene's 3+5+7+ must he 

■^ken 111 order that the sum maybe equal to 399 i ' 

1 '• Or, 

(3) Find, without assuming any formula,, the sum of n terms 
•of the series , , 

1-1 9 .1 -6 < 16, 

lo^iod^ioqo ^loOoo"^ 

Hence deduce the A alue of 16 
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algebea. made easy 

H 7 y = c+a, r = fl+&. find the value of 

l!±v!±£!r?£<'i (Page 386, XIX Ex 5> 
— dahc 

1912. 

j 

Compulsory Paper 

(1) Multiplj 4 x=+%-‘-i-f:^+’iv?— 2 zr+ 0 rr/yi 2j—3t/+s 

(2) Dmde 17f‘+42a!='— G6c='+72a;— 72 bj 2 ^"— <}t+G 

Or, 

(!) Find the CO efficient of c* 111' fhe product of ' * 

l_2x-{-4a!''— Br’+lCc* byl+2T+4c*+&c»+16^'* 

(2) Find the L C M of 23-*-af-l 2.c-+<ix+i, 1 

(1) If fl J i c, show that 


(2) Sohe 


5 c — 1 , 9 j — 5 7 


9 


11 ~ 5 

Or, 


(1) Draw the graph of ■j+'^ “ 1 * 

(2) Solve r+5»/=3fi and = •i’* 

3 A man performed a lourne'^ of 7 miles in I'hour 15 minutes 
Helwalked part of the way at 4 miles an hour and rode the rest of 
thelnaj at 10 miles an hour How far did he walk 

Additional Paper. 

1 (1) Extraetthe square root of 25r-'—12.r+16r'*+47*— 241"’ 

»T-1\/ n-l 1I-1\ ti n 

+a® If r® — T® 1 = r® — o® . 

(Seepage 296, ExI 3 > 


(2) Show that ^t® 


(1) Solve 


' Or, 

j "t"! , r— 4 _ 10 
r+4~ 3 
hr 


ra 


+ 


ah 


T — 4 

(2) Simplify - 

2 (1) Find, without nssunuiig anv formula, the sum to n 

teims of l+l+i+^+ l^+&c 

(2) Sum to n terms 1 2+2,3+3 4+4 5+&c (P 6 6 6, Et 1 ) 

3 Draw the graphs of 9 ®+»/® = 25 and i +v = 7 , 4ind measure 
the co-ordiuates of theu points of intersection 
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4 Ahorse w-xs sold at a loss for Rs 840 hut if it had been 
forlls 1050 the gam -would haieheeuthree-fourthb of the former 

loss Fmd its real value 

1913. 


^ Compulsory Taper. 

1 (1) IE = li—c, n — c—a, s=:a—b find the ^ alue of 

xl+>/^—z^+2.vi/ 

(2) Find the G C M of 2y»+j;’>— 5r— 3 and 
- ar*+6^'— 2l.r— 18 

Or, 


!/ 3 * v'r 

k /(4) Dnide fir^-2^*—2ar-+53r+20bj 2x^—5 

^ Solve = j ^2) 2^+7/=3//-a; = 7 

Or, 

■</ A man pays Rs 200 more than one-third of his debt and still 
o-wes Rs. 210 more than vrhat he has paid What -was lus original 
debt ( 
3 (1) Draw the graph of a* = r—2 

(2) If 6(x— v) — SOr+y), find the ratio of v to y. 


^ Additional Taper 

1, (1) Solve 42r’'— 41*— 20 = 0 
(|2) Find the square root of *■* — ** - 


7*' 


-f-ar+l 


Or, 

"(I) Dmde 50 into two parts such that the sum of their 
reciprocals may he iV 


(2) Simplify 


ia—bXa—c)+{b—c){b—a)it—d)[c—b') 


2 (1) ^he first two terms of auAnthmetical Progression are 
3 and 1 Write down the tentli term and the sum of the firet ten 
terms , 

(2) The first two terms of a Geometrical Progression are ^ 
and 1 Write down the tenth term and the sum of the first tea 
terms 

•" 3 Draw the graphs of = IG and x+y = 2. and measuic- 

tlie length of the chord of intersection 

i' - r ^ 
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1914 . 

Compulsory Paper 

>“ 1 (1) Find the value of a-+h^+c^—hc—ca—ah when 

a = r+v, h = r— ;/, e= i+2y 

Or, 

(2) Divide T®— Gr+o by — 2r+l 
2 Factome —(1) ^(>— l)(x--2)— lr+3 , 

( 2 ) <T®(i— rO+c“(a— 5 ) 


Simplify 


1/ — r 

<i — (If — cF 


Oi, 

< — fl . a — 7 f 

6 ®— (t—n)® (a— 6 )* 

(See page 191, Example 84 ) 


8 Soli e — 




( 1 ) 

( 2 ) 


J" — (t , ^ — h , a* — 3<J — 3b p, 
h a+b —"• 

3.r— 7y+4 _ 8i/— t+2 

j ~ 1. “ 7 


Or, 

» (d) Draw the graphs of Ir+ly *= 25 and 4 t — 3v = 0, and 

measure the co ordinates of their point of intersection 

Additional Paper, 

1 Sohe — (1) 0a:®-91r+323=:0 , (2) !r+— = 25^^ 

X 

Oi, 

P) Craw the graphs of 4y = a ® and 2y = r+d, between 

T = +4 and measure the length of the choi*d of 

intersection 


2 

3 


( 1 ) 

( 2 ) 

( 1 ) 

( 2 ) 


( 1 ) 

( 2 ) 

( 1 ) 

( 2 ) 


Extract the square root of 4^a — 

Express (x — a)(x — 6) as the difference of two squares. 
Find seien arithmetical means between 1 and 41, 
Find thiee geometrical means between -J and 9 


1915 . 

Compulsory Paper 

Find tlio product of (fc+r-n), (c+n-i), 

DiMde bj -b*— y»+a^ , 


Or, 

Find tlie H F of x^-2x-3 and x^-2i^-2x-3. 
Find the L {C M of > a^—b^, «*— 5»,'and'fl^— J*. 


'1 
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2 Solve the equations 

/(I) ^ 2( t-9) , (i) 3r+4// 27 ;= IR. 

1 . ' 1 i 


12 

R Simplify 


aia-l>)(tt-L)'*'bih-aXb-r)'^t {t -ci)(c-b) 

(See page 190, Example 47 ) 

Or, 

Draw llio graph of r—v = 4 

Aildttional Paper. 

1 (1) Solve without assuming the formuKi) 63.r^— 62r=221. 

(2) "Wliat iiiimbei must be added to Cc®+l^'C' — 12,r+l 

to make a perfect square ’ 

Or, 

(1) Div ide umtj into two parts such th.it the sum of their 
cubes IS -ft 

2 (1) Find the sum of the squares of the fii’st w natural numbers. 

(2) 111 a gcometncal progression, shou that the product of 
anj two toms equidistant from a giien term is equal to the square 
of the gii en ienu 


3 Traw the graphs of (i) i/ = 23'+l, 
-and determine the points n here they intersect 


(n) = 




1916 

ComphlHory Paper 


(1) Simplify 2n— 2[2a— {2(«— &)— J}] 

(2) ^Diiide 6r+{r^ — I9c+ftr* by 2+r 


Or 


(3) Find the H C'F of ar®—!!*— 4 and 63»-'2or»+3. 


(4) Simplify 


x—U v+if 

2 (1) Sohe tlie equations (i) — 5 


( 11 ) lla:+ 12 y = 58 


Or, 


lar+lly 


iy = h8\ 
ys=:57/ 


(2) Add 1 to the numerator and denominator of a certain 
Traction and it reduces to i , subtract .5 from each and it reduces to 
i , lequired the fraction 
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3 Draw tbe grapli of 2.r = 4, and plot- the points on the 
graph for which .c= —2, 1, and 4 lespectiielj 

Additional Paper 

1 (1) Solve 4's--65i+12G = 0 

(2) Find the square loot of G.t+5H-~+-— 

Or, 

(8) S.MpMy 

(4) Find two consecutiie numbers, the sum of who^ 
squares is 145 ' " 

2 (1) Find AVithont the assumption of the formula, the sum.' 
of 30 terms of the aeries 1 3, 5, 7, 

(2) Insert two numbers between 5 and 135 so that the" four 
ma> form a geometrical progiession 

T® 

3 Trace the graphs ot u~^ V — » and deteiimne the 

points where they intersect 


1917 


Compidsory Paper 

1 (1) Multiply a — a5+a+l by o+5— 1 - 

Or, 

(2) Dnide a^— Ga— 4 b^ a — 2 

(3) Find the H C F of V — 7t+G and a® — 3yr®+4 

Or,* 

(4) Find the L C M of t*+r— G, a®+2a;— 3 and t®— 3r+2 

2 (1) Draw tlie graph of It +3y = 1 

(2) If -^ = A, shew that = 

5 ( c 


3 (1) Sohe 


( c 

ir+3 r+4 J 4''> r+G 

4 5 ~ 6 7 


Ot, 

(2) Soil e 'c+2i/ = 3 =s 4r — y 

' ' (3) Theludf of a certain "integer exceeds the third of "the 
next greatei integer bj two ' Find the integer 
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‘ Additional JPaper, 

^ \ 

1 (1) Sbhe, without nssummgfonnTil'i, 3*® —A = 1806. 

(2) Find the squoie root of l+2a+2rt’+o''+5V'* 

4 

2 (1) Shew how to find the sum of « terms of an A P , being 
giieii the first term snd the common difference 


\ ’ I* 

-(2) Shew how to find the sum of >i terms of a G P , being 
given the fii-st term and the common ratio 

"(S) Sum to 7f terms Ix2+2x3+8x4+4x^5+.. . 

Or, 

(4)” Sum to « terms l+2c+V®+43‘®+ 

_ 3 (1) Trice the graph of >/ = x^—t from a = —1 to sc = 2 
mid therefrom obtaia an apiiro-amato solution of the equation 
B = a:“— j: 


, JIADRAS UNIVERSITY MATRICULATION PAPERS. 

. 1904 . 

1 (a) Find the ^nluc of Ur'— 2 c»—3t»+4'i;— 5 when a: 

{b) Dmde r"— 2a^a;^+a« bj r»+flx“+oV4-a“ 

- (0 Rosohe 9a;''y»--j7fli/^-i-4t«+25Ga® into 6 factors 

2 0) Pro^ e the rule for finding the G C M of two alcrehraie 

expressions ® 

- (2) Find the L C M of 

V anda-'^a-’j/-*— 2a,y®— 

3 Reduce to their simplest forms 

(i)' (I'+c— n)»+(f+a— 5)’+(a+i— c)=>— , 

' ful 1 I^+/L , c+n 

4 Extract (1) the square root of 

^ ; (9«'’+12aZp)’— 2(9rt*+12a&)(2i®+6«&)+4(2&®+6o&)-* ; 

«md (2) the cube root of («‘’+Jr)+fi(«^+~)+l5(a»+^)+20 
6 Solve the equations — 

(i) (o--lXj:-o)(a— 7)(a— 9) = ( -•-2)(a:-4)(a— G)(a;— 10 ) , 

(m) ir-2i,=9i,%-2s = -13i, 32-2aj = 6 ’ 

iri il S 
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'A stajs 2 lirs 17i mins at Q, and rotniiung they meet -when B lias 
walked 3 of the distance back at 6-30 J* M Find the distance fiom 
PtoQ 

1905 . 


1 If = 5, 3y = — 1, 2c— 0, find the value of each of the 
following expressions 

(1) {(4j®+yc) — (f//*— cr)}+l , (2) V7r-f2//-|-i+ V5i/*f-7c-f Jeft 

2 Factoiizo (1) f”-!, (2) (j— l)^+(a— 2)»-l-(a-2^)». 

3 Determine the common factois of the expressions 

12r»— at=— 'ir-i-2 and I6x'‘-t-12.r — 4i— 3 


Hence find three i nines of j -which when substitnted iii the 
expression n2.c'’ — 8i- — 3,r-l-2)-t-(16c'’-t-12i® — -It — 3) will gne zero 
for the result 


4 

6 


Extract the square root of {3 l — lli-}-6)®-t-l2i:(3.r — 2)’ 
Simplify (1) (/•^4-l)(r^+e^/2-^])(J•>-l)('C»-x^/2^'l), 
1 


( 2 ) 

0) 


J fJ l_v _L r_i_ . _1_*) . 

4 V^-l t +1 4 1 (c— J ’ 


(ff'+vF — r 

6 State the difleience betireea a conditional and an identical 
equation Solie the equation (r— 3a— 2i)’— (^— a— ft)* = (3&~2a)*. 

7 Find an expression of the second degree iii t" which shall 
have the ^aluea of 0, 24 and 21 when ^ = —2, 1 and 4 respectixelj 

/ 1906 . 

1 V fl) Subtiact 

(2) Dmde a( c—b)* ■t-ft(4.— a)^ -t- v{a—by by 

. r — (a-t-6)T-t-o*— nft-fft* 

2 Besohe into factors — 


(1) (a-&)*.-‘-8(a=-ft*)i*y*-t-lC(a-t-&)*y" , 

(2) aCft— 0®+ft(c— a)®-t-c(o— ft)® 

3 (1) Beduce to its lowest terms , 

(2) Find the L C M of 

4*®— 12^*-t-ai, 6^*-t-ia»®-24a;* and 2x'^+3x*—2x\ 

4 Simplify (a-f-J-fc)— {-(a— ft— c)®-{-(ft— c— a)*+(c— a— ft)’. 

6 Prove that 

^ a»-t-ft®-fc»-3«&c= j(fl-}-ft^-r){(ft-c)*-h(c-a)*-Ka-ft)’}. 

Hence, find the square root of 
(*»— yc)* -!-0/»— r?-)* +izl--x>/y—3(x^—yz)(tf-'-sxXz^'-7;t/) ^ 

(See page 871, Example 19 ) > 
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6 


Sohe 


J. L.- '2 ( ^ 

a*+l ir+6 ~ ^-*J^ic+2 ’ 
_ 2(j— 2)» 

r— 1 x—2 ~ jp_5 


7 A mail , and his familv consmne 10 measures of rice in a 
r€ot ,Jf Ins wages were raised 5 p c ui3 the place of Tice raised 21 
’ e. ho would gam 8 ns a week But if his wages a\eie lowoied 7’ 

> c and the price of rice lowered 11} p c then he avould lose Ol'a's 
week Find the price of a measure of rice (Suppbsing lus other- 
xpenses remain the same ) 


^ 1907. 

^ ^ /■ 

1 (1) rt+6+c = a7ic = 6 and fl5+6c+ca = 11, 

a„dU.= ,aiue<,« - 

(2) The surface /? of a sphere of radius i is giien bj the 
22 

armula S =4+^ Xr’ , find the surface of the sphere whoso radius 

< 2 1 inches and the rhdins of the sphere whose surface is 57 75 
quare inches 

2 (1) Provo that = a— h:\-c t 

^ . Ci) Find the co-efficient of a-’ and in the oxiiansion oF 

O+l-ff-f)’ 

01 DuideCga^-liJ-l’-t-maa'i^Kj (3o-25)»-t-165=' 

B Factorize 

* (1) o(7j+c)®— K c-hn)-* , (2) a'’--ac-f2 , 

- ,03 (&--cXa-cO(«'-3-)-f(c-aXi-(?)0-x3-f(a~J)(c^fO0-T;. 

4 Simplify : . ' ' 

rii x -\-21 2j-t-8 , a*~H 9 ' 

a+6i:»-15 ’ 

6 Solve the equations — ^ 

(1) ' 3(2a;— 1)--J(3 j._2)4-5(5i;-4)+4=j0 . 

(2) 7.+5s^=„, c,+i!^=2,, 

'(3) 7r*-.22ir=5l6 ^ 

6 A man bought some cloth for'JlR 1 X 7 
Is and sold-fche re^ at a profit of 4 aa pL? Cd for 
ow many jards did he buj > ^ ^ ^20 4 as 



464 


ALGEBRA MADE BAST.' 


1908. 

1 The cun cd surface of a cone js gi\en by the formula 

S = t \h^+h- 

' where i is the ladius of the base and Ji the height 

Find (n) the surface of a cone the radius of vvhose base is 6 B ms 
And height 84 ins , (Ji) the height of a cone whose cun ed surface 
as 050 square ins the radius of the base being 7 ins 

2 (1) Dnide 'f*+^ by 

(2) Resolve into factors 2 

and state for what values of x the expression becomes zero 

(3) If »■ = i(^+c— fl), y = i (c+fl— 5) and s = i (a+i&-rc), 

pio\e that — 3xyz — J (a®-t-5®+c*— 3a6t.)- 

3 Show that (r— 1)* is a common factor of 

1)— 3j:'‘(a!'‘— 1)+3 j'®(x’'— 1) 
auda-‘(a:»+l)-aT:®(rf+l)+2i:f(»+I) , 

and hence find the L C M of these two expi essions 

A a (*+2Xa-+'J) a (®~3 Xt+1) , . 

4. Simphfj (it) i (i::F)(;^)+^ 

(a;+lX/+2) 

(«-l)Gr-2) ’ 

/ 7 .\ (5— rX54-c)®+ C«’— aXc4-n)®+fn— 5)fa+5)® 
(6+1 X6-cl’+Cc+aXc-n)»+(«+5Xrt-6)* * 

■5 Find the squaie root of (2*+lX2a:+3)(2^-)-5)(2J:+7)+lG. 
e Sohe -U) K3-i;+20)-*(7;c+47) = i(6+^), 

(2) T+J(y+^) = 17, ji+K^+t!) = c+l(a:+2/) = 15; 

(3) 12®’— 85a:— 175 = 0 

7 A man buj a two horses for Rs 7G5 By selling one 'for i of 
its cost price and the othei at :J of its cost pi ice, he makes a profit 
of Rs. 76 8 as on the whole transaction Find the cost price of 
each horse 

Deoomlier, 1909. 

1 (1) Fuid the co-fficients of r’ and ss* in the expansion of 
(2) Show that 

-(a'— &)*(a c)®+(6 — c)’(6 — a)’+(c — rt)’(o — 6)® is a perfect square 

(See page 383, XVII, Example 6') 
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If y.-:ia=‘+a%t/^a»+a,aaA = — <i+h p^o^ctIlal 

3 So/e (1) -|(5r-^3)-K4^-‘’)='l(^-2)-(10-^) - 
' (2) /+!/— S(j— >/) = 6’and ,V+3C^+«)— 9* 


Tenf j the kttcr by plotting the graphs 

4 The distances froniPto <? br two 
iT\d 191 miles. A motor cm* taking the longer road travels 4 miles 
an how faster than one t^ng the shorter road and does the 
jonniey in 10 minutes les** !^nd the rate of eicli car 


Marcli, 1911. 

Y. Show that (fl+3i+50*+(2«-f6?>-2l:>’ it'^i'isiblebj BCftY 
3A) aiid simplify the quotient , 

2. (i) Resolve into factors (a) ,7r'* — 29 j*+ 42 i ,, , 

(i) 5r’— 29r— 42 , and Q) 'c»+4r"— ITs— 60 

(li) Shew that 

(i+c)*--(c-f o)*-f(<i-J)*+3Ci+cXc-f nXfl-i) = 0 

(See Page 277, II, Example 2 ) 

■ 3 Solre ^+1^1 =‘’1 ! ' . 

(J)^ 4x— 5y+7 = 1 0 and .V+2y = 12 ; 

Verify the latter bj plotting the graphs. 

4. 'A certain train is 6 mins late when it performs "its usual 
iournev at 29i miles per hour, and 24 mins late when it travels at 
27i nmes per hour Piiid the length of tlic journey > 


1912 


1 Plot the graph of y = lr-~^ between the values a; =s — 3 

and jf = +3 ■ ^ .(See App. Chap" 11. Art. 6 ) 

2 (a) Pind the co-efficients of *ind r® in fhe prodnetof 
!r-2»*-f4a’ana 

1 ’ 

(ft) ^If «<= , /find the values of 

X 1 

a® and r® -f ^ in terms of u (See Page 73, Er. 4 ) 

3. Simplify a(6— cX6+c--a)*-f ft(r— aXc+R—ft)® 

■f c(o— 6)(n-f ft— /•)». (See Example 4, Page 89 ) 


1 


nA 
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4 (a) Solve t K'«-3)+K^a:+4) = K'c-J) " 
(h) If the straight line whose equation is 


passes through the points (7, -1) and (J,— i), find the values^of h and 7. 
Check youi results graphically. 

5 An ordinary tram, the a^erage speed jif which is 15 miles an 
hour less thau that of an express tram, t^es 3 hrs 45 nuns longer 
than the express to travel 176 miles What is the ai erage speed of 
each tram ’ 

1913 . - 

1 Plot the graph ry = 80 between the values x =— 20 and t = 

4-20 , aud use it to find approximate values for the roots of the 
equations ry = 80, a — y = 5. (App Chap II, Art 8 ) 

2 (i) if the co-efiRcienta of a;* and x m the product of 

3r^+4a:®+2ar-'+a/' — 5 and 5v*~-ax^ — 3a;— 6 are'equal to one 
another, find the value of a 

(u) Write down the remainder when 

a;‘“— Sbc'+S*®— 16a!®+10a!®— 1 is divided bj a;— 3 
■8 Resolve into elementary factors 

(i) a!®-22a— 15 , (ii) 46-c*-(a=-6*-c")® , 

(111) a;®— 729y® ' '' 

4 Sohe T+y-f-a = 6, 3a;— 2y+55 = 14, and 4a’+3y— 2a;= 4. 

5 Find two numbers whose difference 18 27, such that ^ the- 
larger divided by the smaller giies a quotient 7 and a remainder 3 

BOMBAY UNIVERSITY MATRICULATION PARERS. 

1903 . 

L Define quotient and powei , ginng an example of each ' j 

(а) Simplify and resolve into factors 
fl(5+c)(6®+c=-o=')+5(c+oXc*+a*-6*)+c{a+i)(a^+Z»®-c’)'i 

(See Page 186, Ex 8 > 

(б) Divide 8^;'’— 39»'+GGa;*— 43a:*,+8by (x— 1)*. 

_ 2 Find the H C F and L C M of 

4y'*— 5y®+l and 4y®+4y'+y=— 1 

3 w w 
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(i) Pro^oth^^^: 




ft) “ 


a” 


a — b) (Z»— fl) 

Soho, (i) 1 - 4P-+445 , " 

m _ 5Ga-10& 
V 


-_i iir. -_2 


/ T , 1 1 21a 

00 -+- = -2’^ 


X'' y 2 ■ w 

6 A bag contain^ £8 128 in half-crowns and slullings , if six 
half-crowns ate added, the number of half-crowns is tnneo the 
nnmbcL of shiUings How manj' are there of each 

1904. 

1 If a* = 6® -he’, pro\e toat 

(a-fi+cXi-f c— a)(e-l-a— iXa-f & — c) = 4i*c’. (See page 90, Ex, 1 ) 

2 Dinde "'a'*— Z((4a-h&)j:+o*+2a’i-f-3aJ’-h6i»* by a:-ha+25. 

3 (0 If jP be a common factor of the algebraical expressions 
A and B, proi o that F will di\ ide AL d: B exactlj 

(ii) Find the H C F of 

11a*— bOc-hlS and a*^— 12r*-f29j-’-h46a— 16 

(i) Simphy , 

ja+by—c* ~ (6-hc)*— o* , (c-f o)*— &* <>/,,, . 

(ii) Proi e Hie following equalitj — / 


4 


t® _ 


a 


ftV— av'i*®—®* c*a— a® a’— a*^c’— a- ‘ T * 

6 Find the squatcj:oot of (2 m— 1X2«^3)(2«— 5)(2h— 7)-|-16 > 

(See page'130, Ex 13 ) 

3 Tind the value of a from the equation := 

®® T— 12* 

1 ^ 42 miles up" a riier and back annin in 14 

hours , he finds that he'raii low 7 miles -with the stream uitho same 
time as 3 miles^i^nst it Find the rate at wjiich the nver flows 


1906. 


1 Simplify 


a — X b — a 

&-ta g-ta 

g-tje b — a g-f-® 


a-j-x ^b-~r 
b-\-r a — X 
It+x 


6-ta a — a b — i" a— ^ 
If xj/z(x+y+z) = 2, show that 
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3 Find the L C M of 

a:®— 1 j’+4, j"— 2j-’— jr+2, and p-®+2j-*— x— 2 

4 Find the H C P of 
a'*+10a;*+25r=‘— 3G and r^— 37x®+% 


5 What expression di\ ides (2r’+6a:+3)(2r’4-10i'+ll) 

in order that the quotient nuij he the same as the dnisor and the 
remainder be equal to —3 ^ 

6 Sohe — (i) ^ ^ 


1 


:0 


r+1 <1+2 r+3^j-+4' 

0>)t(t-|) = '’*'x(7+7) + ” = '’ 


7 Find the fi-aotion which is doubled when 2 is added to both 
the numerator and the denominator and ticblcd when 8 is added to^ 
both the iiumcratoj and denominator 


1906. 


1 Show that 


(„_ l.)(z,_i)(c_l)+(o+i+c)-(i+ = ahc-^. ' 

2, (i) Multiply o*— n''+2n^+o*+l by n'*+a*-*l 

(ii) Duidc 

7j;«-2rir'+5*b:*— 84i-’+53**‘-2G-c+7 bj 7~5r+3i-‘-''*. 


S. 0) 
(n) 


Factorise 

Simplifj 


— (rt+J+jX^+je-fl)— (o+fl*+yXx+y— u) 
(i+i’X^* — u’) . (e+«Xi’® — li®) 1 (o+6X**“'*®) 
\n-bXa-t) (6-nX&-c) (c-fl)C«--&) * 


4 


6 


(i) Find the H C F of 11 j'*+ 24^®+125 aii3a'*H-24x+G5 

(ii) Find the L C M of 

— Ss;— 2, 6r’+5a:+12 and t®— 4T®+-jf+6 


(i) Soli e 




(ii) Sohe graphically the simnltaneons equations 4aj+y = 0, ' 
and 2y— a* = 3 , and explain how j on get the result 

6 What 18 the value of sih er per tola, when a fall of 2 annas 
in'the price of a tola enables a man to buy for Bs 30 eight tolas 
more than he bought before for the same amount ’ 


1907. 


1 (i) Divide 6 j®+5x''— 39r®+39a:®+129a— 140bT2a:*+3.r— G 

(ii) What 18 meant bj the degree of an al mbraioal expression ^ 
And state what- is the dividend, divisor a’ ^ quotient m the first 
part of this question _ 
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S (5) ^^(olvc into factors 
' (n) Tind tbc L C M of 

X*— ‘2j*— 3, xl+x* — 4 j — 4, and r— -7 r— G 


3 Simplf}' 

4 


X+j-a 


r — I 


J — 


l+x+x* 1— Tj-x*“l+x*+r 


(i) Plot the fblloniiiig points * — 

(-n, --2), (-1,1) {0,2.7), (3.4). 

and ^erifv tint .nil the points he out Btraighi line A Imoib 
tli-iwn Uunugh (0, A) pawlltl to the x— axis . find the co ordinates 
of the iHiint when il meets the ahoic lino (Unit J") ' 

(n) Solve graphicallv the following Cfiutiious, taking for 
'nnit i 

y—y = h Y 

and x-f-iv s= 1 J 

^ In wiving nn cmintiou the following result iB obtained 
'I. 10( Ir — 2)(x — 3) vVlnt can bo inferred and vvhj '■* 


ri 


(ii) Solve (i) -3 _2_ , , V Hil x— 1 

x-l^x—t X— 2 V-d ' ' ^ j — 1 x+l 


3 

T 


(Seepage 307, Ex 20) 

difTcfcncc of two numbers is 3 mid llio *n«n of then 
•wjuarcs 43.1 Whnt are the uumhers '* 

7 Three men -1, it and C start from the &amo point at the 
hmoj hilt .at ditfeient mtes, to walk roiuid a course 10} miles 
lon„ ^1 in one direction and /i and C m tlio other A meets O 

llTo i^^ f further on If JJ walks at 

Iho rate of 4^ milcfe per hour, find the rate at which C'walks 

^ - 1908. 

'>> d.„dc 

2 (i) lf«=..d-“.fiD(lthc .a!noof/.'+i atHljr»+A 

in leians of n ' ' 

(Seo Page 73, Ex 4 7 

(n) SnnpJifv -Img, j 

- 3 /Pactoriso (,) 125r^-40x_48.. (.,)' 5 

, ,(m) , and (iv) 8n»+J2o^Hfi«i’+i’ 

iiates of iL ponr^whcrolhe^aip^^^^ '‘"li co ordi« 

3nie 2x— 3^ ~0 i/f j fn-Jehtiino joining them intcreects the 
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6 Solve (i) lly—^ = 10, and lla?— lOly = 110 ; 

M - I ^ — — 2 
'■"1 2x-d ‘ ar— 2 

6 A man distributes Rs 100 equallj among bis friends ^ if 
there had been 5 more faends, each Tvonld have received one rupee 
less , how mauj friends had he ’ 

1909. 

1 Show graphically that the following equations have a common 
solution , and find it . 

(i) 2x— 3y+12 = 0, (ii) 2c+3y = 0, and (m) 4ar+3y+6==0 

2 Divide jj* — 2bx^ — (a^-{-b^)r--\r2a*bx — a^b- by 

3 Find the H C F of (j--2X2c*— 7iB+6)+(^-2X2*-3) 

and (j-— iXaB’— 7a:+6)-(®— l)(2*-3) 

4 (i) Fmd the square root of 4r-*+32a:®+96+^+^ • 

SC w 


(«) 


Simplifj 


x*—6i a:®+12a!— 64 

x*+24«+128^ a^»--64 


'Bf- 16 x ±64 
■a:^+ 4 iC +16 * 


5 Solve the following equations 


w 


x +2 . 7 -x 
- 7 -+ 4 


= 2(x-4), 


, , <c , 2 a; , 8 

(>0 2+'T = T+-S' 


^-^^+2v = 3x+4, J 

- : 

6 One c\ clist rides 2 miles an hour fasW than another lud 
takes half an hour less for a journey of 30 miles Find the rates at 
whicli thej travel 


1910. 


1 If a and h are multiples of c, then a — b is also a multiple of c 

The numbers 812 and 957 when divided by a number of two 
digits leave no remainder find the divusor 

2 Interpret and construct the graphs of the equations — 

( 1 ) 4x+6y = 24 and ( 11 ) 2a;+3y = 6 [ unit = i" ] 

3 ( 1 ) Multiply a*-}-25&®+4c*+5a6 — 2ar+105cbya — 5b+2c 
( 11 ) Dinde (a+b+cXab+bc+ca^—abc by a+b 

(See page 125) 

4 ( 1 ) Ifa; = ^^andy = ^gp,fiaathevalueofJ^^. 
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^ <n) If b\ = ac, pro^e that 

(See Page 354, Ex. 33). 

^ a T r ^ (x-uY+xj/ ' x^+y^__ 

5 Simplify r^—j;j^(x+2i/y—2ry x^—xj^ 

- 5 ' 4 3 ' ; ^ a— 3i/ ZCI^i+S = 0, 

e.Sohe (i) OO-rx"- ”' . ■ 

, 1/ 11 \ 

' 9— 2y — -^^a: ^^!/J 

7, A man buj's oranges at 4 annas a dozen He finds 60 of 
spoiled and selling the remainder at 9 for 4 annas made a pi out ot 
Es G 4 as How manj oranges did he bu> ? 

“ 1911. 

1 (a) Multiply together — 

ja_2j^.:(.2, a.^.f2a:+2, a*— 2x*— 4 j +4 and *■*— 2a;*+2r’— 4a:+4 
(i) Enid the L C M of 

' i8a5— 276'',3^''— a6— 26” and6n’-:5a6— 66® 

2 1 (rt) Find the square root of 'c“+;^^,4^' +4^J;’'— 

oi («4‘6)“— «6 , (6+c)®— 6c , (c+a)®— ca 

(6) Simplify 

' 2 Solve the equations ' * - ^ ~ 

'« = CSeeit^8e208,Iii3) 

(c) ^®-6x = 35 _ • - - " ■* 

4 Two boys run a mile race V pne of them runs 88 ft jnore per 
minute than the - otl 
3 minutes earlier At 


other ^_and in Consequence reaches the goal 
At what rates do they run an miles per houi ^ 

' 5 Draw the .graphs represented by a:— 3y = 2, 2*-rr6y = 5 and 

'•+1 = 6y . Show tlmt the straight lines represented by theih 
meet at a common point and -find its co-ordinates [Unit = } ii\ch ] 

1^12. ^ , 

1 , (o) How can you determme by inspection whether two 
^t^alght lines, thfe equations of which aie ghen, are parallel or not * 

4 7 )’ ’ ^ (2, 2) and D (-1, 

—4) , and find the equations of the straight lines AB and CD Find 
fehe point of their in'tersection [Hint = i inch 1- 



' 472 


aLGSBBA made easy, 


2 Fnctonse — {«) ,/'''+r«--2 (Z>) 16y® - 

(<•) «(a+lV’+^ -«(«-!) (rl) la^-daby-32ib\ 

S (ti) If ^+u = a and r>/=b, express in terms 

of a and b 

(See page 181, Ex 14) 
{b) If ar+^+r = G and a-y+yr+rr = 9, 

1 . 1.1 


pio\e that 


1— a i—f/l—z 


= 0 



5 \ 

( a . h 


(5 





4 («/) Simplify 


(See page 181, Ex. 21 1 

(,b) Find the square loot of T- +1-4-7 

a*+b*—2a-b- «+& a—T» 

(See page 328, Ex 3 ) 

6 Soh e the following equations — 

16 


(«) 

(c) 


24 

x-^12 r~3 
2f , Ir — 1 
a—l 


= 9 L«_!3+o5=o,.ual+f 

r— / ar y ’ 5v *}r 

Sa*— 11 


7,. 


r+2 1—2 


6 The difterence in 'the speed of two trains is 15 miles per- 
hour The slower of the two takes two hours more time to trai el 
^ of 150 miles than the faster takes to trarel 160 miles 

j’ ind then speeds in miles per hour 

1913. 

1 (a) Besoh e into elementary factors — 


( 1 ) 


hr 


^ « -^-^+ob , (ii) lOa^i— llay— .BS?/® 

(5) Find the H C F and L C M of 
■idb—Hb^ 12a’— 48rt5*, and 6a*— Ga’6— 12a5® 
Simplify — 


y+y+s y Z^—Cx—u) 


-IfZ 


M '‘•r'-Gr 6^+12 V,. 

. ^ 4 /*-4 ^'2775' • 

3 Soh e the following equations — 

. (0 (4a-l)(2r+3)-(Kh+3)(5-a-)=:2(3a'-7)»+25 , 

(n) 4v-ll = 2r = 6//-18 , and (iii) 4-1 — 

O JT 5 

4 A sat 8 to B, ' I am, twice old as you were.ivhen I was old as 
3 on are 1 he sum pf their pceseut'ages iSsGS Find -their.-ages 
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- i ~ -» 

v) '-Draw the graphs* of 2,r+v — ■*+■2// ” 

r = 4 md rneasnre the co-ordinateS" of thcii point of intersection 
[unit = i.nich ] , - 

6 When are four tiiiantities a, h, e, d B.iid to he in proportion 

What Tnnnber mnst be ^ibtracted from each of the munbers. 
i»j h il So that the remainders may be in proportion ’ 

i 1 " " { 

PUNJAB UNIVERSITY MATRICULATION PAPERS. 

- 1904 . ‘ ' 


1' Soh e tlie folioViug equations - 

(u) ir+t/+z = fi \ 

, a-+l = »/+‘2 — 5+3/ 


2 Simplifj 


a '+3 


k+2 


ar+1 


-j-*— Ar+2 af* — 4ar+3 ar-*— 5i+6 


3 If T= 7»+c, »/'= c+a, and s= a+5, express a-^+j/* 3,> tfzr 

m terms of a, b And c _ (See page 386, Ex ^6 ) 

4 (1) -Show that the'prodnclof the H C P. and the L C M of 
Iwoidgebraical expressions is equal to the product of two expressions.. 

(ii) Proie that'the pioduct of mv file consecutue integer!}. 
IS divisible by 120 

6 . What number must be added to the immeritor and denomiin- 
tor of ^ to make if equal to f i* - , ' " 

1905. 

f-N .« 

1 (i) Multaplj 

{h),Dnido '•V+'2^V^+9by^^'+2r^2r^+3y-i 
^ /J 1 \ 

similar teims 


B Simplify (i) 


Cu). 


t'wo similar torm$ " - 

(See page Ids, Ex 52 > 


a>' — R 


V +7 , 2 

i I : 


Solve (i) 249 +2.0{3(3a:+l)— 2«)--7{C(Gr+l)— 16r} == 6 , 
(«)^+^ = I and |^-330 j:+13 =^ 0 ' . . 
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A / \ TJ! (I C ' A 1 .A Cl-^-b 

4 0 ) If ^ = ,,p,o^e^llat_^=— , 


(ii) ,If -^ = — = ■y - 1 prove that«(fl+£0 = (a+iXa—i+o). 
0 c cc ^ 

6 fi) Pactorjse (i) 16r*+4i*+25 , 

" (2) Prove that 

(f+f)'+(i+T)+(i+j)’=^+(f+7)(f+7)(f+l): 

(gee page 184, Ex 6) 

1906. 

1 (1) Find the value of 3r®+5ji+5r®+7e®+7a:+9, 

(i) hen r = 10, (ii) when r — t’c 
2 1 


(2) Simplify 


x^+3- 


3-’+2 


a’+2+ 


/®*1~2 


r’+l 

2 Factonse (i) r®— xy— 2//*+«+i/ , 

(ii) (x-1)»+(x-2)»+(3~24-)» , 

(ill) ix^—tjz)-—(3/^-£AXz’‘-)fy) 

3 Prove, algehraicallj , that if three consecutive numbers be 
iaken, the difference of the squares of the first and the last of 'them 
IS equal to four times the middle number 

4 Solve (i) V(a— a’)+ Vix—h") = h^a , 


(ll) )J = JMi , y = 7Wj» . - 

ire, m, ■- 

_ 6 The sura of lin 116 14J ax was collected from 40 persons 
•some of whom gaAe 2 7ifl» each, and the lest Ps 3 2iaa each; 
r how many gne Rb 2 7J as eadi ’* 

. 1907 . 

1 Solve ~ +6y = 75, and y'-^l — 0 

2 Divide — y* bj i — y, and put the quotient in factors 

3 A man who went out between 5 and G aiid^retumed between 

'6 and 7 found that the hands of his watch had exactly changed 
places When did he go out ’ ' , 

4 Extract the square root of {2*';j-lX2'B+3)(2j:+6)(2a!-|-7)+16. 
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' 1 

ns S® I s’V 

B SimpUfy p::;^5=g+(V-r)to-») ' 

- (See Page 188) 

6 Show that a ratio of greater inequality js diminished, and a 
■ratio of less inequality is nicrease'd, by adding the same quantity to 
both its terms" ' ^ (Att 2, Page 335 ) 

' 1908 . 

- " 1 (o) Pioie that the L C M of two given eSpi'cssions may be 

found by dividing their product by their H C P 

(6) Find the H C F andL C,M, of ®»+6x’+ll®+6 and" 
.a-®+2x*— X— 2 

t* 

*2 Extract the square root of 

W -|-|-y5,and ( 11 ) .a.»+l-4(-r+-i)+6 

3 Factonse (i) — 14 , ' - 

(ii) 4{ai+cd)^-(a’‘+&*-c*~d‘)^. 

(See Page 94, Ex. 23 ^ 

4 Simplify ' - ^ 

„ (a— l))*+(Z>--c)* . (i-ej^-Kc—^a)* ■ {c—a)*-\-ia—hY 

, ^ a— c h~a c—h 

5. (i) If -^ .= -^ == show that each ratio = ?! xr • 

0 a t ol+dm+jK 

(ii)_^ Divide jC 1230 among three persons so that if their slia- 
les be diminished by £S^ jflO, respectively, the remainders shall 
be in the iatio'‘3 4 5 -" 

6 A man walks a certain- distance at a certain rate Had he 
gone two miles an hour faster, he would have walked it in f ths of 
the time , if he had »otie i a mile slowei^ he would have talcen 2i 
hours longer Find the distance " ' 

1909 _ ' . 

1 A room IS a ft long, 7i ft broadband eft high How many 

yaids of paper d ft wide mil be required to coi er the walls ? Find 
^also the co^ m rupees of this paper at the rate of n annas per piece 
of 12 yards '• . _ „ , 

2 (i) If X = 3a(*— 1)*— n(a,— 1)— 4, Y = 16+ ^(r— 1)— 35('c— 1 )% 
Sind the' value of 6X+aT in its simplest form. ~ 

(u) "Factonse • (a) 125T®y®— 27®^y‘' ; - ' 

{b) (27*-s)*+(s~x)''+(»— ) 

. (See page 87, Ex 3.) 
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1 12^ and- 


3 0) Add together ^ and ^rqijg^ • 

(n) Simplify 1 (c-fl5^)‘ 

4 Sohe W 4 (^- 7 )- |'=7(-|-+x)’ 

(„) ^-l=M-2b, anA^+^ = 5a+h 

'ay 1 y 

6 A man h is Its 15,000 invested pirth- at 3J per cent and' 
P '11 til ntdpei cent His total income is Rs672 15a Find the 
.imoinit of his iin estments. 

6 ( 1 ) If r— = — ^ shoir that a-fy+s = 0 

' h—c c—a a—b 

(Seepage 348 Ex. 3)< 

(2) Prove that a ratio is made more nearly equal to unitv 
111 adding the same positne quantity to each of its terms 

' 1910 . 


1 


2 


Soli e the folloinng'' equations 

(1) (j-— rt)*+(!C— Zi)’+(ir — c)* = Z{x—a\x~h){x-~c) , 

(See Page 198, Ex 40") 


(11) 


= 1 


l_i = i-l = l_l 

y j- * // ^ V - 

t 

Resolve into elementary factors 

(I) Slx'+Gli?-* , 

(II) (y-f r)* +(i;+x)* +(t+»/)®— 3 (y +rXs-far)(®+y) 


3 


Simplifi 


7ic(r — n)* . ca{x — 7i)’ . fli(K — c)’ 
(rt-7i)(«-0'‘'(l— «)(i-c)'^(6-a)(c-Zi) 

(See page 193, Ex. 66 ) 


4 Theie is 1 number of tivo digits which as three times the 
sum of its digits , if 45 be added to the number, the digits change- 
tlieir places Find the number 


5 ( 1 ) If a If c <1, show that a-\-i a—h c+<7 c— </ 


( 11 ) If (a+Zi+c4-i7)(o— = 

prove that a, h c, d ore proportionals 

(See-page-344, Ex 4r> 
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1911 . 

' ' - j 3 " — V 

:i (i) Reduce to their fiimplcst terms » 

fl+fc 3 ' (t—i 
where a = and y — • 

(u) Simphfr r»-^+2. 

2 (1) Faclonse (i) 7j’(?’--t5/v?+44 , («) 729 j:®— S y*. 

(^2) Express in factors the square root of 

(a=+8r+7X2^’-3‘-3X2a*+llr-21) ■“ 


5 feolve the folJowxng equations : 

0^ (a+i)*— (r— O’ = 2a+3 , and (u) 


y-f3 S— >/ _ 

5 "" 4 ~ b ‘ 


4 Suuphfy expressions 

(See page 192, Ex 50) 

6 A school IS dinded into a certain number of diiisioiiw. 
If there were ^ more bojs m the school, the aierage immbei of 
1 ) 0 } s in a dtrisioo would be increased b} 3 , audit the school were 
-dll ided into 3 Jess diiisaons the number of bo}-8 in a diviaon would 
be twice die number of divisions How many bojs arc there in 
the "chool ~ 

1912 

1 (i) If o= 371, h= 064, and /•= 4S5, Had the nine of 

a-+h®+3ahc— cV 
(u) Reduce to Us lowest terms, 

7j’ — 2r*// — 63xf/^ -{"ISy* 
jx^ — dr 43x®y’ +27xv’‘ — 1 8y * 


*2 (1) ' Factorise (i) o'—Cl , ind * - 

(li) 2xyx4-x»(ir-{-x)+y’Cr-fx)+2*(5 +y) * 

, ‘ (See page 94 , Ex. 32 ,} 

( 2 ) ITxtract the square root of 9 x*— 18 r*-l- 9 x-f -5 
•r - _ I’ij'-f'f 
3X-1 "“4or-3’ 


3 Solve 


(i) 

(n> 


1 

a; 


-i=215 and- 
y X 


4 O 

~= 331 +- 

V ® 


(1) Prove the following identity . — 

, (a~&)»4-(A-c)»+(v~«)* ~ («+^Xh+cXc-f a) 

' - - “ (See page 87 , Ex. 3 ) 
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Or, 

(2) Eliminate x from tho equations — 
ax'-^b-s=0 and lx^+mx-\-H = 0 

6 A party of traieller coming to a hotel find that there are too 
lew rooms for eachtohaic one If thej sleep two in a room^ 
there are 2 emptj rooms How manj rooms are left emptv if thej- 
sloep four in a room ’ 

1913 . 

1 (i) Add tho product of (a+h+l) and (a — ?'+2) to the product of 

(fl+i!»— 1) and («— i+2), andierifj the result when a=4, y=l 
(ii) Dnide ji'+t'*— 2a!’--2a:®+T+l b> (ar+l)* 

S Sohe giapJiitaUi/ 2.c+3y = 6 and 3.c — ^ = 2 

3 Factorise — (i) (o®+i®+c®)®— 4a®Z»® , (SeeP 89, Ex 

(ii) 'c*(y— r)+y®{c— a)+i:®(ar— y) 

(See page 126, Ex 9) 

4 A number of three digits is such that if the order of the 
digits is reversed the number is diminished by 99 , also the sum of 
the di^ts is 14, and the middle digit is equal to the sum of the othei 
tivo Find the number 


5 (i) If (I 6 = c d = e f, show that each of these ratios- 
= la+inc+nc lb+md+?{f 

(ii) If 2o+% 3a— 4cs=26+3d 3i— 4f/, pro\ e that a, &, c, 
are proportionals 


1914 . 


1 (i) DiMdo 4'»;^+l by 2ir-'+2i;+l, and by choosing suitable 

-values of r find two factors of 40001 

(ii) If T+y-l-l = 0 and p’a'+g® ?/+ j (p+q) = PQ, find the \ aluct 
of t"— y® in terms of j), q, and r 


2 (i) 

(«) 


3 (i) 


Eesohe 4.C®— Sr+l into elementary factors 

Provo tint the product of any four consecutive odd 

numbers increased by IG is a perfect square 


Find c from the equation — 



_6 

0* 



<ii) Sohe graphcally the equations 3a,+y— 14 s= n — 2y = 0. 
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4 Dmdo.tlie number 77 into throe parts sucli that the stim 
of the first and second multiplied by 3, the sum of the second iiud 
third diminished liS 3, and the sum of the first and third iiu 
creased by 3, may be all equal {VeTify your amwei ) 

.6 (i) If a & = 6 d, show that fli c£?s=a*~i= c-~-(V 

(ii) Eliminate < from the equations — <c == at®, y = 2a/ 

1915 . 

1. (i) ^Fmd the co efiicient of sc* in the e'cpnusion of 
(r+3)*0+4)“Ca;+5) 


(ii) Prove that a number is di\ isible by 9, when the sum of 
its digits IS dl^ isible by 9 , ' 

2- (i) Resolve l&c®— 27^'*— 35a; into elementary factors 

(ii) Show that v(j-+v+5)-*—(a-+v)-'— (//+«)■*— - 
contains each, of the factors a*, v, s 

3 (i) Find sr from the equation 

(ii) Solve ty aijlifcally the equations 5x-“3v+l— (X 

4 (i) If a, b, c, d be in continued proportion, proie that 

V(at-5+cX6+c+d) = \niic+ fJed (See page 362, Ex 10) 

(ii) Eliminate j: from the equations v+y = a 'c'’+y® = l\ 


1916 . 


1 (0 Dnido ^.+|-|r-|,-+^>b, 


(ii) Show that if a two-digited number is 8 times the sum of 
its digits, the number formed by reieising the digits is tlirice their 
sum 

2 (i) Find the H C F of 3.i ®+10r®+7a:— 2 and 3r''-t-13.T«+l7fl!^C. 

(u) Show that c)+6"(c— a)+c”(o'-5) contains each of the- 

factors a — b, b—c, c—a^ ‘ 


3 (0 Find ar, y from the equations ■— +3y = 8, ~—10y = 66 

(ii) Soh c ffi apliically the equations 2a!— 3?/ = 5, Sx— 4^ 6 

rrt -A. consists of three digits, that to the' left being 4. 

When the 4 is changed into 9 and 3 subtracted from the number, the 
result. 18 tivice the original number Find the original number if 
the sum of its digits be 20 {Yenfy y our answer ) ’ 
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6 ~(i) If-fl, Z>, c "u 6 in coutimied piopoi tion, 'and if a(i—c) = 27<, 


proie that a — c — 


2(a+h) 

a 


(u) Eliminate •» from the equations tn +& = 0, p3 ■'+q = 0 


1917. 


(i) Simphfj Its jimmencal i.ihie 

when M = i conectly to two places of decimals 

(ii) Find, \vitliout unnecessary calculations, the co-eflicicnt 
of in thepioductof 6r''+2x®— 7i— 8 and 2 j:'— 3.r®— lOr-f-J 


a (0 SmpUfy 

' or (to (to 

(ii) Resoh e into f aotora 

(a) a®— i*+c’+2a<, , (6) («+&+tXfie+cfl4'fl&)— 


^ 3 (i) Find p and 4 from the equations 

2i+3(z = 4p+!2 = 2J 

(ii) Draw the gi-aphs of the till ee equations 
Sx-^iy = 12, 4T+Sii = 41, and » +y = 11, 
and find the i alue of t and t; w hich satisfy all of them. 

; 4 Some pages of a hook ha^e 30 lines each and the remainniK 

'•'pages have 25 lines each The total number of pages in the book 
IS 36, and the total iiumbei of lines is 1055 Find how mani pa^es 
have 25 hues each , ^ i 

6 If a 6 = 5 c then show that 

a+5 i+c a — c * 
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1905. 

‘ 1 (a) Find the H C F of a*— 5i®+4 and K^—llaj-fin 
(5) Extract the square root of a®+(l-fo“)(l+a)’ 

2 Simplify 

(.a-hXa-c) ib-aXh-c) ^ fc-«XT5-) * ' 


3 . Solve (0 = 

W 5 4 0 . 
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4 I£ a, b,e,d are in contmnod proportion, prove that 

(i) a t?=ai+i»-hc» ; (Seepage 864, Ex 38) 

(ii) ft*d =s= 5*. 

6 Coffee is bought nt la and chicorj at 3d. per lb in what 
proportion must they bo mixed, that 10 per cent may be gjiiucd by 
celling the mixture sit llrf per lb ? 

1906. 

1 Divide ‘Ar»y— 7x^1+ bj r’— ri/— y*. 

2 Jf the product of three succossivo odder oven integers bo 
increased bj four tunes the middle number, prove that the sum will 
'be a perfect cube 

3 FacloriBO (i) !c*-^G4 and (ii) y) 

(See Page 126, Ex. 0) 

4 Simplify 

5 SoherCi) = 

(ii) (T-l)»+(ar~l)H(*~8)» = 3(r~2)*. 

0 If 11 bo taken from a certain integer, we get the square of a 
whole iiuralicr , and if 24 be added to the same integer, wo get the 
square of the next greater number Find tlio integer 

1907. 

1 Show that (a’+Z/»){c’+d’) = {rtc+JfO’+(cd--&c)». 

(Seepage 03, Ex 9) 

2. Simplify (a_?)(„_.c)+(6-c)(6-o)+(^«)fc-6)* 

(See Page 192, Ex 43) 

8 Itosoh 0 into factors ii*— y“. 

4 Soho ^+-^^4 

e Solve sls+i^'^o „„aS^-5y!=io 

6 A can do half ns much work as B , B can do half as much as 
'C. and together they can complete a piece of work in 42 days in 
•what lime could each alone complete the work ? 

7 Ifo* Js=c (7, prove tJiat,aJ»-{-C{? is a mean proportional 

■^tween<i®+c*and ^ ‘ (See Pago 361, Ex. 0 ), 
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ALQKBB&. MADE BAS?. 


1908 . 

1 Simplify (a+6+c)'^~2(i+c)(a+6+^)+(^+<^)* 

(See Page 08, Ex. 4).. 

2 Find the a C M of 
8a:*+3&r»+59-e+30 and 6ir»~iar»-13-c+30 

8 Solve the equation 13®*— 90* — 7 = 0 
4 Solve T+v = 5 and ®+3i» = 13 

6 If -I" be a proper fraction and « a positive number, proi e that- 

18 greater than-^ (S^e Page 336, Art, 2) 

6 Break into factors r* — 2® — 16 

7 Trace the graph of y = 2'B-}-1 


1 Find the G C M of 

21®*— 28®»— 46®— 7 and 21®»— 58 t!+21 

^ numbers 18 4225 aii<3 tlmiriG C M is845> 

Show that there are two pairs of numbers satisfying these conditioust 
aha and them 


3 Simplify 




4 Solve the equations 

f-,\ — ^3 ® 14 — 5® , 25 — 4® 

5 


(n) X* 5= lxa^—&a* 

5 An ordinary train, the average speed of which is 20 miles an 
hour less than that of the express, takes two hours longer than the 
express to go 150jniles "What itf the average speed of each tram ^ 

6 To what niraber imust 1, 5 aud 13 be seaerallj added so that _ 
they may be a contmued proportion ’ 

7 Obtam bj means of a graph the square root of i5 


If 


1910 . 

(a) Simnllfy , ai(x—cy 

(a—bXa—cy(h—cXlf—a) ^(e—aXc~iy 

(See Page 193, Ex, 66 
(i) Prove that +*( r+y)* — 

= (y+«)(e+ie)Ge+y) 
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- Split into factors — * ' 

(i) je*— y* , (u) xe*-\-x^y^-\-y* , (lu) 

8 Solve 

(ill) (3a:--2Xa;— 1) == 14 

4 The product of two numbers is 750, and the quotient when 
one 18 divid^ by the other i& 3i-, find'the numbers ^ 

6 If s= ~ , prove t^iat ~ 

vN pa+qb _ qe+gd - 
jM—qb . pc — qd ’ 

(u) a»+59 -2^ = c’+rf* ~ e (See Page 360, Ex 7 ) 

<t+o ci-a 

■0 Draw the graphs of 5a!4‘-7y = 35, and ary = 1 20 


1911 . 


1 


2 (a! — 3) x—1 x—2 

(a) Simplify (aj-3)(ar~4) (a:-6)('c-3) * 

1 1 ' 

(b) -If x-i 1, y s= 1, prove that xyz — 1 

y > z ^ 


S Spilt into factors 

(0®®— ^< 1 -=-^^ x—1 , (u)®®--3x^+3r--l,(iii) ® j— 

' 3 Solve -^i) ?(®— a)+K»+5) = 4 o’ 

63*+6y— 7 2a;-i-57/+9 __ 8— 4®-f5y . 

W 2 ~ d ~~ ' 2 ’ 

(m) a:s= ' 

' 4—® 

4 A, B and C do a piece of wodc in a certain time A. es«41 
have done it alone In 6 hours more, B in 15 hours more, and C in 
twice the time ' How long did they take worlang together ? 

5 If ® = proie that 2®*-f G® = 3 ^ " 

,0 What IS a graph ’ Explain this clearly - - 

Find four points on each of the ^graphs > of 5®+4y = 10, 
S*+2y = 6, and tbtnce solve the equations (Unit = 1 inch) 
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1912 . 


' , . 1 1 I ^ ^ . 

1 Simplify — (i) (aj+l)»(a;+2)“ (a;+l)»^a:+l »+2’ 
00 ^ — 


1 + 


1 + 


1 + 


2 (a) Factorise — (i) ®®+2a»+a®— , 00 »*+4a?*+®"“6 ; 

(ui) a:*+4v^ 

X*—l x^'—V y’+l 

(&) Simplify i;4^a:®+l^{a'‘— 1)» x’—l' 

3 Solve — (0 izrx" m-x ~ x-10 ” x-5 ’ 


(m) x—y — 1, and a:*— y® =• 5 

4 0) Multiply ic^—x^yi+y^ by ®^+y^ and (ii) find the value 
of «*— 6a! when x = 2^+2^ 

6 (i) If a,h,c are in continued proportion, prove that 

*®+a& &® = 6®+&c c® 

(ii) Find what number must be subtracted from 11, 14 and 
20 m order that the remainders may be in continued proportion 

6 Find the square root of !8'‘+9y'*4-4a;*y—12i:y®—2a!®y® 

7 What 18 a graph ’ Are all graphs straight Imes ? Solve by 
means of^graphs the simultaneous equations Sa: s= 12 and a:+3y=ll. 

1913 . 


1 If aa!*+&r®+ca:+rf be divided by ts— p until the remainder is 
independent of a;, find the remainder without actually performing the 
division 

Use this theorem-to prove that a:®+aai‘'+ca:*4-d»®— 1 is divisible 
by a!+l if a+c =i± d 

2 (o) Factorise — (a®+&®)c+(o+6)(a6+c®)+3oJc , 

(» S.mpl.fy 

■*‘Z»®+2ca-c®-o»'^ 

1 

c®+2o6— a®— 6*" ' 

3 Solve 0) = = 

(u) p5+2y S= 5 and a:®+4y» *= 2a:(l— y)+y(l— 2a;) ; 
fm'» 3 ®*-Hb+1 — 2x’-x+l 
'■ ^ &a;-l 2a:--l * 
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4 The ttrea of the floor of a rectangular room is 40 square 
^•arSs , if the length and breadth of the room were each ino'eascd by 
fJ yards, the area of the floor -vronld be 88 square yards Find the 
length and breadth of ihe room 

6 A cyclist starts travelling at ihe rate of 12 miles an hour, and 
after one hour s nding stops for half an hour Amotonstr starts 
from tlie same place tvrohonrs after the cjclist and travels at the 
rate of 28 miles an hour • Find by graphical methods when and 
wlicre the motorist passes the cyclist 


1914 . 

1 Faclonse — <i) (*— y)*+0/--=)*+(4— *)* 

(Sec page 87, Ex. 3) 
(„) i- /2!±&!r£l=^!V’ 

I 2(ab+cd) f * , 

(See page 94, Ex. 23) 

2 Simplify ~ (a^fc)(Q_c)+(^5t&-c)'^(c~aXc-b) * 

(See page 187, Ex. 12) 


X " ~ • X 

(ill) 12 j!:’+1G0j;~27=0 


(ii) — y*= 12,and 4"”% = 21 1 


4 Two men, A and B run a race Amnsat the uniform rate 
5* ^ ^t. per second, and B at the nnifonn rate of 20 ft per second 
If B lias 20 yards’ start, and A wins by 3 seconds, find the length of 
the race 

5 Find at what time between 2 and 3 o’clock the 
two hands of a watch are together 

1915 . 

1 Find the factors of 

(i) 6x«--13x-h6 , and (u) o’-l-2oJ--2ac--3&’+2&c 


2 

3 


x~v 




2~r 


iSttDpllf} ■ ... T _ 

(o-h^Xa+y) (a+y)(n+c)^(o+ 2 'Xo+x) * 

If a+6+c = 0, show that a*+6*+c*— 3aJc = 0 

(See page 88, Art 13) 

8ohe.-(i) = 


(n) 


a: U 


■ S, y-h" — 5yr, r+ar 2 = 4x2 

(See page 2 6 7? Ex. 2). 


4 
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, 486 ' , 

, 6 Giv 6 the graphical solution of the equation 2®*—®— 2 — 0. 

6 A father is 30 years older than his sou, and one year ago he 
\vas four tunes as old as his son Find their present ages 

1916 . 


1 Split into the simplest factors — 

(i) 10a*6*~46a*6*— 20J* , 

(u) i’'®®+4J’+4a®+4a>® , 

(ill) o*+i*+<!*— SaJc 

2 Solve -W = 

= 15(.+,). 3»+l+ 

(lu) — (Si’-l-o'Xa'+ai+l) 

8 Five persons A B, 0, D, E, play at cards After A h^ won 
half of B’s money, B one-third of C’s, C one-fourth of B s, D one 
sixth of E’s, they ha\ e each 30 shillings Find how much each had 
to begin with. 

4 If » and i/ he unequal, and ® hai e to y the duphcate ratio of 
«-l-s to 3/+*t prove that « is a mean proportional between x and y . 

6 If a»=6“, show that 

and if a = 2&, prove that 6 = 2 

6 Find a number 'such that its square added to its cube is 16 

times the next number , 

7 ’e Taking suitable units, draw the graphs of the equations ®y = 
12 and y = »— 4, and from your figdre find the values of x and j/ 
which satis^ both equations 

Terify your result by solving the equations algebraically, 

1917 . 


1 


2 


Factorize — 

(i) (»*— y*)(a®— 6»)-J-4a6®y. 
(u) x^-j-y^—Sxy+l 
(ui) ®*+12yi:— 4y*— ;9«® 

Simphfy — 


a 


h 


c 
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3 Sohc — 

(0 a-//=?(2//+V) ) 
!/z J 

j.c = 4(6j:+7«) ) 

(n) ® 


*• 






4 A mm finds that if be walked half a mile per bonr faster 
Him Ins ordinarj rate, lie would take an hour less than usuid in 
walking 28 miles Fiud liis ordinary rate in miles per lionr 

6 The oTpciisoB of a school arc partlj' constant and parlly 
proportional to the number of boys The expenses were jCC 50 
for 105 bojs, and jC742for’128 bojs Draw a graph, to represent 
■Ihe cmenscs for any number of boys , and find (1) the ex 7 >en*cs 
Tor 115 boys, and (2) the number of boys that can be maintained 
jat a cost of ^eTlO 
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Cal. 1903. 

1 (&) 4a’+&®+9c®+2aft— 3&C+6CO 2. 4 3 (h) 1. 

4 (1) *=2(2r^i:£), (2)® = i2,y = 24,a=:36 6 630.' 

Cal. 1904. 

1 (1) 21G»/>, (2) 1 2 

3 W-6.+5)’ 4 {« 0) . = 


2x* +4®* +6® 4*3 
d’‘—2acd 
#(o+6)— (t 
6 At 10-4 A,M. 


(2) sr = l—c,p — c-a,s — a—h 

Cal. 1905. 

1 (1) 9s 2 (o— i)(a— c)(i— -c) 3. 0 4 (1) » = a6-t-&c-f-ca I 

(2) a! = l,y = 2,s = 3 6 1200 

Cal. 1906. 

.* 

1 (®’-f-2a®-f 2a*)(®’— 2a«-|-2a®) , («+6X^+cXc+o) ' 

2 (2) [cs=:l&‘'sa:o*y = c»i'S&c] 3 (2) [a*--&c 

=s a(a4'i^+c) , &c 3 

4 a).=a.+l.+.. [pgg:;,-(i+.) = ’--;lty ■*■^3 

—1 


IL.— “ — 


(2\ a 

b—c c—a a—b {Jb—c){c—a)[a~b) 


6 7 miles. 


Cal 1907. 

1 1 8 (1) 0) (®-17X®+19). (u) (&-|-cXc+aXa+&X" 

3 (1) a-»-5®-{-l, (2) 4 (1)® = !^, 

6 lls 8f7 , (i 0 (2) [Taking each ratio = l,^Bho■w' that 

Cal 1908. 

1 (1) a-fft+c [Putting &-{-c = «, c-fa = y, a-^rb = s, the 

diridond becomes <i2V+i®=+cy®-|-3®y2=i^X«+»)+i«(6+y)+a‘Kc+«)J)‘ 
(2) (o*4-t’+c''Xa;*+j/*+s’) 2 (2) [See Ex 3, page 87. 
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3 —60. - ' „ " 4 (2) (i) a; = (a+5+c)*. 

[ We lave = 3C«+8+e) 1 

fleece, {?=S^±2>-(«+6+c)}+{».=5^±^-(a+M-e)} 

+{®=W^-'‘‘+*+‘’>} = '’] 

(ii) <0 = 6, 2/ = 8, * = 10 5 128 6 (2i [Putting each xatio- 
= ht shovr that o(6— c) = — i’Cy* — *®), J(c— a) = — a;®) &c ] 

I [a*+ii>+c’ =2Ctf»-o&), a*+&*+c* = 3aic ; ot+S'+c* 
=— 5o&(a?+2a®&+2aJ*+2»*) = — 5oZi(3a6c— c*— 2a&c)=5aic(o*— o&) 1 
II See Example 11, Page 187 

Oal. 1909. 

1 i{(a-n5)’'+(i--c)“+(c-a)*}, (i) Co»+&*)(^»+y’) 

(2) (c+d+a-6)(c+rf-o-&) ' 2 a!®-2a!+3 , 1 

3 (2) 1-|-- 4^1) a! = 4, (2) « = i,j^ = i,« = ] 

6 3 and 2i miles per hour. 

Oal. 1910. Compulsory. 

1 (1) 2a’&’+25’'c’'+2c’a»-a«-r&*-c* , p*H-3p (2) (aj+6X®-4) 

2 (l)a-+3,(a.+2Xa!-2Xa!+l)C®--l) 3 (!)» = &, a; = 3. j^ = 2 

9 

Additional 1 , (1) ai = 3 or —4 (2) the graph is a Parabola 
7 

2 (1) 2®®+5 — ^ 3 (1) [Let S denote the required stm , then 

5 = 1 4-2 „ +3-f-.,.+(M— 2)-f-(«— -l)+7jl 

also S = 2)-|- +3 -f 2-f 1 / 

, 2S = (;t-{-l)-l-{M-}-l)-f(7i-{-l)-f to terms =n(7i-f-l) , &cl 

(3) [If S denote the Sum of n terms of the series l+J-hi-|-i*+&c 

wehave5=l-fi-t-i-f^-l- ‘ 

' A ^5=^^ i+^+^+ +25^^+^^- 
Hence, 15= 1—^, &cj 

(4) [a-l-c = 2&, and od = 6» Hence, a(o-f o— 26) = ad— 6® , or,, 
a”— 2o6-h6* = ad—ac &c JA 4* 
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Oal. 1911. Compulsofy. 

, ' 1 (1) 1+3-"+®* , G9 (2) (a:+13X®-ll) , (a~&Xa+5)» 

3 (1) fl! = 20 , a: = — 3, 2 / = 3, s = 1 

Jidditioiial 1 ( 1 ) a! = — llorOi^, (2) » = 4or--2} 

2 (1) , f+S— I 3 (1) «*[ The «th term 


= l+(« — 1)2 = 2 m— 1 , let S denote the required i then 

S- 1+3 +5 + +(2«-3)+(2«-l) 

also 5=(2 h-1)+(2h-3)+(2«-5)+ + 3+1 

2 £? = 2«+2m+ 2«+ to n terms , = 2/** ] 

\(2) 19 (3) i [If S denote the required we ha\e 

6, 


}. 


<?_ ^4- xi-j. 6 . 

* “ io‘‘‘io>'^io»'‘’io‘*+ 


+ 


lO-* 


i. fi— V N 3 . J» 

• 10 lO’^^lO’^lO*^ +1^,‘^10»+1* 

9 1^6 

Bence, fq 5= ^ ciearb therefore, if 

S' he the sum of an infinite number of terJ»s of this senes, we 




M , c,, 15_1 

10» ’ 90 ““ 6 ’ 


Henoe^ iC = 16666 = l + 08+ 006+ 0006 

-go-^ 6 J ^ ^ 




10^10* ^10*^10^ 


Oal 1912. Oompulsory. 

1 (1) fte’-27y»+2»+18ryz (2) 3a:»-4a!='+6a:-12 (3) 16 
(4) (»+l)(a!~6)(2a:+l) 2 (2) a- s= 3 (4) 16, 4' 3 35 miles. 
JLddtttonaZ. 1 (l)2a!''~3a;~i+43-~4 ( 3 ) ±8 , (4) 1 

^ 3 (see Ex. 1, page 6 6 7). 

•4 ,Bs 960 

Cal. 1913. Compulsory* 

1 (1) 0, (2) ar+S (3) gfel ±y^) (4)3a)’-e-4 
>2 (i) i . (2) 2, 3 (3) Bs 1830 3 (2) 4 1 
^ddittonta 1 ( 1 ) 1 , , (2) fl;’-|^l (3) 20, 30 , (4) 2 

a. (1) -16 , -go' ( 2 ) 


3 75 
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Oal. 1914. Gomptdsory. " 

n. Cl)7s^* [t'hegivenexpres3ion=4{(a— lt)®+(6— c)*+Cc— 

(2)x*+2x*+dx^+4x^5 2 (1) Ca;+lX®-lX®-3) 

(2) (a-hXa-eXb-c) -(!i) 0 3 (1) o+6 (2)5,1 (3)3,4 

-AMitimlal 1 (1) 9}, 61 C2) 28, A I §] 

® 67 2 (1) .--2-^ (2) (.-e+*)“-(»-^y. . 

3 (1) 6, 11, 16, 21, 20, 31, 36 (2) 1, 1, 3 

CaL 1915. Oomptilsory. 

1 (1) a*— &*+c*— 3a='J+3a6’— «“c— oc®— &»c+&c*+2a&<; ; 

(2) ay’+y’+o’, (3) 9—3, (4) (a*-J-')(ol+aJ+6’) 

^ (1) 18„(2) 5,3 3^^ 

A.ddtUonal 1 (1) 2for--U, (2) 7x»+6jr, (3) i, S , 
\/i 816 v2 (1) 3 (-i,i),(l,3) 

Oal. 1916. Compulsory, - 

1 (i) 2(a-3b) (u)'3-lla:+6a;» (m) 3*+! (iv) 1 

'■2 (i) 95 = 6 (u) x = 2,t/ = 3 .(ill) i 

Additional 1 (i) x = 14 or 2} (n) x-~3 — ^ 

(ill) = 1 “(iv) 8, 9 

32 (i) 900 (u) 6,15,45,135 - 

Oal. "1917. Compulsory. / 

1 (a) a»-a5’+2a5+5-l , a»+2a=+4a+2 

(6) x-2,(x~l)Cx-2)(x+3) “ - . ^ 

=8 (a)^ ® = 1, x = l,if = l (^) 14 - 

Additional 1 (a) x = 43 or —42 _ (6) ±^ 1 + 0 +^ 

«&?+l)C«+2) l-(«+l)x« +iu:»+i _ . „ 

I®! 3 » — = — 8 1 65 or — 65. 

Mad. 1904.' 

1. (a) 27 ' (J) X*— ax«— o*x+o’ 

(c) (3y-2x)(3y+2x)(x-2XJ!+2)(x»4-2!t+4)(x«— 2X+4) 
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3. w -UOc. 00 („.|^X6+»)Co+»V * S«-+6«S+4J'. 

■ (2) o’-f2+4 6 0)51 00o+5.«-5 (m) 11,-2}, 3 

fit'* I 

0 12i miles 

Mad. 1905. 

1 . (1)1 (2) 5J 2. (1) (a:-l)(a>+l)(®*-»+l)(aj»+9!+l) 

• (2) -3(x-l)(*-2X2*-3) 3 4 aa’+Ta-C. 

6 (l)a»-l (2) (3) §(®’+®l/+y’) 0 a+b or 3a-2b 

3 — b»+4j;+21 

Mad. 1906. 

1 (1) 1 (2) (a+&)*='+(o*-Cob+6*)®+o6(o+li) 

2 (1) (2J (b— c)(c— a)(a— b)(a+b+c) 

4 80abc(a®+i*+c*) 6 a*4*j)*+«*— ‘Bay* 

6. (1) —3 (2) i(± V265—2) 7 3 auiias 

Mad. 1907.' 

1 (l)f (2) 6544 sq in, 2143 in 2 (2) -V, 

(3) (3a+26)*-16&* 3 (1) (o-b)(c»--ob) (2) (a-l)*(a+2).. 
(3) -ib~oXc-aXa-b) 4 (1) ,(2) -1 

5 (1) -T"r U) 2,3 (3) 3 75,-Gl. 0 Es 49- 

^ Mad. 1908. - 

1 (a) 207 9 sq in (6) 24 in 

2 (1) 

( 2 ) (a-|-8+^)(a-}-o— bX® — <*+b)(a — a — 6) 

3 aXa-l)*(®’+l) 4 (o) ,«o (6) -1 6 4a»+16a+ll., 

6 (1) -H (2) 7,9,11 (3)85,-11 7. Es 265, Bs 610., 

Mad. 1909. 

1 (1) 3,i (2) {(a-iXa~c)-(6~c)(6-a)+j:c-o)(c-J)}*. 

3 (1) . 11 (2) 5J, 2i. 4 22 and 18 miles per honrr , 
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Mad. 1911. ' ' 

3 3Co+3&)»~15c(a+36)+76c“ 2 (1) (i) (»~3)(6a;*-14) 

(u) (r— 7)C5a;+6) (xii) (a+SX®— 4)(*+*5) 

« (a) 44,5 ^5) 2,3 4 132 miles 

H 

Mad. 1912. 

iZ (a) y4/s, 4A (JO u*"— 3 k, M*— 4«’+2. 3 0 

4 (a) 44 (5) 34,-14 6 20 and 35 miles per hour. 

j- 

Mad. 1913. 

1 a = 118or-68,y = 68or-118 2 (i) 7 (ii) 269 
■8 (i) (a— 5X®“— 5r+3) (ii) Ca+5+c)(5+c— oXc+a— 5)(a+5— c}. 

(ill) (a4-3i/)(x— 3v)C®* +3af/+9i^’ X®®— 3ai^+9z/*) 

4 a = l,y = 2, s = 3 6 31,4 

< Bom. 1903. 

1 (a) 2a5c(«+5+r) (5) 8a''+24a»+9a*— 37®»— 48*®--24i:— 8. 

2 (2y-l)(y+l) , (2yi+y+l)(4i^*-6i/®+l) 3 (a) m, 

■ -4 (i) 10 (ii) Y, V 6 GO, 22 

Bom. 1904. 

1 a,»-(o+25)a+a®+35». 3 xl-7x+2 4 (1) ^±.^’*+0° 

a+6+c 

6 4k^— 1G«+11 6 — G 7 2f miles per hour 

Bom. 1906. , 

^ 1 

^ (tt+Sci+a) ® fl-^--5a®+4 4, a»+5a-G 
ri 2C®’+4a+3)^ 6 (i)~2i (ii) 4,-i 7 j 

Bom. 1906. 

2 (1) a>®+4a«— 1 (2) 1— 3a+5a*— 7*» 3. (1) (2r+V+5)(&—»). 
(2) 0 4 ^(1) »*+4a+5 (2) (®+l)®(a— 2)(a— 3)(a--4). 

6 (1) 1 or 4 (2) 1, 2 6 12 annas per tola. 

Bom. 1907. 

1 3a:»-2!B»-9a+28 

2 (1) (2) (a^3)(a— 2)(»+l)(a+2) 

l+a®+ai ^ (2) -i2,3. 6. (1) 0 «. 

(2) 3,-4. 6 17, 12 or— '12,— 17 , 7* 34 miles per honr. 
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Bom. 1908. 

1 3fl»+7o*rB-aa*>-a:» 2 (1) a’-2, a^-Sa , (2) 

2 (0 (5x-4)(25aj+12J (u) (a-»-T+z/-2)(a;»+a-y-2) 

(uj) ( (2a+&)’ 

4 (-1*,-3tV) 6 (i) 111,11 (ii) 1,21^ 6 20 

Bom 1909. 

1—3,2 2 x^+(a—b)x—al) 3 (»— 1){2!C— 3) ^ 

(s_l)(a,-2)(*-3X2a:-3) 4 (1) 2a ’+8+^ (2) 

5 (1) 5, 9 (2) ±4 6 12 and 10 miles per hour 

Bom. 1910. 

1 29 3. (1) a*-1256='+8c>+30aZ.c (2) (o+cXi+c)”4 (l)o 

0 x-2y 6 (1) 10,-4 (2) 2, G 7 1100 

Bom. 1911. 

1 (a) (B»*+64 , (i) (8a»-27&»X3a»-a6-2i») 

2 (.a) (&) 0 3 (a)-3i ,(&)5,3, (c)2i,-^? 

4 4 and 5 miles per i.otir 6 (6, 1) 

Bom. 1912. 

1 {&) 3x-2r/ = 1 , 2x-y = 2 , (3, 4) 

2 (a) (®-lXj'+lXTJ“-^+lX«’+'c+lX'®®d-2) 

(6) +2y»)(i;’+2a:i/+2j/“XT;»-2ary+2y ’) 

(c) {(o+l)j-+«}{aa!— Co— 1)} ' 

(^0 (o-3b)o-b&)(a*-9a&-18i0 

3 (o) o^-4o’6+2&’ 4. (o) a-b , {b) i+~p~ 

••6 (o) 6 , (6) 1, i , (c) 4, IJ 6 40 and 26 miles per hour 

Bom. ~ 1913. 

1 («) 0) )(-|-«) . («) (5T:+7i/X2x-5y) 

(6) (i) 3(0-25) , (n)' 12a6(a-25)(o+26)Co+5) 

2 (5) 3 (i) 1 ,(ii) li, 3i,(m)10or-I 

4. and 27 vaarB 
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answers TO UNIVERSITY 'PAPERS. 4:9&. 

^ Pan. 1904. 

* - j 13 

1 (1) 60. (2) 3,2, 1 2 (a;-l)(a;-2)(®~3) ' 

S *2(a*+&*+e’— 3«Jc) * ’ , 6 -H 

, Pun. 1905. _ 

- » - — f 

1 (1) /fc~^+2/r'— 3f^£~^+Al+2f^7.“-3/^A^, 

'(i) x^!/—^x^y^+3i/^ 2 (1) n+h+c (2^ 

3 (1) -i, (2) ,6 (i) (4«+6X4r*-4H 5)-, 

Pun^ 1906. 


. 1 

2 

<u0 

,(») 


(1) © -355779 , (ir) - 9 77553 - 
0) (x+yXx—2y+l) , (ii) 

«(j:+i/+aX®’‘-{-y®+*’— ys— =»“ «y) 


WlOTj '-VOTi tw- / 


6 13. 


( 2 ) 2 

3(T-l)(a;-2)C3-2a;) i 
4 (i) o*+6% 


r ' , pun. 1907;! 

1 lis 8§ - 2 (a!+y)(a:’-a.y+y»Xfl'"+a-y+y'*X 

3 At32-i^mms past 5 -4 4«,®,4-16aj+ll 6 1 

^ ' Pun. 1908. 

1 (5) (a:+lX*+2) , («— lX?+lX»+2X«+3). ' 2 " ( 1 ) K3— V5)i 
C»)«+-i-2 - 3. (i) (3ai-2X4fl.+7) , ' 

(fi) («+6+c— <7X«-H'— c+fOCa— 5+c+<7X“-«+iH-c+fO 


4 ~3(a®+5/',+c®— &c— ca— a5) 5 (2) A?305, ;e410, jCSIS 

6 37i miles , , 


, / , . ‘ Pun.- 1909. 

1 2 (1) tiaUh - 

(2) (i) a!’i/»(5a;-3y)(26a;-i-16ry-{-9y») ; (ii) ^{y-xXz^xXx—y). ~ 

® ® ®'®' , 4 . (« 

. Us 513. 8 ^aS( , Bs 9862 8 "as ' , ' 
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W 


fl+t+C 


Pun. 1910. 

(ii) it it i 


^ 0) (9j’+12iy+8y’)(9a:'‘--12ry+8y’) 

(u) 2(«+j^+2)(ic*+y®+«i— a!i^) 3 x” -4 27, 

Pan, 19 LI. 

^ / \ 2(1 2 & ^ 

2 (1) fi) Cps—4)(P^—W , 

(ii) (9a:-2y’X81a;’+18a:y»+4y‘) , (2)a»+lX«+7X2®-8) 


43 (i) 2J, (11) 12,-4 4 


a’* 


(a+a)(a+6X»+<;) 

Pun. 1912. 


6 162 


W » ■ W 

:2 (i) (a-2Xa+2Xfti-*2a+4Xa*,+2a+4) , 

(Ii) (y+?)(2+«)(«!+i') t (2) 3(®*— a— 0 3. (i) ^ ; 

<") ^ ((6-iia)’+in»a6 = 0 

6 One more than half the utunber of Jrooins 

Pun. 1913. 

t (i) 2{a*-6»+2(a+6)} , (u) »*-2!e+l 2 ( 14 , 1) 

>3 (i) {(n+i)®+c’'}(<^+® — ^X® — ®+^) 1 
(ii) — (a— J)(i— c)Cc— a)(a+6+c). 

4. 473 

Pun. 1914. 

1 (i) 2a!“-2®+l , (u) 181, 221 

'(ui) f W— j ^ ^ Pg— Kp+g)+P* j * 

5. (i) («+l)C2a-i)» 3 (i) 5f (u) “(4, 2). 4 8, 14, 55. 

.(«) y’l == 4aa ^ J , 

Pjin. 1915. 

1. (i) 200 2 (i) a(3®-7X6iB+5) 3 (i) 13 ; (u) M, 2). 

4* (») 2y’— 2ay+a’— 5* = 0. 
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' ' 

Pun. 1916. 

(i) ic»+i»-f 2 (i). a;+2 ' 3. (i) v = ly=-~4. 

497. „ 6 (ii) o’«+6V=0. 

- ' P^. i917. , 

1 0) (A)‘5 2 

(u) (a) (a+c+bXa+e—l) (b) (a+hXb+cXc-i-a) 

3 W P = 1.2 = 5 (n) * = 8,1/ = 3 4. 6. 

AIL 1905 

a (o) (ft) «*+«+! 2. a 3 (i) -6 , -(u) 12, -4 

-8 7, 12 " ' 

All. 1906. 

1 r»+3ry+4y’ 3 (i) (a:i+8)C»'’-8) , 

C«) — (»— =X2— ®X«— J=X3'+2+£) 4 1 

•6 (i) «+6+c , (ii) 4H, 6, 300. 

- AU. 1907. 

•2 1 ‘3 (»— i^)(a:+i^Xi^’— J-y+VX«*+Ty+y’). 

4 11 6 20,30 6 294, 147 and TOHays. 

' All. 1908. 

3 ai 2 2x+3 . 3 7,-/, -4 1, 4 6. (r-5)(a-+3) 

AU, 1909. 

a 3*-7 2 845,3380,1690,2635 3 ',4. (i) 4; 

(ii) a, 2a, —3a 6 30 and K) miles per hour. 6. 3 7. 2r2L 

AU. 1910. 

1 (a) **. 2 (i) (»— ir)(aj+yX-c’— ■> '/+//’)(** +a:z^+»’) ; 

00 (J-I— , On)' (a-— 1)C«— 2)('K—3) 

43 (0 4i , 00 18, 0 , (lu) 3, —5. 4 15 50, 

AU. 1911. „ 

' (*-3Xa--4)(a;-5) * (’—«)('»■+ 5 (ii) (*-!)» 

(m) ^ («’+3ry— y®) 

^ 0) 22gg^ 00 3.2; (in) 13 4. Shouis. 6 2,0. 
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AU. 1912. 

^ Si ^ (^+a+6)('»+a.-&X 

(u) (iT— l)fa:4-2Xa:+3) , (m) (r®+2a*y+2//=)(^’— ^ry+Sv 
(6) T(a:*-1) 3. (i) (u) 0,13, (m) 3,2 

4 (i) fl^+y , (u) 6 6 (n) 8 6 a:=+2iy-3v" ' 7 2,' j 

AU. 1913. 

1 2 (fl) (a+i+cXfl^'+a<’+?'c) I 

(fl+6-0(6+t-aXc+a-i) ® (0 2, 3 , (u) l5,-5 (in) J 

I 

4. 8, 5 6. Aftei 3J hours and 31i miles from the starting lioiiit- 

AU. 1914. 

1 (i) 3(a-p)(v--Xc-a) 

(ill (<'+^'+^+<^X«4-l»— <•— rfX^+f/+n— a+&) 

4(a6+crf;*~ : — 

2 a+i+r 3. (i) ,-l , (u) I'V, -6| , (m) i oi-1.8J^ 

4 440;>ds 

AU. 1915. ' 

1 (i) (3x--2)(2.i-3) , (u) («-6)Ca+36-2c) ' 2 0 

“ (0 1 > {ii) 1,4, ^ 6 41 and 11 jea'r**. 

AU. 1916. 

1 0) 2b-(a^—5b)Qja--{-2h) , <ii) (,c+2)[Ca*— • 

(m) Ca+J+cX«^+i-+c®— aft—nc— &r) 

2 (i) 6, (u) t=-4,p=4,’ („i) oi:& 


3 ^ = ll8,5 = 38i, C'=338,23=:32? i? = 3G» 

^ AU, 1917. 

1 (i) (ar-{-b2f—av+hxXm+b>/+aij—li) - 
(u) (a+V+lXa®+v*+l-Tp-p--y) 

(ui) («+2 j/— 3=)(8— 2p+3r) ' _ 

2. 

4. 31 miles 


6 4 


3 (i) r=l 


6. -(1) ,^(590, (2),120h 



APFEJNJDiX. 

-CHAPTER I. 

'■ GRAPHS. 

1. Instruments required The student should first 
of all provide himself with the following instruments and ' 
-acquire slnll in manipulating them with accuracy and' 
neatness 

(1) A Hard Pencil, 

Note It most I>e wx*ll hlnrpond tint titc Iiiks ditnvn )nn^ 
lie Aery fine _ 

(2) A Pair of Compasses {also called Dividers). 



(3) Two Set-squares. 
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(4) A graduated Flat Ruler (of moderate length) 
sliewing tentlis of an Inoli. ^ 


8 6 4 ^0 I 2 



(5) A Diagonal Seale, giving liundredtlis of 


an inoli. 

fl 6 4 a 0 I g , at 



GRAPHS* 

Place tlie Sel-aquare DBF^in snch » *“‘3*® 

TH? mftv fall alone BO. Then slip the other Setflipare 

olSo fte pofflU eheem 

may pass by A. Kow trace a line along HG, \ftacn m 
evidently be parallel to BG. 

Example 2. Through the'point A _ in &e straight line 

■BG dravr a straight line perpendicnlar to BO. 



Fust trace a line BE parallel to BO. Then place the 
Set-square GSK m snch a vray that HK may fall along DB 
and GS may -pass by A. Now trace a line along HG, 
which will evidently be perpendicular to BO. 

Example 3. Find the len^a of the straight h'nes AB 
and CD ■ ' 



(t) _By means of the Pair of Compasses and] the 
Diagonal Scale we find that the length of AB is equal 
to the distance between the two points marked on 
the lme4>- 4 in the diagram. Hence the required length 
= 2 24 Indies. 

(2) The length of CD is found, to be eqnaltothe 
distance between the two points marked on the 
Ime 0—9 In the diagram. Hence the reqnired length 
= 1*69 indies. 
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[Ohap, 


Exereise (1). 

1. Produce the straight line AB to double its length — 

A B 

2. On a given straight hne AB a point D is takt-n 
supposing it to be the middle point By means of a Pair of 
Oompasses however it is found that AD is a trifle shorter 
than BD How is the mistake to be corrected ? 

3. ABC IS a triangle and D a point on AC, as in the 
following diagram Through D draw," towards AB, a 
straight line parallel to CB 



4. In the same diagram, through D draw, away from 
AB, a straight line parallel to BO. 


6. In the diagram of example' 8, through B draw 
a straight hne parallel to AC. - . ^ 

6. From the ^.vertices of a given triangle draw 
^srnflndiculars to its opposite sides 

^n example 8, measure the lengths of the sides ot 
and also measure the lengths o^AD and DC 

^vv.ef'ired Paper. A specimen of, a sheet of 
\ r IS given on the next page 

,dwo sets of parallel straight lines on the 
set being parallel to the length, and the other, ' 



, -'GRiFHS.- 


tm 


^3 


~ parallel to the breddthj of the paper, it is clear that every 
ame of the first set is “perpendicular to every line of the 



*3econd. The distance between every two consecutive paral- 
lels IS one-tenth of an inch, whilst every two consecutive 
'fhtch parallels are half an inch apart The whole paper is 
thus divided into a large number of small squares which 
are equal to one another, each side of each square being 
one-tenth of an inch in length The paper is also divided 
into a number of thick-bordOTed squares, each side of each 
■such square being half an inch in length. It is clear also 
that twenty-five of the small squares are contained in each 
of the thick-bordered squares. - / ' 


Note 1 Lines parallel to AB may be regaided aseosZ-fw/rf-ereci 
lines, and those parallel to AD, not ih-aml-houtTi lines" They may also 
lie considered as,7io> izontal and %ertical linos respectirely. 

Note 2 For the sakoof cdmemeilce the length ofasideof-a 
small square may be denoted by vthe symbol a 


Note 3 The pSpei may also be ruled so that the length of a side 
of a small square is only one-tenth of a centimetre (i e amillimeb-^ 
'instead of one-tenth of an inch In that case the distance between 
o\erj two consecutive /7«c/ paraDels is evidently half a centimetre 
or 5 millimetres (One centimetre’is approVunately equal to S9 of 
-.m inch) , ^ ^ 
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[Oh ip. 


Example 1. . P, B, S are fonr 8tatio&s.sach that- 
Q IS 7 miles east d£ P, B is 11 miles sonth of P, and S is ' 
13 miles north of Q Find the distance between B and S. 
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Taking the length of a side of a small square (t c„ a) to* 
represent one mile, we have P, Q, R, S as m the above 
figure, where PQ == 7a, PR = lia and QS = 18o 


With R as centre and RS as radius descnbe an arc of a 
circle cutting the east-and-west line through R at T. 


Now as RT = 25a, we have RS 
required distance = 25 miles. 


also 25a. Hence the* 


o?- * J^pnght post 18 8 feet high. A siring ^ 
of length 8§ feet has one end attached to the top of the 
post and is hdd tight with the other end in contact with 
tiie ground How far is this end from the foot of the post ? 

Let 8a (»e., Stime8 the length of a sid4^ of a-smali* 
square) repr^ent one foot. Then 8 feet will be reureaenU. 
ed by 24a and’8f feet by 26a. 
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Let AB represent the post; so that AB ss 24a. Take a 
point C on the horizontal line through B such'thatBO 
26 ^- - ' ' 
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With B as centre and BC as radius describe an arc of a 
circle cutting the horizontal line through A at D. Join - 
BD ; then BD represents the string. 

Now, AD is equal to lOff, which is 9a+fl, Hence the. 
required distance = feet. 

Exercise (2), ' 

1. A is 5^ units of length east of 0, and P is 4 units oF 
length north of A. How far is P from 0 ? 

2. B is 8 feet west of 0,‘and Q is 7:J'feet south of B.. 

How far is Qfrom 0 ^ - 

3. 0 IS 2 yards north of 0, and R is 6S yards west oF 
C. How' far is R from 0 ? 

4. D is 2 I inches south of 0, and S is 2 8 inches east 
of D. How far is S from 0 ? 
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5. A is 2 7 feet east of 0 P is north, of A and 4 5 feet 
<£rom 0, How far is P from A ? 

6. Q 18 2 4 feet south of B 0 is east of B and 2 6 feet 
'from Q. How far is B from 0 ? 

7. B 18 4f yards east of A C is f yard north of A, 
;and D 18 2 yards north of B. How far is D from 0 ? 

8. Bis 25 feet north of A P is 40 feet west of A, 
^ind Q IS 20 feet east of B How far is 'Q'from P ? 

9 Two vertical posts, 14 feet and Sf feet high, are ISJ 
■feet apart. Find the distance between the tops of the posts 

10 A ladder 80 feet long has its foot at a distance of 
10 feet from a vertical wall How far up the way does it 
(reach ? (The Diagonal scale may be used if necessary). 

3. If in A plane, a point and two straigrht lines 
passing: thpougrh it at rigrlit angrles to eaoli other 
1)8 given, the position of any point in the plane 
oan he easily defined. 
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' In the plane of the paper as shewn in the last diagram, 
let X.OX.' anil TOY' be the two given straight lines at right 
angles to each other. If P be any point in the 'plane, how 
to know its position ? 

We may regard XOX* as the east-and-tvBsi line and YOY 
as the norfh-and-south line. Draw PM parallel to YOY' 
meeting -XOX' at M. Evidently then M is due east of 
'0, and P, dae north of M. Hence if OM and SIP be 
■known, we Imow the position of P at once. 

Taking the length of a side of a small square as the 
unit of length, we have OlM = 9 nmts of length and 
"M = 12 units of length Hence the position of P may 
•be briefly defined'as follows * — 

9 units east, 12 units north. 

Note 1 If Q be a point irbose position is defined to be 5 units 
•east, 8 units north, to find Q all that we haie to do is to take a 
point a units due east of 0 and thence proceed 8 units northwards 
' Note 2 If H be a point whose position is defined to be ^ units 
west, 4 units south, tojBud R all that we ha\e to do is to take 
«i point 7 units due west of 0 and thence proceed 4 units southwards 

Exercise (3), 


[SQUARED PAPER IS TO BE USED IN EVERT CASE. 

1. Find the points whose positions are defined as 
follows — ' 


(1) 

5 units east, 

(2) 

8 units west. 

(8) 

10 units west. 

(4) 

15 units east. 

(5) 

8 units west. 

(6) 

14 units east. 


7 units north, 
7 unit^ north 
' 12 units south 
6 units south 
IS units north 
15 units south 


2 It is clear from Chapter II (Positive and N'^galive 
' Quantities) that -“6 units west” is the same as “—6 units 
" east,” and “8 units south” is the same as ”-*8 units north.” 
Hence fand the points whose positions are defined as 
follows — 

(1) 7 units east, ' —8 -units north. 

(2) ^ —10 units east, 6 units north. 

(3) ' —9 units east, —13 units nonh 
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3. In defining the position of a point the words “eastl*' 
and “north" may be omitted if it is accepted as a rule that 
the distance measured towards the east should invariably 
be mentioned first On this convention, find the points 
whose positions are defined as follows 

(1) 8 units, 9 units. (2) 6 units, —11 .units,. 

(8) —12 units, 15 umts. (4) —10 units, —14 units 

4. We may define the position of a point sbll more 
briefly if the word “units” be omitted. Find, then, the- 
points whose positions are defined as follows : — 

(1) 6, 4. (2) 18, 8. (8) -7, G. . 

(4) 8, -6 (5) -10, -18 (6) -9, -16 ^ 

6. Definitions The student is referred to the 
diagram of the last article The giyen lines XO iC'' and. 
TOY' With reference to which the positions of all points, 
in the plane are defined, are called the axes of oo-ordi-- 
nates ; and the point 0, where these lines intersect, i» 
called the origin. 

The straight lines XOX.' is called the axte of X and" 
the straight line TOY', the axis of y. 

The lengths OM and MP which define the position of the-1 
point P are called its oo-ordlnates, OM being called 
the abscissa (or sc oo-ordinate; and MP, the ordinate!> 
(or y co-ordinate). 

“The point (a, yj” or simply “(a, y)” means “the point 
whose abscissa = a units of length, and ordinate s= y 
units of length. 

Note 1 "When we speak of the “a; and w" of a point, we -meaur 
its abscissa aoa ordinate” 

Note 2 The abscissa i^ positive or negative according as M la 
on the right or on the left of O The ordinate is positive or- 
negative according as P is abo\ o or below XOX'. 

Note 3 To Plot a point” is to find the position of a points 
vk hen its co ordinates are gii en ‘ 

s 

Example 1. In the diagram given on the next page,, 
write down the oo-ordmates of the points Pj, Pj, Pa, P* 

The figure explains itself Take the length of a side- 
of a small square as the unit of length. 
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fl) OMj == 8 units and Mj is on the right of 0 ; 
JMjPi == 10 lihits and is above the line XOX.'. Hence 

the co-ordinates' of F, are 8 and 10. 

•\ 

, ( 2 ) "OM, = 5 units and Mj is on the left of 0 ; 
3 kIjPj, s= 13 units and P, is above the line XOX. Hence 
"tha cofordinates of Pj, are —6 and 13 


ISSSSBSSSBBSnBSSEi 

l 8SBSSaaSSE ga8S888S88gg888ga888 

gsgsigasggsssssassasassssa 

|SSSSSSSUSS8S:B8SB:HiisisS8S8S 

I ■■■■■!■■»■ ****""*^ 

l5 8Sa8aaa5SS 8aBa888S8888S88 

&SaS!SB9iBSS!iB*B* ■■■■■■■■■■■■■ 

|8 gag8§a88gg Bg8gi8g8g8aa88SS88 

aara 






■■■■■■ SSSlSSSBSSEaaaaBSSSSSSSSS SSS 

|ssBsssssKss:55:»::sssKs:ssss 

S555&5 sissS*"*"" °°°°B°”BSaSa5SS Saa 

B ”SS555!&59S5SSSSBS*sa"»SBaSiHBSS 
SK55555555i5S5SBBB* ■■■HiaaBa aaa 

"“”*88!88i8S8BSBS8S§a3888S§g8 


f 3 > OMa = 10 units 'and M, is on the left of 0 • 
M3P3 = 11 units andPa la-beloto the line XOX'. Hence 
the co-ordinates of P3 are — 10 and— 11. - 

TiT ^ of 0 ; 

-}P "onite and P^ is belotv the line XOX' ' Hence 
the co-ordinates P * are 15 and - 10. -cieace 

Szampl© 2 . Plot the .points (—1. oi ^0 n oi on/i 
<2, 8\ and, show that they all lie in a straight line.’ 
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Let 5 times the side oE a small square represent the unit 
of length, and let P,. Pj, P3. P4. respectively denote the 
fonr given points Then the positions of the points 'Will 
he as shewn in the figure 



Now we find that a Plat Ruler may be so placed that 
its edge will pass through all the four points. Hence 
they all lie in the same straight line 


Exercise (4), 

1 . In the diagram given on the next page, what are 
the co-ordinates of the points Pj, Pj, P3, P*, (1) ivhen 
the unit of length is represent^ by a side of a small 
square, (u)^ when the unit of length is represented' by 5 
times the side of a small square ^ 



'GRAPHS 


511 


JAW 

2. In the following diagram what will be the co- 
ordinates of the points iC the nnit of length be represented 
by three times the side of a small square ? 


8g8S888gMSg8KS8S88S:S88888S888aS 





.PH* . iffli^M^BHiasasasHsa 



BiiBiiiBBiHiBiBiBiBBBBBHSisISSSSSSBBB 

SSSBaSSSSSSSSSSSSSSHKSBKS^^^ 



HHIIBB' 

BBBBBBBBBBBBBiBBBflBBBBBBBBHB 

SBSSSflSflSSflBBBB^BBSflgBBSBgBBHBBBB 


3. Plot the points (-4, ~4), (7, 7), (IS, 18) and 
satisfy yourself that they he in a straight line passing 
through the origin. 

4. Plot the points (— f>, 41 and (10 —5), and satisfy 
' yourself that the straight line joining them passes through 

the origin. 

5. Plot the points (8, 5) and (— 4 , —11), tuad find the 
distance between them. 

6. Plot the points (—7, 9 ) and (—12, 21), and find the 
" distance between them. 
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7. Plofitfie poiatff (- 11 , 18} and (3, -85), and find 
the distance between them 

8 . Join the points (0, 0) and (5, 6 ', and produce the 
-straight hne both ways Find the ordinate of the point on 
■this straight hne whose abscissa is 11 , and the abscissa of 
the point whose ordinate is —is 

9. Join the points (0, 7j and (12, Ot, and produce the 
straight hne both ways Find the ordinate of the point on 
the straight hne whose abscissa is - 18, and the abscissa of 
the point whose ordinate is —14 

10. Join the points ( - 4 , 0^ and (0, -8', and produce 
the straight line both ways Find the ordinate of t^e point 

The followtag 

ExMnple 1. If a point moves m such a manner that 
ite abscissa IS alwajw equal to 6 units of length, find the 

path along which ihe point will move ^ 


m 




mm 


iiifip j gj gSg 
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Let twice the side o£ a small square represent the nmt 
of length tThe figure is on page 512» 

On OK take the point M such thatOM = 5 units of 
length , through M draw the straight line PJIP' parallel 
to TOY' 

Now, if any point be taken on the straight line PMP' 
its a- will evidently be equal to 5 units of length , but this 
will not be so if the point be taken on either side of the 
line PMP. 

Hence the moving point will always be on the line PMP' 

We See therefore that iC a point moves m such a manner 
that Its z is always equal to 5 units of length, the path 
along which the point will move is the straight line PMP' 
This fact is briefly expressed by saying that the straigfht 
line PMP' is the Graph of the equation sc = 5. 

Note 1 From tlic above it is clear that the gnpli of the 
equation »/ = 5 is a straight line pii iHel to XOX' 

Note Z GcneralK spcakmj; the yrxph of the equation r ~<i 
IS a stramht hue parillcl to the .ixis of//, and p issmg lIu*ongh a 
point on the axirt of which is at i disl.inco of o nmts of length 
from the origin , and the graph of tlio equation y ss // is a straight 
hue parallel to the axis of a* and pn«suig through i point oa the 
axis of // which is at a distance of 6 units of length ironi llio oiigin 

Note 3 KvuloiitU therefore the piaph of the equation r a= 0 
IS the axis of //itself, and the graph of the cqu ition // =: 0 is the 
axis of r itself 

Ssample 2. If a point moves in such a manner that its z 
and ij arc always connected bj the relation y — 3.f, find 
the path along which the point will move 

Since y *= Bz, when a: = Ol and when * = 

we have y = 0/ ’ we have y = 9/ • 

Evidently therefore (0, 0),and(3, 9) are two positions of 
the moving point 

Take the length of a side of a jmall square as the unit 
of length (The figure is on the next page). 

Join tho points (0, 0), and (3, 0)and produce the straight 
line both ways Theu this straight hue will be the 
required path i 

Take any point P on this straight hue The co-ordinates 
■of P aro found to be 5 and 16, which evidently satisfj* the 
given -relation Similaily, the co-ordinates of any other 
point on this straight line may be shewn to satisfy the given 
relation But the co-ordinates' of a point which is outside 
the line OP will mt satisfy the given relation, as can be 
■easily verified. - 

1-38 
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Thus it IS found that if a point moves in such a "way 
that its V and y are invariably connected by the relation 
y = 8sr, the path along which the point will move is the 
straight line OP In other words tlie line OP IS tlie 
Graph of the equation y = See. 

Note Generally speaking, the graph of the equation ?/ = ma;, 
■where m is any given number, 'is a stinight lino passing through- 
the origin 

Example 3. If a point' moves in such a way that ite 
a; and y are invariably connected by the relation y — 
—4a- +6, find the path along which the point will move. 

From the given relation, 

when {8 = 01 and when {8= 81 

we have y = 5J we have y =— 7J 

Evidently therefore (0, 6) and (8, — 7) are two positions of 
the moving point 
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Let twice the side of a small square represent the unit 
of length. Join the points (0, 5) and (3,-7), and produce 
the straight line both ways Then thiS straight line will 
be the required path 




■■HiHiHiiiSiKSSSSSSSSSSSBuiSSSS 

IIIBBBBBBBBBBBBI 
liWBBBBBBBBBBBI 

'SBSSbbbbbbbbbl 

laiBBBBBBBBBBBflSSlSS’BBBSiiiii!!!!!” 

■BBBBBBBkIBBBBI 

■BBaHBraVBBBBI 
■■nflBBBBBBBBBBBBBP^BBBBI 
■■BBBBBBBBBBBBBBBBI^ilBBBI 
!■■■■■■■■■«! 

VI 

'viiBiBBBiBBBBBBB 
i'BBBBHil 

l■BB7#Hr 

IBBBBBBI1I 

lEiBnaBi! 



'-Take a point P on this straight line The co-ordinates 
of P, which, are found to be - 1 and 9, satisfy the given re- 
lation Take another point Q on the straight line , its co- 
ordinates also, which are 'found to be 2 and— 8, satisfy the 
given relation Similarly, the co-ordinates of any other 
point on this straight line' may be shewn to satisfy the 



algebra made bast. 


[Chap. 


516 

«,yen rel.ho» 

«u be eMlf “een Henee 

be on the line PQ and never stray out of it 

Thus It IS found that if a point moves in suchj 

that its co-ordinates always satisfy the equation y , 

the path along which the of^«m 

In other words, the line PQ is the Graph ox the 

equation y =— da5+5 

Note 1 Generally speaking the graph of ihe equation 2 /=mr-t-c 
whSew! indcare anj gnen mimbeis is a straight hue passing 
through the point (o, o) 

Note 2 As 61 erj equation of the fii st degiee in t and »/ c<an he 
reduced to the form y = mr+r, it iscleu that graphs of all sim- 
ple equptione are straight lines 

Note 3 The graph of the cqualmt m / +c is also said to bo 

the graph of the expicmon mr-^c 

Note 4 The graph of any gnen equation ma: be defined to he 
the path desoribed by a point which moves m such a manner 
that in every position of the point its co-ordinates satisfy the 
given equation 

Czample 4 Draw the graph of the equation 7a:+8y s= 11. 


When aj = 0, 


- 0 , ] 

-8f ]’ 


■when 


ar= 1, \ 

y = iir 


Evidently therefore (0, 8|) and (1, 1^), are two pomte 
on the graph 


Let 8 times the side of a' small square represent the 
unit of length Join the points (0, 8§) and (3, J^), and pro- 
duce the straight line both ways Then this straight line 
will be the required graph (.See diagram on page 517). 

Tahe any point P on the line , its co-ordinates, which 
are found to be 8 and— 8^, satisfy the given relation. Take 
any other point Q on the line , its co-ordinates also, which 
are fonnd to be —1 and 6, satisfy the given relation Simi- 
^larly it may be shewn that the co-ordinates of any point 
that may be taken on the line PQ will satisfy the given re- 
-laiion, but the co-ordinates of any point which is outside 
rPQ will not- Hence the line PQ is the required graph. 
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PMBBBBBBBBBBBBraBflBBBBBBBBBBBBBBBBflg 

BflBBBBBBBBiBBBBBBBBBklBBBBBBBBflBBBBB 




BflBBBBi 

BBBiflB! 

BBBBBBI 


BBBBB' 

bIbbb 


BBBBgBBBBBBBBBBBBI 

H 88B8fl88R8888888 


BBBVidBBBBI 

BBBB'BBBBB! 

BBBBUBBBB: 

BBiilBBBBI 

BBBBBk^BBB 


Note 1. TJic grnph of tlie fqmtnvt 7r+3y = 11 is also said to bo 

7, 

llic grapb of the cjcjn e'<Hioti — ^ — 

Note 2 Tlic straiglit lino PQ being the graph of the oquatiou 
Ttf-d-^jy^ll, this ciiualioii is. s.aid to be the equation of the 
straight line FQ 

Note 3 Honce the equation of a given straight lino moans the 
equation which is satisfied hy the co-ordinates of every point 
on that straight line 

Szamplo 5. Find the equation of the straight line which 
glasses through the points {1, 1) and (S,--^). 

Let y = mx-^chQ the required equation. 
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Thu equation bemg SatuBea by (1. D »!«<> >>7 

(3,-^), -we moat have 

j j- wt+cl Heiice,2»i=— 

_i = im+cj ■ 0 = 1+i = i 

Thna the required equation IB, y I® + a 

or Sx+iif = 7. - 

Exercise (5). 

1. Draw the graphs of the following equations 

(1) *= 8 (2) x = lS (8) a;+ll=0. 

(4) y =-7. (5) ^-9 = 0. (6) y+10 s= 0. V 

2. Draw the graphs of the following equations — 

( 1 ) y = a. (2) y=-»-"(8) y = 2r. 

(4) y+2a! = 0.v (6) 2 ^= — 8*. (6) 8y = 5? •* 

(7) 7y+8» a= 0 (8) 6y+18iB — 0 * 

Draw the graphs of the following equations • — 

(1) y=8»+4. (2) y=7a!-8 (8) y=-5a5+9. 

(4) y=-8a;-ll.(5) Sy=7a!+4 (6) ~6y=7a;-10 

Draw the graphs of the following equations — 

(1) 2®+7y e= 10 (2) 4«- by- 7 = 0 

(8) 6*+6y+8 = 0. (4) -Zx+ ly-\- 8 = 0' 

(5) lOy-g® = 13. (6) 8a;-lly+18 = 0 

Draw the graphs of the following equations — 


3 . 


4 . 


5 . 




(4) 


(5) y = 


V 

9 

9aj-13 


( 6 ) 


-8^13 
Sx 4y _ , 
4 8 


6 4 

3. Draw the graphs of the following expressions * — 

& 

(1) sc-8 (2) 8a;+4 (3) -7x-8 

7-4sb 52-9 82+11 


(4) 


(5) 


4 


CG) 


5 
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7. Find the equation of the straight line -which passes 
through each of the folio-wing pairs of points — - 

(1) (0, 0), (6, 6). , (2) (0, 5), (7, 0). 

' (S) (6,-8), (-7, 5) (4) (-4. 8), (-9, -18). 

(5) (-11, 0), (7,-10) , - 

6. Graplilcal Solution of Equations. 

Example. Solve* graphically — 

2aj-7y+12 = 0\ 

8*4-2y = 82/ 

Let ns draw the graphs of the two equations. 

- We find that 

jB=— 6\ 2 = 11 are points on the graph of 

. -y = OJ* y = 2J the 1st. equation ; 

v?hilst 

j • ^ - 

a; = 01 aj = 61 ‘ are points on the graph of 
' y = 16/* y = 7J - the 2nd. equation. 

Hence, taking the length of a side of a small square as 
the unit of length, the two graphs are as shewn on the next 
page 

Let P be the point where the two graphs intersect P 
being common to the graphs, its co-Ordinates -will satisfy 
both the given equations 

Now the co-ordinates of P are found to be 8 and 4. 

Hence, 8| 13 the required solution. 

■Note 1 By actnal venficiitiou we find that both the equations 
are satisfied when x = 8 and « = 4 ' 

I 

Note 2 If it IS required ,to “solve graphically the equnltion 

0. 3 32; 22 ” ' 

“3 ~ .1 all that we have to do is to draw the graphs of the 

f 

expressions -g and g — and take the abscissa of the point com- 
mon to the two graphs 
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l■■aaBaa■B■■B■■D■■■i■■■■ 
liBBBBBBBBBBBmBBflBBBH 
liBBBBBBBBBBBBKBBBBBBB 
■■■■BBBBBBBBBBBmBBBBBBBBHBBBmBBBBB 
■■BBBBUBBBBHBHIBBBiiBBBBBBBBBaBBBBi 

liiBBBBmBBBaiiil 
IBBBIBBiiiBimi 
IBBBBBBBBBBBBBS 


■BBBBmBBBIBBBBBBBBBBBBBBB 


IBB9BB!I 


^ IBI 

■■BBSHBmilBBBBaBBflBBBBBBiBBaniBBBail^lB 

■■BMBBBBBBRBBBUIBmBBBBBBBBBBBBBBBBB 


Esercise (6). 

Solve the following equations graphically — 

1. a+y = 9, Sx-2y=7. 2. ix+Zy = 18, 8®+ 2^/ =11.. 

3. •^+'1' = 4, 4:X—5y = 2. 

4. y-’X a= 2, 3®-2y = 5 

6. 5a!-8y = 11 , 2y-3z+4: = 0. 

« ^2 _ -5X+4: „ 2x+7 Zx-7 

2 5 “T~==“2“" 

4:!e— 8 ^ 

5 “ 7 


8 . 
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7, GrapMcal Problems. 

Example 1. Given that the pnce of a seer of nee is- 
three annas,' shew that a straight line can be drawn such 
that if any point be taken on it, the abscissa of the point 
will represent the quantity of nee of which the pnce i& 
represented by the ordinate 



In the above figure let the length of a side of a small] 
square measured' along OX represent one seer, and let an 
equal length measured along 0 Y represent one anna Then. 
, the meaning of the figures along OX and OY is clear 
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Since the price of a seer is S annas, the price of 8 seers 
-must be 24= annas. Clearly therefore P is a point such that 
■its abscissa OM represents a quantity of rice of which the 
price 18 represented by the ordinate PM. 

Join OP and produce it Then this is the straight' line 
-every point on which will satisfy a condition similar to 
that satisfied by P 

Q IS the point (10, 80) , consequently its abscissa repre- 
sents a quantity of nee of which the price is represented by 
its ordinate R is the point (8, 9) ; its abscissa therefore 
represents a quantity of rice of which the price is repre- 
sented by its ordinate Similarly this is true of every pomt 
on the line OP 

Hence OP is the reqmred straight line 

Note 1 The line OP is called the graph of the pneo of nee, or 
more simply the price-graph of rice 

Note 2 The gi’aph enables us to determine readily the price 
-of any given number of seers of iice For instnnco, if the abscissa 
be taken to bo 12, the ordinate is immediately found to be 36 thus 
wo knovy that the pnee of 12 seers of nee is % annas Similarlj for 
any other abscissa the conesponding ordinate can bo immediately 
found 

Note 3 The graph also enables ns to determine quickly the 
number of seers of nee that can bo bad for ani given price For 
instance, if the ordinate is taken to be 27, the corresponding abscissa 
IS immediately found to be 9, which shews that we can have 9 seers 
of nee for 27 aimns 

Example 2. A person, named B, starting from a given 
spice, travels at the rate of 5 miles an hour Shew that a ’ 
straight line can be drawn such that if any pomt be taken 
on It, the abscissa of the pomt will represent the nmhber 
of miles that B travels m the time represented by the 
ordinate 

In the figure on the next page let the length of a side 
of a small square measured along 0 X represent one mile, 
nnd let an eqnal length measured along OY represent 12 
minutes. Then the meaning of the. figures along OX and - 
■OY IS clear. 

Since B travels 6 miles in one hour, he travels 10 miles 
in 2 hours Clearly therefore P is a pomt such that its 
abscissa represents the number of miles that the person 
"travels m the time represented by its ordinate 

Join OP and produce it. Then this is the -straight line 
■every pomt on which will satisfy a condition similar to 
4hat satisfied by P. ' ' 
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Lefc Q be any point on the line. Its abscissa represents 
•6 miles and orinate represents 1 hour 12 minutes , but we 
hnoio that the person travels 6 miles in 1 hour 12 minutes. 
Hence Q satishes the condition above mentioned. 

Let R be 
some other point 
on the line Its 
abscissa repre- 
sents 20 miles 
and ordinate re* 
presents 4 hours ; 
but we Jcnom that 
the person tra- 
vels 20 miles in 
4 hours Hence 
B also satisfies 
the proposed 
condition. 

Similarly for 
any other point 
on the line. 
Hence OP is the 
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and let an eqnal length measured along OY represent one- 
centimetre Then the meaning of the figures along OX. 
and OY is clear. 


tn 

we Jcnoto that these w 
are equivalent 


Since 1 inch s= 2 6 centimetres, we have 8 inches = "20' 
centimetres Clearly therefore P is a point such that its 
abscissa represents the number of inches that are> 
equivalent to the number of centimetres represented by its 
ordinate 

Join OP and produce 
it. Then this is the 
straight line every point 
on which will satisfy a 
condition similar to that 
satisfied by P 

Let Q be any point 
on the line Its abscissa 
represents 12 inches, 
whilst its ordinate repre- 
sents 80 centimetres , 
but 
two 

Hence Q satisfies the u 
condition above men- S 
tioned ^ 

Let R be some other u *5 
point on the line Its ' 
abscissa represents 2 in- 
ches, whilst its ordinate 
represents 5 centi- 
metres , but we Icnouf 
that these two are equi- 
valent Hence R also 
satisfies the proposed 
condition 

Similarly for any 
other point on the line 
Hence OP is the re- 
quired straight line. 
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Note 1 The line OP is called the graph for converting inches 
into centunetres and tice icisa, or moie briefly the conversion- 
graph. for inches and centimetres 

Note S The giaph enables ns to detennine readily the immber 
of centimetres tliat are equi-valent to anj given number of inches. 
Tor instance, if the abscissa be taken which lupiosents 10 inches,., 
the corresponding ordinate isimmedwtely fouudto bethntxrVncb, 
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- represents 25 contimclres Itm it is» knovrn that 10 meUes aie 
-etiuivileut to 25 continictres 

Note 3 The Rrapti also enables us to deternnno i-cndilj tlic nu»n- 
l)or of inches th.it nrcecjunnlent toanyRi'cn numbei of ccntiinetres. 
Tonnstanco, if the ordinate be taken ivliich reniesonts 16 centime- 
tres, the corresponding abscissa is unmcdiatelj found to be that 
■which represents 6 inches , thus it is kiionii tint 15 contimotics arc 
equivalent to 0 inches 

Hlxample 4. A and B are two stations SO miles apart, 
P starts from A and travels towards B at the rate of 5 miles 
an hour j at the end of 2 hours he takes rest for one hour, 
and then resumes his journey at the rate of 8 miles an hour. 
‘Q leaves B 2 hours 40 minutes after P leaves A, and tra- 
vels towards A, without stoppage, at the rate of 4 miles an 
(hour. When and where will the two travelleis meet ? 


s8ssa« 





.lls^ssasF 
Bssassaass 



limigli. 





526 


ALGBIBKl MADE EAST. 


[Ohap^ 


Let the length of a side of a small square measnred^hon- 
zontally represent one mile, and let an equal length mea- 
sured vertically represent 10 minutes Then the meaning, 
of the figures along the lineB in the above diagram is clear, 

(i) P starts from A, and travelling at the rate of 5 miles 
.an hour, completes 10 miles in 2 hours Hence, if the 
point 0 be taken such that its co-ordinates respectively^ 
represent lO miles and 2 hours, ACns the graph of P’s 
motion for the first two hours 

The graph for the Srd hour must be such that the- 
abscissa of any point on it may represent 10 miles, because 
P IS supposed to be at rest throughout this hour Hence- 
CD drawn vertically to represent one hour, as in the diagram,, 
will be the graph of P’s rest 

After the Srd hour P travels at the rate of 8 miles an 
hour Hence if DM be taken to represent 6 miles and MBT 
to represent 2 hours, the straight line DE is the graph ot 
P’s motion after the Srd hour. 

Thus the broken line AODE is the complete graph of 
P’s motion. 

(n) Q starts from B 2 hours 40 minutes after P leaves- 
A Hence if BF be measured veitically to represent 2 
hours 40 minutes, BP may be regarded _as the graph of 
Q’s rest at B. 

When Q leaves B he moves towards A at the rate of 4 
miles an hour Hence if PN betaken to represent 8 miles 
and NG to represent 2 hours, the straight line FG will be 
the graph of Q’s motion. . 

(ill) Let the two graphs intersect at H, and draw HK 
perpendicular to AB Produce PN to meet HK at V 

Now it IS clear that at the end of time HE, P will have 
gone a distance AK towards B, and Q will have gone a 
distance BK (» o , FV) towards A Hence they 'will meet at ' 
this instant Thus the requiied time of meeting = that 
represented by HK = 5 hours 40 minutes after the 
commencement of P’s motion 

Also, the distance of the place of meeting from. 
A :=: that represented by AK = 18 miles 

- Note 1 As HV r^resents 3 hours, it is clear that P and"Q meet^ 
at the end of 3 hours after Q starts from B. 
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Note 2 " The honiontal line throngh ] 
points S and T As AL represents 4 hoi^ 

Mnts lOj miles, at is clear that at the end oj 
the commencement of P's motion, P and \ 
miles from each other 

Exercise (7). ^ 

1. If milk sells for 4 annas per seer, construct the 
pnce-graph of milk, giving the price of any quantity of 
milk up to'5 seers From the graph read off the price of 8 
seers and 5 chattacka of milk, and also the quantity of miUr 
that can be had for 10 annas and 9 pies. ^ 

2. If Fazh mangoes be -worth one rupee two annas a 
dozen, construct a price-graph for mangoes, giving the price 
of any number up to 80 Read- off from the graph the 
price of 17 mangoes, and also the number of mangoes that 
can be had for 1 Re 12 as 6 p 


j meets the graphs at the 
10 minutes and ST repre- 
: 4 hours 10 minutes ftom 
) are at a distance of lOi. 


3. if a man walks at the rate of 4 miles an hour con- 

struct a graph of bis motion Read off from the graph the 
time in which he travels IS miles, and also the number of 
miles he travels in 4f hours, , ' - 

4. If one cubit' be equal to 1 5 feet, construct a con- 
Tersion-graph for cubits and feet Read off from the 
graph the number of feet that are eqmvalent to 5^ cubits," 
and also the number of cubits that are equivalent to 6^ feet. 

5. - A starts from a place and walks in a given direc- 
tion at the rate of 3 miles an hour ; B starts from- the- 
same place one hour later and moves ih the same direction 
at the rate of 5 miles an hour. Draw the motion-graphs of 
A and B, and find when and where B overfcaTces A. 

6. 'A and B are two stations 20 miles apart. P starts 
from A. and travels towards B at the rate of 8 miles an 
hour , whilst Q starting from B travels towards A at the 
rate of 2 miles an hour Construct the motion-graphs of P- 
and Q and find when and -where they meet, 

' 7, Fifty articles of the same kind cost Rs. 8 2 as Con- 

struct a graph from which yon can read off the cost of any 
number of articles up to 50 Hence ^find the cost of 19 
articleSj^-and the number of arfacles that yon would get 
for Rs 2 7 as. 


8. Griven that 1 kilogramme_= 2 2 ibSj construct a ‘ 
graph which will enable yon to read off the number of kilo- 
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grammes that are equivalent to any given number of lbs. 
up to 16 lbs Read off the number of kilogrammes in 11 lbs. 

9. A man travels for 8 hours at the rate of 2 miles am 
hour, at the end of which he takes rest for an hour and a 
half, and then starts to walk at the ratejof two and a half 
miles an hour. Construct the graph of his motion. 

10. A man starts from a place B to walk towards C 
at the rate of 4 miles an hour. After 3 hours he changes 
his mind and walks back towards B at the rate of 8 miles 
an hour At the end of 2 hours again he suddenly changes 
his mind and begins to run towards C at the rate of 7 
miles an hour Draw a graph of his motion 

11. A, B and C are three stations in order on the 
same road, the distance between A and B being 6 miles. 
Q starts from B at noon to walk towards C at the rate of 8 
miles an hour, and at 1-80 PM P starts from A to run to- 
wards B at the rate of 6^ miles an hour. Draw graphs of 
Iheir motion, and find when and where P will overtake Q 


CHAPTER II 

GRAPHS ( Continued ). 

1. Draw the graph of the equation oj* + y * =5= 36. 

Let twice the length of a side of small square repre- 
isent the unit of length. 

With centre 0 and a radius equal to 6 units of Ibngth 
[^describe a circle, as in the diagram on the next page Then 
"this circle will be the required graph. 

u ^ Take any point P-on the circle, and let its co-ordinates 
be denoted by x au'd y , evidently then a!®+y®=OP*=36. 
^But if a point, such as Q, be taken anywhere not on the ctr- 
' c/e,“itis easy to see that its co-ordinates will satisfy the - 
given equationi _ - 
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Thus it IS shewn that the co-ordinates of every point on 
the circle, and of no other point, satisfy the given equation, 
t Hence the circle drawn is the required graph. 


graph of the equation + 


Let twice the length of a side of a small square represent 
the unit of length. 

Let A be the point (8, 2) With centre A and a radius 
equal to 5 units of length describe a circle as in the diagram ' 
on the next page Then this circle will be the -required 
■graph. ' ^ 


Take point P on the circle, and let its co-ordinates 

thiTp f Now from the diagram it is clear 

the hypotenuse of a right-angled triangle of 


1-84: 
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Hence, («— S)®+(y— 2)^ = AP® = 25, winch shews that 
the co-ordinates of P satisfy the given equation. But if a 
point such as Y 

Q, be taken any- 
where not on the 
-Circle, it is easy 
to see that its co- 
ordinates will 
not satisfy the 
given equation 

Thus it IS clear 
that the co-ordi- 
nates of every 
point on the 
circle and of no 
other point, 
the given 
equation. Hence 
the circle des- 
cribed IB the 
required graph. 



rai 

m 

■ 

H 

H 

m 

W- 

m\ 

■1 


mi 

K 

K 

■: 

■H 


■1 

■i 

■1 

■ 

■ 

n 

■ 

■ 

■ 

1 

5; 



■! 

■I 

m 



fj 

i 

■1 

1 

■ 

■' 

■1 

■ 

■ 

■ 

■ 

■ 

■ 



1 



■' 

■! 

m 


■ 

■' 


■ 

■ 

n 

H 

B 



■ 


■ 


i 




m\ 

■ 


■ 

A 

■1 

US 


■ 

m 

■1 

■ 

f 




■ 

■ 

1 




i: 

m 

■ 


fi 

■ 


■ 




■ 

■ 



■ 

■ 

■ 






m 

■ 


m 

■ 

1 

■ 


IlI 

■ 

M; 

■ 

i 



■ 

■ 

■ 





■ 

m 

■ 


G 

8 

■ 


Ik 


■; 

■ 

■ 



■ 

■ 

■ 





B 

m 

m 


m 


■ 

11 

■ 

■ 

1 

11 


■ 

■ 

■ 





i 

« 

rA 


■ 

it 

m 


■ 


■ 

■ 

1 

1 


■ 

■ 

■ 




B 

■ 


m 


■ 

■ 

■ 

■ 


■ 

i' 

■ 

■ 

i 

■ 


■ 

■ 

■ 




1 

3 

d 

■ 


M 

■ 

■ 

B 


■ 

B 

■ 

■ 

D 

■ 


■ 

■ 

i 




m 


ITS 

E 

1 

i 

8 


■ 

1 

■ 

■ 

■ 


■ 

m 

■ 





■ 


1 

M 

■ 

1 

i 

i 


■ 

1 

8 

.■ 

■ 

1 



■ 

m 

■ 





■ 

■ 

S 

■ 

;■ 

8 

8 


■ 

fi 

MAI 


;■ 

!■ 

■ 


n 


■ 


■ 

■ 

■ 

m 

■ 

■ 


:■ 

JM 

m 

■ 

S 

m 


■ 

m 




M 

s 

s 

9«1 

m 

n 

m 


R 

;ji 

m 

S 

\m 


1 

■ 

m 

m 

!■ 

n 


m 

'i 

H 

■ 

!■ 

H 


ly 

:■ 

II 

n 


§ 

■ 

n 

H 

m 




m 

■ 

1 

■ 

■ 

[■ 

H 


m 

il 

!■ 

il 

JM 


m 


!1 

H 

■ 



m 

m 


i 

» 

m 

V 

'5 


a 

M 

m 

H 

mm 


■ 

■ 

• 

■ 

S! 

■ 

« 

■ 



m 

M 

B 

■ 

■1 

■ 

i 

K 

mi 

a 

■ 


■ 

■ 

» 

\wm 

■ 

Hi HI 

u 


■ 

■ 

w 

:■ 

iH 

:■ 

m 

:■ 

■ 



.Mi 

.■ 

m 

■ 

fi 

nil 

il 

■ 

■ 

>■ 

■ 

■ 


■ 

■ 

B 

!■ 

2 

M 

■ 


Note 1 It may be similarly shewn that the graph of the 
equation (a:-l-2)*-|-Cy-J-5)’ — 49 is a circle of which the centre le 
the point ('—2,— 5) and the radius is equal to 7 units of length * 

Note 8 The equation — 8aj-fl0^-f-25 = 0 can be easilj- 

^reduced to the from (®— 4)’-|-(w-f-6)® = 16 Hence its graph is a 
circle of which the centre is the point (4, —5) and the radius i& 
equal to 4 umts of length. 


3. Draw tlie graph of the equation == 

From the given equation we have 

= 0 \ 

or, (y-|-5a!)(y— 2a:) = OJ ’ 

- > 

Hence, it is clear that the given equation is satisfied by 
(1) all those points which satisfy the equation 0, 

and also (2) by all those points whiohT satisfy the equation 
y~2a: = 0. - , 

Hence, the required graph consists of two straight lines, 
one being the graph of the equation yf2j: = 0, and the 
other being the graph of the equation y — 2® s* 0 , 




'5Sl 



4. Drawtlie grrapli of the equation 4aj’+9y® 

~ 36. 

T 

(1) ^Vhe^l a =s 0, Tve have y * “ 4, ann therefore yss ± 2. 
Hence the points (0, 2} and (0, ~2) are on the reqmrod 
graph 

(2) When y s= 0, v7o have 2*ts=9, and therefore »= ± 8. 
Hence the points (8, 0) and (-3,0) are on the required 
■graph. 
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(8) When » = ± 1, we have = 32, and therefore 




..A + + 

■“81^ “ 8 ~ U 


rs= ± 1 885 


= ±19 


approximately Hence the four points (1, 1 9\ (Ij— 1*9), 
( — 1, 1 9> and (—1, —19) are on the required graph 

(4) When a = ± 2, we have 9y® = 20, and therefore 


S= 


+ + *«!_ = + 1490 

“3 ~ a ~ 


= ±15 


nearly. Hence the four points (2, 1 5), (2, — I 5), (—2, 1 5) 
and (—2, —16) are on the required graph 
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Letus now plot the twelve points as found above 
(taking 5 times the side of a small equate as the unit of 
length) and draw a free-hand curve through them, as m 
the diagram on the last page' 

The Curve so drawn is the required graph , 

Note 1 Evidently the carve is symmetrical about the ams'of 
a, * e , el ory chord at nght ingles to the avis of ar is bisected by^it 
Similarly the cnri e is also symmeti teal abont the axis of y 

Note Z The curve lies entirely vnthm the space enclosed by the 
four straight lines x — 3,x = — 3, y = 2,y = — 2 A Curve of this 
class IS called an Ellipse. 

5. Draw tlie grapli of the equation as® -2/® — 1- 



ALOBBBA. UADB B&ST. 


684 


[Chap* 


(1) When a = P, we havej^® — — 1 and therefore y, 
is imaginary This shews that the graph does not cut the 
as:is of y 

(2) When y s= 0, we have a®=l,and therefore a= ± 1. 
Hence the points (1, 0) and (—1, 0; are on the required 
graph. 

(8) When a = + 2, we have y“ =8, and therefore 
y r= ± JS ^ ± 1 732 ± 17 approximately. Hence 

the four points (2, 1 7), (2,-l-7), (-2, 1*7) and (-2,-1 7) 
are on the required graph. 

(4) When a= ± 8, we have y® = 8, and therefore 
y— ±2J2— ±2x1*414 s=s±2 828 s= ±2 8 approxi- 
mately. Hence the four points (8, 2 8), (8, —2 8), (—3,2 8) 
and (—8, —2 8) are on the required graph. 

Let us now plot the ten points as found above (talcing 
5 times the aide of a small square as the unit of length) and 
draw a free-hand curve through them, as in the diagram 
on the last page. 

The curve so drawn is the required graph. 

Ifote 1 The curve so drawn is evidently syminetncal about the 
axis o£ X and also about the axis of y 

Note 0 The curve consists of two branches, one lying entirely 
on the right of the line a = 1 and the other lying entirely on the left 
of the line x =— 1 A curve of this class is called a Hyperbola 

Note 3 From articles 1, 3, 4 and 5 it may be easily seen that if 
the equation be taken, (1) the graph is tivo straight 

lines passing thi ough the origin when c is zero, and a 
and b are of dififereut signs , (2) the graph is a cii cle when 

and are positive and equal , (3) the graph is an Elltj/se 
o c 

fir & 

when — and — are positive and nnequal , and (4) the 

graph 18 a Hyperbola when and ~ are of different signs 

c c 

( their absolute values being either equal or unequal.) 

6 Draw the graph of the equation y=a5®, 
taking* the unit for measuring: y equal to half 
that for measuring* oc 

Evidently the following points are on the required 
graph • — 

. ® = 0\ ® ' X =-l\ 

y_«0/» y = l/* y= 1/’ 
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m 


y — 4 


= 9/’ 


a = 81 

9/’ 


=5 41 X =~ 41 

« 16/’ ■ y= 16/* 


- a =-81 

y= 9j’ y 

fonr times tlie sides of a small sgnare (t.e. *4 of an 
?nch) l}e the nnit for measoring a and twice the side of a 
^mall square (i e , 2 of an inch), the unit for measuring y. 

Let ns now plot the points found above hnd draw a 
•curve through them free-hand, as in the^following dia- 
gram — 
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Note 1 If the unit for measnriag y "were the same 'as that for 
measnrmg «• (» 6 , 4 of au luoh), the c^r^ o drawn would be the graph, 
of the equation y — ia;®, or that of 2y = a?®. 

Note 2 Every chord drawn perpendicular to OT is bisected by 
it as can be easily \ erifiedi Hence the curve drawn above is sjun- 
metncal abouti,he axis of y This is also evident from the fact that 
if the paper be folded about OY the left-hand portion of the curve 
entirelj' coincides with the right-hand portion 

Note 3 The curve lies entirely above the axis of % and extends 
npwai'ds to lufinitj It is eas3 to see that the graph of the equatioa 
y =:— -b’ would be a curve Ij mg entirely 1 ) 6 X 010 the axis of r and 
extending downwards to infinity 

I 

Note 4 The abscissa of any point on the curve is evidently the 
square root of the oidinaie Hence when the graph of the equation 
y = IS dinwn, bj measuring the abscissa of any point on the 
gmph we can determine square root of. iha number which 
represents the ordinate 

Note 6 A cun e of this class is called a Parabola, 

7. Draw tlie graph of tlie expression 
3— 4cc— 2sc”. 

The required graph is the same as that of the equatioir 

y = 3— 435— 2a;®. 

It is easy to see that the following points are on the 
required graph — 


a; = 01 a; = II , a; = 1 51 

y = 8/» ^=-3/’ y=-76/’ 



Take one inch as the unit for measuring x, and one- 
tenth of an inch as the unit for measuring y 

Let us now plot the above points and draw a curve 
through them free-hand, as in the following diagram • — 
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The curve so drawn is the required graph. 





a. ^ » 
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jte 1 Since 3— •4a!— 2a:*s=3—2(aj® +2a:) = 5— 2(a5*+2a!+l) 

t>— 2(aj+l)®, the e^Lnation may also be written as 
y = 8-2(a:+l)» , 

’Which shows that for all values of r, y is Uss than 5, except when 
= —1, and in this case 2 / = 6 This is also dear from the curve 
drawn Hence, the maximum valne of y (/ c , that of the expression 
•3— 4aj — 2a;’) is 5 * 

Note 2 If through the point (—1, 5) a straight line be drawn 
parallel to the axis of y, it is easy to see that the curve is 
symmetrical about this straight line 

Note 3 From the figure it is evident that y = 0 when a; is ~ 
^ipproximately equal to 6 or — 2 6 Heuce, 3— 4a;— 2a;® = 0 when 
a; = 6 or — 2 0 approximately , in other words, the roots, of the 
equation 3— 4ar— 2a;* = 0 are 6 and —2 6 approximately JVom 
this it IS clear that the roots of the equation 3 — 4j:— 2a;® = 0 are the 
aiseissa of the points wheie the gtaph of the expiession 3 — 4a; — 2a;® euttt 
the axis of x 

Note 4 The graph of any expression of the form aai’+Jr-f-c 
IS a Parabola 


8. Draw tlie graph of the equation txty *= 1. 

It IS easy to see that the following points are on the 
aequired graph — 


Z = ‘11 

SB = ’2 

1. 

SB = 41 

y = 10 } 

y = 6 

r 

y = 25)’ 

01= 5| 

SB = 8) 

SB=1| 

SB = 2) 

y = 2 } 

y = 125)’ 

y = ir 

y= 53* 

Evidently also the following points are on the required 
;graph — 

*=- *1] 

1 

SB =— 4| 

SB = — *51 ' 

y=- lOj 

1 y=-6S 

’ y=-25r 

y=-2r 

. 8] 

y =-i25| 

1 .^- 1 , 

i y 1 1 

SB =- 2) 

^=-53* 

V 


Let one inch be the unit for measuring sc and one-tenth 
of an inch the unit for meaannnfr « 
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Let ns now plot the poinfe ,and draw a curve through 
-them free-hand, as in the following diagram ; — 


gagBSBaaasaagBaBasgs 

■hbbhbbbEbbb! 

■■■■■■■■■■■BBBI 

inBliBilBill 


ibbbbI 


■■BBBifiBBBBHBBBBBBBi 
■■■BB iiBBBBBBBBiBBBBB 




!■■■!! 


Bs:ssBsss:nssssHsis»s^^^ 






IBnBBB 
««■■■ 
«■■■■■ 



..^SBSSSSSSSSSpi 

jiBSBSBSBSSta 

iflBSSflSSSS- 

SBSBSBSBSS 




'The curve so drawn is the required graph. 


‘gain e infinity to — 1. om zero to 1, y increases from 
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Note 2 Ab * mcreases from 1 to infinity, y dimimsbes from 1 
to zero , and as x dimmishes from —1 to ne^ti\e infimty, y} 
increases from —1 to zero 

Note 3 The graph consists of two hranches, one lying between. 
OX and 0 Y and the other between OX' and 0 Y' 

Note 4 The more we move towards the right or left of O, the 
nearer does the curve approa<^ the axis of x , whilst the more we: 
move upwards or downwards from 0, the nearer does the curve 
approach the axis of y But in no case does the curve meet the axes 
except at an infinite distance from 0 Hence, each of the axes is 
said to be an as 3 anptote to the curve 

Note 5 A curve of this kind is called a Reotangnlax^ 
Hyperbola 


EKepcise (8), 

Draw the graphs of the following equations — 


1 

a® + Sr® = 81 2. (a- 

-6)® + (y-6)® = 49. 

3. 

(a;+6)®+(y-7)® = 100 



4. 

«°+y^-8a;-14y+l = 0 



5. 

a!^+S>^ + 14a;— 16y+82 = 0 



6. 

»®+S'® + 12a;+18y+92 = 0. 



7. 

a:®+y® — 10a:+ 16^—55 = 0, 

8. 

a;®— y® = 0., 

9. 

9a;® -4y = 0 10. 9y® = 16a;®. 

11 

4a;® = 9 

12. 

26y® - 16. 13.a;®+4y® = 4. 

14 

4a;®+9y® = 1. 

15. 

25a;® +y® = 25. 

16 

16a!® +9y® = 1, 

17. 

11 

Cl 

1 

18. 

y®-a;» = 1 

19. 

4a;® -y® = 16 

20 

^®— 9a;® s= 9 


21. In one and the same diagram draw the graphs of 
4a;® — 9^* = 0 and 4a;*— = 86 

22. In one and the same diagram draw the graphs of 
9y*— 4a;® = 0 and 9y®— 4a;* = 36 

23. Draw the graph of the equation 5y = a;®— 10, 

taking the unit foi measuring y five times as large as that 
for measuring x ' * 

1 •• 

24 Draw the graph of the equation a;®— 4a;+2y = 0^ 
taking the unit for measuring y twice as large as that for- - 
measuzing x. 
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26. Draw the graph of the equation 
"taking the unit for measuring » equal to half that for 
measuring y 

26. Draw the graph of the equation taking 

the same unit for measuring both x and y 

27. S’lnd graphically, correct to the first figure after 
the decimal point, the square roots of — 

(1) 8 , (11) 6 , (ill) 7. , . „ 

28 Find graphically the minimum value of the 
expression 

. ' 2x®-6a:+7 

29. Find graphically the maximum value of the 
-expression 

l+2x-2a®*. 

30. Draw the graph of the equation ay=4. 


CHAPTER III . 

r 

ARITHMETICAL PROGRESSION. 

1 Definition. Quantities are said to be in Arith- 
metical Progression when they increase or decrease regu- 
larly by a common difference 

Thus each of the following senes of quantities is in 
Arithmetical progression — 


2. 

5, 

8, 

11, 

14, 

&c. 

9, 

5, 

1, 

- 8, 

- 7, 

&o 

a. 



a +25, 

a+Sb, 

&c 

a. 

a—'b. 


a— 2b, 

a— Zb, 

&c 


In the first of the above examples the quantities in- 
-crease by 8, whereas ih the second the quantities decrease 
vby 4 , so the common differences in these , two -"cases are 
said to be 8 and— 4 respectively. Similarly in the third 
^ example the common difference is 6 and in the fourth it 
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Note If a be the first term and h the common difference of 3i 
senes of numbers in Arithmetical Progression, we have the second 
term = a+&, the Srd term = o+26, the 4th tenn = a+3&, , the- 

10th term = a+9J, , the 2lBt term = a+20&, and so on Hencc- 

the nth term = a+fw— 1)Z» 

Example 1. Find the 19th term of the serieB 10, 8, 6^ 
4, «fec 

The first term = 10, and the common difference ^—2^ 
Hence the 19th term = 10+18(— 2) = 10~8G s=— 20. 

Example 2. What term of the series 5, 7, 9, 11, &-c.' 
IS 25 ? 

Let the rth term of the given senes be the required 
term , then -we must have 

26 = 5+(r-l).2 
= 8+2r, 

■whence r = 11 

Thus the 11th term of the given series = 25 


Exercise (9). 

1, Find the 8th, 20th and («—8}th terms of the- 
senes 2, 4, 6, 8, &c 

' 2. What terms of the senes 9, 11, 18, 15, «Lc. arfr 
C5, 99, and 6«~18 ? 

3. The first term of a given senes is 8 and the 7th 
term 89 , find the common difference. 

4. If there be 60 terms in A P. of which the first 
term is 8 and the last term 185, find the 81st term. 

5. If a be the first term and I the last term of a senes- 
of numbers in A P , shew that the 5th term from the 
beginning +the 5th term from the end =:«+?. 

' 6. In the preceding example, shew that the rth term , 
irom the beginning +the rth term from the end == g+Z. 

2. To find the sum of 9^te^ms of an Arithmetia 
series of wMoh the first term is a and the common 
difference. &. 

Let S denote the required sum, and Z, the last term . 
the wth term). 
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Then +(« + J) + (0+ 2ii)+ + 8^) + Ac, +{a+ (n — !)&}. 
And, "by ■writing the senes m the reverse order, -we have 

Therefore, by addition, 

25= (a+ij+(ff+?)+(«+0+ ^c.. .. ..., tofiterms 
= nla-i-l) , 

/. S = *^<**i"0 • • “• (t) 


Thns the snm of n terms in A. JP. is n times the sembsom 
of the first and last terms, or, in other -words, ft times the 
average of the first and last terms 


Also, since I = a+(ft—l)b, 

.. S = |[c + {o+(M-l)jj] 

-‘|{2a+(«~l56} ; (2) 


iJ— The fonaute (1) and (2) should bo carefully remembered 
so that tho> mmht readily l»e applied in an> suitable case 

Example 1. Find the sum to 20 terms of the series 5,. 
4^, 8§, &c. 


The first terra = 5, and the common difference 

2 . ' 

■"T' 




Hence, the required sum's: ^^2 x 5 + ^20 ~ 1^ x 

= K-f) = *4- 

Example 2. Find the value of 1+2-f 8+4+&c. to lOff 
terms, ’ 


The last term of the series evidently = 100. 
Hence, the required sum == ^^^1 + 100^ 

= DO X 101 = 5050, 
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Exercise (10); 


JL. Sum 

1, 

2, 

8, 

4, &o 

to 

25 

terms. 

2. Sum 

1, 

8, 

5, 

7, &c 

to 

30 

terms. 

-3. Sum 

6, 

4|. 


''&C, 

to 

21 

terms. 

4. Sum 

18, 

12J, 

Ilf, 

<Lc 

to 

40 

terms. 

5. Sum 

2. 

7, 

12. 

&c. 

to 

101 

terms. 

6. Sum 

71 — 1 

’ 9 

n 

2 

71 ’ 

w— 8 
n ’ 

&c 

to 

71 

terms. 

7 Sum 

a—l) 

rt+5’ 

3ff— 25 
fl! + 5 

5a— 3d 
fl+5 * 

&c 

to 

n 

terms. 


Application of the formulfiB (1) and (2) of 
the preceding: article— The following examples will 
illustrate some important applications of those formulae,. 

Example 1. The first term of a series m ^ P , is 17, the 
last term —12| and the sum 26^, find the common, 
•difference , 


Let n = the number of terms , then we must have 
25^ = i{l7+(-12|)} 

— 2 ^ ^8 • 


or, 


407 _ d7n 
16 ” 16 * 


n — 


407 

87 


= 11 . 


If thep i be the required common difference, we must 
Shave — 12|( = the 11th term) s= 17+105, 


105 = -12§-17 
= - 29 * = . 


5 = 


535 


ax 10 


285 
■ 8 * 
5X47 
”'6x2x8 


'47 

’16 
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Exajnple 2. The sum o£ a senes in A. P is 72, the first 
term 17, and the common difierence'^—B , find the number 
of terms, and explain the double answer. 

Let n = the number of terms. 

Then we must have 

✓ 

72 =|[2xl7+(n-l)x(-2)]- ^ 

— «r|(36-2«) = ; 

71^®-18«+72 ss 0 , 

, or, -(« — G)(»— 12) = 0 

.* n = Q or, 12. 

The double answer shows that there are two sets of num- 
'bers, satisfying the conditions of the problem and this can 
be easily verified For, the series to 6 terms is 17, 16, 13, 11, 
9, 7 , and to 12 terms it is 17, 15, 18, 11, 9, 7, 6, 3, 1,-1, -3/ 
—5 } now since the sum of thejast 6 terms of the latter set 
•of numbers=0, evidently, therefore, the sum of 6 terms of 
the S0nes,'i8 exactly the same as that of 12 terms 
/ ^ 

Example 3. How many terms of the series —8> —6,’ 
— 4, d-c, amount to 52 ’ ^ 

Let ti s=^the required number. 

Then we must have , 

52 = ||2x(-8)-(«-l)x2} 

e= |(2«-'l8) = 71= -9n. 

.. 9«— 52 = 6, - 

or, (?i-13)[7i+4)= b ; 

n *=£ 18, or,'^ —4, ‘ 

j 

^ Hence, since the number of terms can only be a positive 
integer, we must reject the negative value and take 18-to be 
tthe answer to the question. 

1—86 
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Example 4. The sum of p terms of an u4 P is g', and the 
sum of gr terms isjp , find the sum of jt7+g terms 

Let a be the first term, and 5 the common difference 
then since the sum of p terms = g, we must have 

or, 2g 1)J . .(1)1* 

Similarly 2j? = g2a+g(g— 1)J . . ^2) / 

Subtracting (2) from (1), we have 

2(g~P) = Cp-g) 2a+{(p“-g“)-f2i-g)}5 
= (g)-g).2a+(p-gX;>+g-l)6 ; 

—2 = 2a+(^j+g— 1)J. 

Hence, the sum of 2^+g terms 

= ^^|2a+(p+g-l)6| 

==^^x(-2) =-(i»+g). 

Exercise (11). 

1. The first terln of an A P. is 5, the number of terms 
30, and their sum 1455 ; find the common difference. 

2. The first term of a series being 2, and the 5th term 
being 7, find how many terms must be taken so that the 
sum may be 63 

3. What IS the common difference when the first term, 

IS 1, the last 50, and the sum 204 ? - 

4. How many terms of the senes 19, 17, 15, &c , 

amount to 91 ? ' - 

5 The sum of a certam number of terms of the series^ 
21, 19, 17, &c , IS 120 Find the last term and the number 
of terms 

6. How many terms of the senes 54, 61, 48, &c , must 
be taken to make 513 ? Esplam the double answer 

7. If the sum of 8, terms of an A. P. iS" 64, and the 
sum of 19 terms is 861, find fhe sum of n terms 

O 

8. Find the senes of which the nth term is - — - ; and, 

4 

also find the sum of the snriflH fo 105 terms. " ' 
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9. Find the senes whose, term is 2» — 1 ; find the 
sum of the senes" to n terms. 

10. The sum of n terms of an A P is Sw® — w"and the 

common difference 6 , fin'd the first term ^ j „ 

11. The sum of Mjterms of an A P. is 40, the common •• 

difference 2, und the last term 18 ^ find « ' / „ 

12. Prove that the latter half of 2k terms of any Anth-" 

metical senes = ^rd of the sum of 8 k terms of the same 
series " ^ 

13. If 2k+1 terms Of _the senes 1, 3, 6* 7, 9, &c, he - 
taken, then the sum of the alternate terms 1, 5, 9, &c , will 
be to the sum of the remaining terms' 8, 7, 11, &c , as K+1 
isto n.- 

'■14 Prove that ( 1 ) I = 

■ and(n)' s = 

- — ^ > 

4. Arltlunetio means.-— f 

Befimhon 1%' When three quantities are'm Anthmetical > 
ProgrOssion the middle one is said to be the Arithmetic 
mean between the othef'two.j ^ 

Thus 5 IS the Anthinetfcinean between 8 and 7. . - 

Definition 2 If' A and B bO any two quantities and * 1 ’, 
•®a. »«_!, a?„ a number of others such that -A, «i,' 

iTa, &c , ®„_i, B are in Arithmetical Progression,then; 
* 1 . &c t are called the Arithmetic means between 
A and B ' ' , 

Thus 8, 4, 6, 6? 7 are Arithmetic -'means between 2 and 
8, and so are the numbers 8^, 6 and 6^ . for both the senes 
-2, 8, 4, 5, 6, 7, 8 and 2, 8|, 5, 6 8 are in A. P. 

Note Ibis evident from the above' eicample that' Ibetweeu anv 
two qtmntities the number of different sets of Arithmetic means'm 
unlimited , - — . 

5 To insert a given Jiumber of Arithmetic' 
means hetween two given quantities. - - 

Let aandc be, the. two given quantities' and n the 
number of means to be inserted., ■*" - - - . 

Thea we have to 'find out « quantities -* 1 , 

^n- 2 > <r«-i» ®n Such thattf, aJi, aJa, ®n-i^ ?n, c may be 
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consists of » + 2 terms of which a is the first term and e 
the last. 

Hence, if d be the common difference, we must have' 
c = a-i-(n+2)b, 

whence d = 

«+l 


Hence, ®i = a+b = «+ 


c—a 


a!g = a+2b = a+ 
' &jQ, &c. 

= a+nh = «+ 


71 + 1 ’ 
2(e—a) 


71 + 1 
&c 

TlV — c> 
K + 1 * 


Example 1 Find the Arithmetic mean between any two 
quantities a and b 

Let * = the quantity sought 

Then a,T, 6 are in A P , and ' we must have x—a=:b--Xy 


whence x 


a-\-h 


Example 2 Insert 4 Arithmetic means between 3 and 
18 Let Xi, x^y «3, 04, be the means. 

Then 3, sCi, scj, ®3, *4, 18 are in A. P. 

Hence, if b s= the common difference, 
we must have 18 = 8+5&, .*. b — Z. 

Hence, ®i=8+J= 61 
®3 = 3+25 = 9 I 


®3 = 8+35 == 12 
®4 = 8+45 = 15 J 


Thus the required means are 6, 9, 12 and 15 


Exercise (12). 

1. Find the Arithmetic mean between (1) 5 and 8 , 
Qi) —5 and 21 , (in) 771 and ?7i+« ,~(iv) («+»)“ and 
(c— »)®. 
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2. Insert 2 Anthmeho means between (i) 8 and 12 ; 
UO — 6 and 14 

3. Insert 8 Antbmetio means between 117 and 477. 
' ^4. Insert 4Axitlim6tic means between 2 and — 18. 

5. Insert 17 Aritbmetio means between 8| and — 41^. 

6. There are w Arithmetic means between 1 and 31, 

such that the 7th mean (m— l)th mean =5 9 , 

required n 

7. Tlie Natural Numbers— The numbers 1, 2, 8, 
Ac., are called the naivrdl numbers, , - r 

(i) To find the sum of the first n natural numbers. 
Let S denote the sum ; then, 

S ~ l+2+34‘ • • 

= »(!+„)■ (A)- . 

i 

(ii) To find the sum of the first « odd natural num- 
bers 

Let S denote the sum ? then 

S — l+8 + 5-}-7 ....... ..... , ,, , to?zterms, 

= |{2+(n~l)y2 ]■ 

= |x 27J s=: (B) 


(m) To find the sum of the squares of the first ?i natural 
numoers , 

^ V. \ 

Let tS denote the sura , then, 

ia+2»+8«+4'»+ 

Wehave7i’-.(7i-l)3 = 8»=-Sw + l. 

Hence, putting 3, 2, 8, Ac , for n, we bavi 
P-03 =81»-Sl+3, 

23-13 =8 2»-8 2+r, 

83-23 =S8»-33+3, 

4^-83 =8.43-8 4+3. 

,, ,,, ,,,,,,,,, 

(«~l)=-(«-2)» = 8(»-1)3-8(«-1)+1, 
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Hence, by addition, 

«>* = 8(l»+2»+8“+...+»=)--3(l-l-2+3+... + «)+« 
= 8S-8”.^+» 

/h 


%S s= «®— «+ 


3«(«+l) 

2 


= w(«+l) 

o _ «(m+1)(2«+1) 

0 • 


•• ••• *• 


( 0 ) 


(Iv) To find the stini of the onhes of the first » natural 
nnnxhers 

Let S denote the stun, then 

iS'= 1^+23 +S» + +11®. 

We have «*—(«— 1)* — 4«®— 6 w®+4m--1. 

Hence, putting 1, 2, 3, &c , for «, we have 

14-0* = 41®-6.1®+4.1-1, 

24 -.14 = 4 2® -6.2® +4.2-1, 

8*-2* = 4 8®-6 8”+4.8-l, 


(w-l)*-(«-2j* = 4.(«-l)®-C.(n-l)*+4 («-!)-], 
«*—(«—!)* ss 4.«®— 6 n®+4 M— J 

Hence, by addition, 

M* 5= 4(l®+2® + 8®+&c +m®}-G(1»+2»+89+&c.+«*) 

+4(l+2+8+4/C +fi) — w 

4^ = «*+m+«(«+1)(2k+1)— 2«(k+1) 

' - = n(ii + l){(n»— w + l)+(2«+l)-2} 

s= w(ii+l)(»®+w), 

... ,?= . .. . (D) 

Thus tJiA sum of ihe cuies of the first n natural mmlcrs is 
ogiial to ihe sguare of the sum of these 7 iumlers, 
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Example 1. Sum the senes 1 2 + 2 8 -i-S 4 + &c to » terms. 
The ^th term of the senes evidenlly = n[ni^l)==n^ + n 
i -Hence, putting ^ = 1, the let term *=: 1’ + 1," 

„ " „ - » '= 2, 2nd term '=i 2*Hh2," , 

„ M = 8, 8rd term «= 8*+^8» 

« ••• •• • ••• ••• 

r - - ^ j 

and so ^on 

Hence, if S denote the sum of the giyen senes, 

~ we have = (l® + l)+(2®+2)+(8»+8)'+&c to « terms 
= (12+22+3»+&c +«^)+(l+2+8>&c.+^, 
j; «(« + l)f2«-=m «(«+!) - . ' , 

' nfn+iyC2n4-l , 7if»+l)'M+2) 

= -1—1—+^) r~' 

Sxailiple'2. Sum the SeneS — " ^ - 
- -l»-h8* + 5*+7®+&c thwtenhV. 

Since evidently each term of the given series is equal to 
■the square of the corresponding term of the senes 1, 8, 6,.7r 
-&c , the nth term of the given series = the square of the 
41th term of the senes 1, 8, 5, 7, &c , ' . 

-- j ^ >* A 

and the nth term = { H-(n— l)'x2}* 

' = (2n-l)“ ~ 

s= 4n*— 4»+l. 

' Hence, putting n = 1, 2, 8, &c., we have 
the 1st term =,4 l®-;4 1 + 1, 

*, 2nd =4 2?— 4 2+1, ' 

■„ 8rd „ =4.8^-4 8+l. * ' 

** • •• 
and^ so on I 

Hence, if S denote the Suth of the given senes, we musthavc 
S — 4(l^ + 2® + 8” +<fec +n^^— 4(1 + 9 j- j_ «i j. « 

__ , 7i*n+ll(2n+l) . n'n+l) . 

^ ^ “~2 — 
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_ 2wCw+1)x2(m~1 ^ ^ ^ 

8 

= sW?'’-0+®} = 5H-0- 

Ezaxnple 3. Sum the senes — 

ia+(12+23)+(l»'+2® + 8®)+&c to 71 terms 
The «th term of the series — 

= 1“+2» + 8“+&c.+m® 

_ n'n4-li(2«+l) _ n(2n^ +Zn+l) 

~ 6 ~ b 

Hence, the 1st term = ^1®+^!®+^!, 

„ 2nd „ =i2»+^.2“+^2, 

„ 8rd „ =183+^83+^8, * 

« • • • • • 

and so on 

Hence, if 3 denote the required sum, we must hare> 

/S'= ^ll3+23+S3+&c.+n3) 

4-J(13+23+83+&c +7i3)+A(1+2+8+&c +«) 

^ n(7i+l)(277+l) . , «(«+!) 

s 4 f 1 g +1, I 

^ ^^^)|«(«+l)+(2«+l)+lj. 

= ^>(„«+8„+2) = ^ tmn+2 )^ 

Exercise (13)* 

Sum the series — 

1. 23+63+83+«S,c to w terms. 

2. 1 2^+2 33+8 4^ + &c to 71 terms 

3. 13+85+ 5.7 + 7 9 + &c to ti terms. 

4. l3+33+5®+&o to 7/ terms 

6. l+(l+2)+(l+2+S)+&c to 77 terms.. 
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7. Miscellaneous Examples. 

'Example 1. Prove llaat if the number of terms' of an 
A. P. be oM^ twice the middle term is equal to the sum of 
Ihe first and last terms 

Since the number of terms is odd, let it be denoted 
by 2«+l 

Evidently the middle term is one which has n terms on 
either side of it, hence it is the (n+l,th term from the 
beginning and also the (w4-l)fh term” from the end 

Hence, putting M for the middle term, we must have- 
Jf = 

ss .** ••• ^ •* ( 1 ] 

and al^o M s= 7 — (»+i— 1)J 

:= 7 — mJ .. ... ( 2 )* 

Hence^.by addition 

2J/ = «+7 

Example 2. Prove that the sum of on odd number of 
terms in ,4 P is' equal to the middle term multiplied bj" 
the number of terms ' ' - 

Let 2 m 4-1 = the number, of terms 
Then the sum of the terms 

= [last example] 

= (2»-l-l)x.1/.- " 

Example 3 . Find the first five terms of the senes of 
which the snm to n terms = 5«°+3 m 

Let Ac , f„ denote respectively the ist , 2 nd., 

Srd , Ac,, nth terms of the series ; 

and let Si, #2, s-,, Ac . denote respectively the sums 
of 1 , 2 , S, Ac , n terms of the seaies. 

Evidently then *1 = /i , S9 = /, +4 ; 

*3 = 7 s-h 7 a 5 and SO on. 

Now, by the question, wo have ’ 
s= 5 n®-l- 8 w, 

(i e , the sum to an;/ mmia of terms <5 times the square^ 
of ihat number -fS times fhai number.) 
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Hence, putting « =s 1, we have^i = 5+8 t= 8, 

„ - n =■ 2, „ ^2 =* 20+6 = 26, 

„ ^ . «.= S, „ iSa = 45 + 9 ~ 5i, 

- „ 72 = 4, „ 80+12= 92, 

„ n=5. £6=125+15=140 

' and BO on 

Hence, = s, =' 8, 

= Si— Si = 26— 8 = 18, ^ 

/g = Sg— Sg = 54— '16 = 28, 

^4 = 8^-Si = 92-64 = 88, 
ig = «6~^4 = 140—92 = 48, 
and Eo on 

Thus the first five terms of the series are 8, 18, 28, 38 
and 48 

Example 4. Sum the senes— 

1+6 + 12+22+85 + &C towterms 

[The peculiarity of the senes is that th^ successive differences 
•of the terms are iii A. P ] 

Let S denote the required sum and let denote the 
Kth term of the senes Then we have 

S — 1+5 + 12+22+ • . +A, , 

also '~S — 0+1 + 5 + 12+ ... +^n-i+^H» 

Hence, by subtraction, 

0 = 1+4+7+10+&C +(/„-/«-i)-^« 

= {1+4+7+10 + &C. to n termg}-^, , 

i e , the »th term of the given series = —iw 

Hence, the Ist term = 1 1“ — ^ 1, 

2nd „'=^2“-i2, 

8rd „ =^8®— ^8, 

and so on. 
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Hence, +2® +8* +&c.+,«*)--i(l +2 +8 +&c.+«) 

3 w(w+l)(2«-H) 1 nUi+l^ 

2 '6 2 2 

' _ n{n-¥l) 2 „ ^ 

“■ A ‘ Z 

Examplo 5. Sam the aeries — - - 

i •.- 

-I-&C to n terms: 


1 . . 1 . 1 


12 ‘ 2 3*^84 


12^2 

‘Let S denote the sum to n terms, 
3srow, we have / 


t-i — 

\ 

fa ~ 


Jl. 

12 

2.8 

1 - 

84 


=l-t’ ■ 

1 ' 1 ' 

“ 2 8'’ ' 
^ 1 ^ - 
s'” 4 ’ 
&c., &c , - 
1 1 


Hence, S — 1 


n[7i+l) 
1 

n+L 


n n+1 
n 


n-i'l 


Example 6 Fmd three numbers in A. P. whose pro- 
duct = 120 and whose sam = 15. 

1 

j 

Let a— o and a-\-Phe the numTjers ; 
then we have ' " " ' 


(a-/3)o.(o+/3) = 120 


and 

Prom (2), 8a = 16, * a = 5. , 

From (1), a{aa-/5*) =120, 

. . 6.(25- = 120, 

.. 25-/S3 = 2i, - 

/ja ^1, ,% ;0 = ± 1 
Hence, the numbers are 4, 5, 6. - 


. . ( 1 )\ 
... ( 2 )/ 
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Example 7. If be m A P , then 

1 1 1 . ^ 


64-c’ e+a* a-td 


arexnA P. 


E,.aently i, ^are mA P. 

If J L=.J L, 

ci-a d+c a+d c+a 


ie, i£ — ^ — , 

(fi+flj(d+cj (a+dXe+a) ^ 

te, if (d— fl)(5+fl)= (c— })(c+&), 

?fl, if _ c9_59 ^ 

bat this IS true by hypothesis. 


/»+c’ c+o ’ a+b 


are in A. P 


Example 8. Determine the relation which mast exist* 
between a. i and c, in order that they may be respectively 
the pth, jth and i th ttjrms of an A P, 


Let a denote the first term and the common difference 
of the A P of which a, b and c are the 2 ?th, g^th and rth 
terms , then we mast have 


a = a+(p~.l)j8 .. , (1) 

' b = a+(g~l)^ ... . (2) ■ 

c = a+(r-l)^ . (3) 

Now we have to ebminate a and (3 from these three- 
eqnations 

Subtracting (2) from (1), and (8) from (2), we have 

a-b = (p-g'A 
b-e s= iq-r)/3. 

Hence, (a^b)(q-r) = {b-c)(p--q\ 

or, a:q’-i)+b:r^p)+c(v-q) = 0 , . 
which is the relation required 

Exercise (14). 

1. The (w+l)th term of a senes in A. P. is 
required the sum of the senes to (2?? + 1) terms ' 
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2. Find the first five terms of the senes of which the ^ 

sam to n terms is +7 m. 

3. The snm to n terms of an A P is + 10« , find 
'the first term and the common difference. 

4. Find the 35th term of ‘the senes of which;the[snm 
<10 n terms is «°+«. 

5. ^ Snm tho senes — 

1+8+6+10+16+&O, ton terms 

6. Snm the series — 

2+5 + 10+17+&-C., to"n terms 
^ 7. Snm the senes — 

2+7+H+28+34:+Ac, to n terms 

8. Sam the senes — 

9. Find 4 nnmbers in A P , snch that their snm shall 
be 50, and the snm of their squares 864. 

[Let a— 3p, a— /3, nnd a+S/3 be tho iininbers ] 

10 The snm of "three nnmbers m A. P is 16. and the 
"snm of the sqnares of the two extremes is 68 What are 
the nnmbers ? 

1 1. There are fonr nnmbers in A. P , the snm of the 
two extremes is 8, and the prodnct of the means is 15. 
What are the nnmbers ? 

12. Find Six nnmbers in A P. snch that the snm of 
the two extremes may bo 16 and the product of the two 
middle terms 68. 


fXol a— 3/3 a—p, a+^, a+3/?, a-)-5i5 bo tho numbers "J 


13. If (5— c)", (c— a)*, are in A.P, shew that 


1 


1 1 
c—o’ a—b 


are in A. P. 


14. Determine the relation which must exist between 
-a, b and c, in order that they may be respectively the sums 
of p, 2 and r terras of an A. P. 

16. Given P and Q tho wth and 7ith terms of an Arith- 
metic series, find the rth-term. 
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,16. Tl^ere are n Arithmetic means between 3 and 54- 
Buch that the 8th mean (n— 2yth mean = 8 5 ; find n “ 

17. If iS'i, iS'a, .^ 3 , be the sums of n terms of three- 
Arithmetic senes, the first term of each being 1 and thb 
respective common differences 1, 2, 3 , prove that 

^’i+<5>3 = 2^3 

18 If there be r Arithmetical Progressions, each be-^ 
ginning^from nnity, whoso common differences are 1, 2, 
3, &c , 1 , shew that the snm of their 7ith terms is 

19. Snm the senes— 

n l+(w-l).2-f(«-2) 8+(?i-3) 4+&C.+1 n. 

[ The j th term of the senes = {m— ( r— 1)} i = (h+ 1) r— i ® 

Hence, the required sum = («-t-l){l+2-f3+ +«} 

— {l»+2»+3='-f +?i»} = ic ] 

20 On the ground are placed n stones , the distance 
between the first and second is one yard, between the 2nd. 
and 3rd. three yards, between "the 8rd and 4th five yard?, 
and BO on How far will a person have to travel \^ho shall 
bring them, one by one, to a basket placed at the firels 
stone ? ' - ' 


CHAPTEE lY. ' 

' GEOMETRICAL PROGRESSION 

1. Definition. — Quantities are said to be m Geo- 
metrical Progression, when each is equal to the productiof 
the preceding And S 9 me constant factor. 

The constant’ factor is called the (^mdn ratio of the 
senes, and it is found by dividing crwy term by that which 
immediat^y precedes %t 

Thus each of the following series forms a Geothetncali 


Progression 

— 


- 



~ I, - 

' 2, 

-4, ^ : 

8, ^ 

IG, 

&c. _ 

3, 


M 


TcV* 

&c. 

h 

“3* 

v* - 

-•i' 

~HT» 

'■air* 

&c 

?» 

ar. 

' ar®, _ 

ar®, 

ar*. 

&c. " 
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la-the firs| example the common ratio is 2, in the second 
J, in the third and in the fourth r. ^ 

' Note, If fl he the first term and r the conmion ratio Of a Geome- 
tric senes ve have the 2Qd term = a r, the 3rd term = a i the 4th 
term = a?*, the 10th term = a i ^ * the21stterm = ar_*“,ixnd 

so on Hence the nth term = « i 


Exercise (15). 


1. Find the 8th term of the series 4, 12, 86, ifec 

[the common ratio = V = 3 , hence the'Sth term =4 3" = «£.c 2^ 

2. Find the 6th4erm of the series Sf, 

- 3. Find the 9th term of the senes I, 4, 1C,'64, &c. 

\ 4. Find the 6th term of the senes 1, —8, 9, —27, &c 

5 Find the 5th term and the (k — l)th* term of the 

- series 9^, — 1, 1, &c ' ^ 

6. Find the 7th term of the series in''-721, 14,— 9 &c. 

- 7. The first two terms of a senes in G. P .are 125 ancL 

- 25, what are the 6th and 7th terms ? ■ ^ r 

r 

2. To find the 'sum of_a number of terms'* im 
Gehmetrical Progression. 

Let a be the fitat term, r the common ^atio, n the nmnberi- 
of terms and S the sum required. 

Then _ 

*, Sr = ay -f-m *+flfr3.-|.&c +af^-^+ar”. 

Hence, by subtraction, . - 

jSr— iS^ = ar^—Of 
■^(r-l)=aCr«-l), 

V o 1 “ 

r— 1 » • ... (!)»•> 

or, = 

~i.-r 


• •• 


(2) 
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Coi'. If I denote the last (or the wth) term of the series, 
we have I = ar’^~^ , hence from (1), 

8==^^. . ' (8) 

r—l ' 

Note The foimula (2) may convemently be used m all cases 
■except when j po'.itae andgiealet than 1 

Example 1. Find the sum of — 1+|— &c' to 7 terms. 

The common ratio = — f— ^ ="“v 

Hence, by formula (2), 

the sum = — — — ' 

1+f 

_ 16, ,2815 2 

" "'27 128 5 - 


r> 

V 


— 468 _ . 81 
108 108 * 

Example 2. Find the sum of - - 

8+4r^+6f+&c. to 5 terms * 

The common latio = 4^—3 = |-x ^ 

Hence, if 8 denote the reguiied sum, we have by for- 
mula (1), 

« 5=1 I 


= = 80 0 


16 


16* 


1 . 

2 . 

3. 

4. 

5. 


Sum 

Sum 

Sum 

Sum 

Sum 

Sum 


Exercise (16), 

1+3+9+27+&C, to 12 terms 
81 —27+ 9— &c., to 8 terms 
2 — 4+ 8— &c,to 10 terms. 
V — F+ T—&C., to 5 terms. 
2 — 4+ 8'— &/C., to 2r terms 
2^ — 1+ f — &o., to w terms 


‘ 6 . 

"7. Show that the sum of n terms of a G. P , beginning 
with the ;7th term, is times the sum of an equal 
number of terms of the same senes beginning^ with the 
^h term. 
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\ ^3. If H be an integer and r & given proper 
fraction to prove that r” dlminislies as n increases. 

Let r = f . j5Tow, since 4 of any ptunber is .undoubtedly 
Jess than that number, - ' 

, (5)3 IS less than 5, because (|)^ ^ of -J ^ , 

(5)3 is less than (^)3, because (4)® = 4 of (f )® ; 

<5)4 is less than (7)®, because (?)* = 5 of 

and so on. 

Hence, it is clear that in .the series {^)3, (5)®, (J;*, 
-each term is less than the preceding ; -which is briefly 
HBxpressed by saying that (5)" diminishes as n increases . 

Similarly the proposition may be proved for any other 

^alue of i -which is less than 1. - 

'1 

, Hence, generally speaking, if ? has a given value less 
than 1, r" diminishes as n increases. ' ‘ 

- Note From abo\ c it is quite clear that if r be a proper fractiou 
la very junall when « is infinitely large 

‘ 4. Geometrical series continued toanfinity. 

Let us consider the senra a, ar^ or®, i:c. 

^ S denote the sum to n terms, -we have 
S = 

-l-'r 

' " ' t 

— ~ ^ -.£ 1 " 

l—r 1— r'* -■ 

If then r be a proiier fraction^ the larger n is, the smaUer 
“Will (r" and /. be ; hence by sufficiently increai&ig 

the valueof « we can make ^ less than any assigned 

quantity, however small , and therefore increase 

tng tU taint of n, the sum ofu terms of tU senes ^ean he made 

■to differ from ht/ as small- a quantity as mffleast. 



562 


ALGBBBA. MADE EASY 


[OHAPi 


This statement is usually put thus '—tU sum of an tn* 
'finite number of terms of the Geometrical Progression is ; 


or, more briefly, the sum to infinity is 


a 

1-r* 


Let us apply all these remarks to a particular example.. 

Consider the senes 1, 5, 1^, &c 

Here <? = 1, r = ^ , hence the sum to n terms 




jn-X 


Now by taking n large enough, 2"”^ can be made as large- 


as we please, and therefore — ^ as small as we please. 

Hence we may say that by talcing n large enough^ the sum of 
n tarns of the senes canie made to differ from 2 by as small a 
quantity as we please , or, briefly, the sum of an infinite numb^ 
of terms of this senes is 2. 

N B It must be borue in mind that the sum of n terms of a 
Geometrical ProOTession apjytoaches a fixed Imit as 71 increases m-* 
daSmtely onlff when 7 is less thanmnty Ifi be gi eater than unity 
theie IS no such fixed limit 

‘Bzample 1. Prove that in a decreasing Geometrical 
Progression continued to infinity each term bears a constant 
ratio to the sum of all which follow it 


Let the series be a, ar^ ar^, Qr^, <5tc,, where r is less than 
unity. 

Then the «th term = af”~^ and the sum of all the terms, 
which follow this 


= ar"(l+r+r®+»'®+&c. toinfimty) 



Hence the ratio of the «'* term to the sum of all which 
follow it 




. gf" \ _ 1— r 

• 1-rj T’* 


Now this is constant whatever value n may have, Mrhioh 
proves the proposition. 
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Example 2. Sum to infinity 

< M 

Here a = ^, and r — — §-r| =— 

s 

Hence, the required sum = 

l+ir 

n v> 0 

s . — 

— 97 


Esercise (±7), 

s 

Sum to infinity each of the following series : — 

1. i+i+^+iV+^o 2. 1— y+J— ^+&c, 

3 §+v+y+/j^+A-c 4. 1— ' &C, 

5* 8^+2l-l-l^+^!c 
2 3 2 8 

6 . ■5-+r7+ rs+ <SLc* [Spilt this up into two senes.] 

6 O'* 6® S'* 

7- 4+^'''^+^+*'- '/®+:78+8^+*®' 

9. (^/2+^+l+(72-l)+i•c. 

10. Find the common ratio of a G P. conbnued to 
infimty in which each term is ten times the sum of all the 
terms which follow it. 


' 5. Kecurring’ Decimals. — Recurring decimals fur- 

nish a goodillustration of infinite Geometrical Progressions. 


Thus, for example, *234 = *234848484 


•2 

+•084 
+*00034 
+ 000084 

'"I ' £.0., 4?Ci, . 


_ 2 , 84 
■“lo'^io® 


+ 


+ 


84 


10^ 


f<tc 


84’ 

10« 


Here the terms after jg constitute a Geometrical Pro- 


gression, of which the first term is 


84 

10 ® 


, and the common 


'•alio 


1 

10 » 
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Hence, we may take 2^4 = 


^2 34 

lo'^yoo 


232 

990’ 


which. 


agrees with the value found by the usual Arithmetical lule. 


6» Geometric means Definition l When three 
quantities are in Geometrical Progression the middle one 
IS called the Geometric mean between the other two. 

Definition 2 When any number of quantities sci, *2, 

Ac are such that a, ie^, »3, &c b are in G P , then ' 
®a. »3i are called Geometric means between 
a and b 


(i'^ To find the Geometric mean between two given, 
qnantities 

Let a and b be the two given quantities ; G the 
Geometric mean 


Then since rt, Gi b are in G. P , we must have 

( 


^ -± 
a ~Q* 


■each being equal to the common ratio. 
,% G® = ab, and O' = Jab 


(li) To insert a given number of Geometric means between 
two ^ven quantities 

Let a and b be the two given quantities , and aji, arj, 
a;^, &c , x„, the n means to be inserted 

Then a, asi, ajj, *3, &c , !r„, A are m G P. 

Let r denote the common ratio of the sen^ ; 
then b = the («-f2^thterm = ar’+i,. 



and so on. 


* 

Example. Insert 8 Geometric means between and 128. 
Let - a-j, sBa, {Ta be the means 
Then ^aJ^, arj, *3, are in G. P. 
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^ "* >■ -I 

' - 

Hence if r be the comlnoii ratio of the Series, 

“we^niust have 128 — the Sth term = i r*, _ ' 
r* = 256, whence ? = 4 


Hence, sTi —^4:'=^ 21 
- =|4:» = S\ 

a;-' = *43 =32} 


Exei?cise (18). 


1. Insert 2 Geometric means between 3 and 24. " 
2r Insert 8 Geometric means between 2J and 

3 Insert 4 Geometric means between f and— 5x!r*' 

4 Insert 5 Geometric means between 3f and 4D}. 

7. .Miscellaneous' Esamples. - - 

Example 1 If «<!, "sum the senes 

l+2a!+8a:*+4®3+&c to infinity 


Let 8 denote the re'qnired sum, then, 

' l+2aj+8a*+4i3+&c. 

and .*. /Sc = jc+2a!*+3»3 + &c. ^ 

Hence, by subtraction,^ 

'/S(l— a?) = 1+u+JB*+»3 + &c to infinity 


8 = 


I-sc* 

1 





Example 2. Sum to « terms 5+55+555 + &c. 

- Let 8 denote the required sum , then, 

" - /S=.5 + 55 + 555 + &c to n terms 
= 5{l + ll + ill + &c to « terms} 

_ = 4x9{1+11+111+(SLc. ton'terius} : 

= ■ff{9+„99 + 099 + &c. to n terms} 

“ "" 1) + (10® — 1)+ (103—1)+ &c. to n terms) 

= 4{(10+l0*+i03+&c. to ?j,terms)— «} - 
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10 ( 10 "- 1 ) 
10-1 


lO’-O-T 


n 


} 


Examples Sum to n terms 1+6 + 13 +29 +«&c 

Let t„ denote the «th term of the senes, and /S' the 
required sum , then 

/8'=: 1+6+18+29+&C +/, ; 
also AS'sa 0+1+5+18+&C +/"-i+^„ 

Therefore, by subtraction, 

0 := (l+4+8+16+&e tow terms)— 

. in = l+{4+8+16+&e, to (w— 1) terms} 

^ 4(2":^ -1) 

2-1 



2"+i-3. 


Hence, the 1st. term = 2®— 8, 

„ 2nd. „ sa 23— 8, 

„ 3rd. „ =24—8, 
and so on 

Hence, /S' = (2a-8)+(23-8)+(24-8) + &c +(2"-* 


s= (2*+2®+24+&c. to n terms)— 3« 
23(2"-l) 

2-1 


■8w 


- 8 ). 


= 4(2"-l)-3». 

Example 4. If a, ib, c, 4? be in Q P , shew that 

(a-d)® = (6-c)3+((;-a)=+(d-&)3. ' 

We have ~ = -|- = -— , each of them being equal to 
the common ratio 

.*. = ac , ^ ^ 

Hence, (&-c)» +(<?-«)» +(d-&)s 

= (J»+c»-2Jc)+(c»+d»-2«i)+(d®+5a-2d6) 
= 2{J3-ac)+2(c»-Mi+a«+da-2Sc 

— 2x0+2x0+a3+d3— 2ad [by a] 

= (a-d^a. 
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Example 5. If ^ in G. P., shew that 

J®— c®~^7® are in 6 P. 

Evidently J®— c®, c®-^® areinG. P., 

' if (a®-i®)(c®-d®) = 

Ifow, since ff, ij c» *ir6 iQ Gr. P., we have 

5 c d - 

'a ~ h ~~ c * 

.*. J7C *= J®, M = tf ® and fld =' 

Hence, («®-5=)(c®-rf®) = «»c®-5®0®-a®d®+J®d» 

-= &4-J3c3-iSc®+c* 

- ' =: J*-2J®0®+C* 

= (5®-c®)*. 

.*. fl® - J®, 5® - c», c® -d® are in G. P. 

Example 6. The ccntmned product of three numbers 
?n G P , IS 216, and the sum of the products of them in 
pairs 13 150 , find the numbers 


Let — , a, ar be the numbers , 
r 

then, by the conditions given, we must have 


aar =s 21C 


«nd —o+~.ar+u or = 156 

T T 


From (1) s= 216, a = 6. 

Hence, from (2\ i+l+r = ^ = 

T oo 3 

.% 8(l+r+r®) = 18r, 
or, (Sr®— 10>+8) = 0, 
or, 0-8)(8r-l) = 0, 
r = 3, or 

Hence the numbers are 2, 6, 18. 
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Exercise (19). 

4 

1. Find by the method of summation of infinite Geo-, 
metric senes the valne of , — 

' (i) 027 , (n) l*14o , (111) 21501 . (iv) *142857. 

2. Sum l+3ie+6a!“+7a!®+&<e tomfinity. 

3. Sum 1 2®+2 4*2+8 8®®+&c to infinity. 

4. Sum 13®+4 9*2 + 7 2fa:»+&c to infinity 

- 5. Sum a+2fl2+3fl2+4«‘^+&c to n terms. 

6. Sum 1— 8a!+5*2— 7ic® + &c to infinity 

7. Sum ■^+T+ 3 T+&c to infimty 

8. Sum 1+-I-+-4+A+&C to n terms 

9 Find the nth term, and the sum to n terms, of the 
senes — 

1 1, 2 8, 4 6, 8 7, &c 

10. Sum l+4-+^'+~+&c to n terms ^ 

11. Sum to fi terms 4+44+444+ifcc _ . ' “ 

12. Sum the senes *9+*99+ 999+&C to ?? terms-' 

13. Sum the senes 1+3+7+15+&C to 7? terms 

14. Sum to 71 terms —6— 4+0+8+24+&C. , ^ 

15. Find the sum of 6+9+21+69+261+&C toTi terms.. 

16. If a, ‘5, e, of be in G F , shew that " 

(«2+52+<;2)(J2+c*+i?2) = [ai+hc+cd)-. \ 

[We have > thus a = 5/,- 5 = cZ, 

c~iV , hence fl®+6®+c* = 7 -(5=+C'+f7®) and also a’+i’+d* 
= l(ab+hc-\-cd) ] > ' ^ 

17. If a, 5, c, d are in G P , prove that 
(i) (5+c)(5+<f) = ic+a){e-\-d) 

(n) (a+<?)(&+c)~(a+c}(d+d’j = (fi-c)* 

18. Three numbers -whose sum is 16 are in A P'. , if 
1, 4 and 19 be added to them respectively, the resultsare;- 
in G P Determine the numbers 

[ Let a— )3, o, a+/3 be the nuinbei's ] 
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"19. Three ntunbere tvhose prtfdact is 612 are in 

P. ; if 8 "be added to the first and 6 to the second, the; 
numbers are in A P. Find the numbers 

20. The sum of three quantities in G. P. is 24|, and 
their product is , find Oiem. 

21. Find the relation between i, c that they may 
he the jiith, ^th and fth terms of a Geometric series. 

22. ^ If P and Q be the pth and jth terms of a Geo-* 
metric s^ies, hndhhe iith term. 


23." If ^ be the sum, P the product and i? the sum of 


the reciprocals of n terms in G. P , prove that P* = 



24. Find the sum of n terms of the series, the rth 
term of which is {2f +1)2’’. 

25. In a 6 P. shew that the product of any two- 
terms eqmdistant from a given term is always the same 


[If the «tli term lie tikeu a‘» the given term, it can be oasilv 
AhoTvii that the prodnei of the («+p)tn and («— i))th terms i**. 
iiidepcndeut of p j 


26. If there be n term's in G P , prove that the «th 
root of their product is equal to the square root of the 
product of the first and last terms 

27. If n Geometneal means be found between two 

quantities a and r, shew that their product will be (uc)'. - 

^ 28." If <7, h, c, d are in G P , shew that the reciprocals 
of are also in G P. 

29, Tf ijj, /Sa, /S3. Lt , Sn are the sums of infinite Geo- 
metnc series, whose first terms are 1, 2, 8, &c , «, and whose 

common ratio are Jr, J, Ac , respeclively, prove that 


Pj+Pa+iJg+Ac.+iSl, = ^{n+Z) 

mi 

30, Find the sum of the infinite series-- 

l+(l+g)r+(l+a+fl*)r=+(l+<T+ft24.fl3)r3 4.. 
Ac , r and a being proper fractions. 
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VAEIATION. 


■ ' 1. Definition One quantity is said to vary dtrecUy as 

another 'when the two quantities are so related, that i£ one 
of them be changed the other is changed %n ihe same ratio ^ 
^■or, in other words, if a, a' be any two values of a quantitv 
^,a nd S, b' the corresponding values of a second quantity B, 
then A is said to vary directly as B when a a' = h h'. 

For instance, suppose the measure of' the area of a 
> triangle is a, when that of the base is 6 , now if, the height 
''remaining unchanged, the base be increased to then as 
we know from Geometry the area will become 2a, if the 
base becomes S^, the area will be Sa , and so on. Thus the 
height remaining the same if the base is doubled, trebled, 
•quadrupled, &c., the area also becomes doubled, trebled, 
quadrupled, &o, (le, the area changes in -the same ratio as 
the base) and so we say that if the height of a triangle 
remains unaltered, the area vanes directly as the base 

Note 1 The ■word dn ecily is often omitted, so that "when "we say 
A caries as B it is implied that A vanes driectly as B 


Note 2 The symbol oc is used to express vanation , thus A « 
B stands for "A vanes as B ” 


1. If A varies as JB, tlien tlie numerical 
measure of any value of A and tliat of the cor- 
n'esponding value of B are in a constant ratio. - 

Let aj, Cjj, ag, &o , be the measure of a senes of values 
•of A, and let Jj, Jg, «fec, be the measure of the cor- 
responding values of jB 

Then, by definition, 





^ ^ and so on. 


Hence, = ^ = = ^ = 5,c., which proves the 

■proposition 

Note Putting m for each of the above ra'tios, "we have a, = mbx 
= mJai and so on Thus when A vanes as JB^ the 

uuinerical measure of any \alTie of A is equal to that of the coires- 
ponding value of S multiplied by a coustant This i esult is bnefly 
'expressed as follows — A<xiJB^ then where m is a constafat^ 





.variation. 
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^ 'Definitions.— (1)' One quantity A is said to m^j 
^reciprocal of J5. 

Thus if A vanes inversely as 4 where in is 

'Constant, ' > , 

niusimUon .—If 20 men do a certain work m 4 
10 men would do it in 8 hours. 40 men in 2 houw , and so 
on. Thus when the number of men diminishes, the time 
proporitonafcly increases % and vice-versa^ This is expressed 
by saying that it the amount of work to be done remains 
'Constant, the number of men varies inversely as the time. 

' (2) ' One quantity is said to vary jointly as a number of 
•others, when it vanes directly as their product. Thus it 
A vanes jointly as B and G, A ^ m BO, where m is 
•constant. 


•* llbtstrahon ;— The monthly income of a day labourer 
waries jointly as his daily earning and the number of days 
he works in a month. 

(8), A IS said to vary directly as B and inversely as G 
"when A vanes jointly as B and the reciprocal of G, that is, 

n 

when A ^ m.~p^, where,w is constant. 

(/ 


Illustration —The time of travelling a distance varies 
•directly as the distance and inversely as the speed of 
travelling. 

4. An Important Theorem— 

If A umts as B when G is constant, and A ^varies as G 
when B is (instant, then will A vary as BC when both B and , 
G vary 

' Suppose di 18 the value of A when 5, is that of i?, and 
<1 that of C. Suppose also that ae, is the value of A when 
-da - 18 that of B, and Cg that of C. Then the proposition 
will be proved if we can show that =i b-^Cx daCj. 

ITow, the change of A from a-i to a^, is due to two 
causes, namely, 

j (1) the change of B from di to dg, and (2) the change 
of G from to Cj. 
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'Hence, _it is clear that if om only of these causes be 
present (* e , if either B or G aloriB undergoes the supposed 
change), A ■will change from Oi to some Talue which is- 
different from ag. Let therefore a' be the "value of A when 
is that of B, and that of C7 

Thus we have the value oi A 

= when those of B and G are respectively and Cj (1)* 

= o', when those of B and G are respectively J, and Cj (2) 

= 03 when those of B and G are respectively and (8) 

Hence, from (1) and (8), we see that A changes from o, 
to o', when B changes from to G rmaming con^nt 
{t e , retaimng the value and therefore, by hypothesis. 



and from (2) and (8) we see that A changes from o' to'Og 
when G changes from to Cj, B remaining constant (i e , re- 
taining the value and therefore, by hypothesis, - 

T" • ••• 

Og Cg 

Hence, from (a) and (jS) ^X— = ^ 

O Og Pg Cg 

C, 

or, -i = 

Cg OgCg 

which proves the proposition 

Illustration — (1) Suppose that a number of plants have 
to be watered the quantity of water bestowed evidently 
vanes directly as the number of men employed t/ tlie time for 
watering remains unchanged , and also it vanes directly as 
the number of hours for which the men can work, %f the 
number of men engaged remains the same , hence if the number 
of men and the number of hours be both vanable, the 
quantity of water will vary as the product of the number of 
men and the number of hours 

(2) The area of a triangle varies directly as the base 
when the height 13 constant , and it also vanes directly as 
the height when the base is constant , hence when both, the 
base and the height are variable the area vanes as the pro- 
duct o the numbers which express the base and the height 





T.] VARIATION. 

Cor If there be any number of quantities j ?#, C, D, &c., - 
each of which vanes as another A when the rest are con- 
stant , then if they are all variable, A varies as their product. ^ 

5. Some Results worth remembering— 

(1) If 4a:jB^nd5«Cj thfenJ.or(7 ' . , , - - 

For, let A ="" m£, and JB = /?(7, where m and «,are con- 
stants , then il* = mnC , and a§ mn is constant, jld « G. 

(2) . If A ^~G, and B bc 0, then A-± C, and 

JaSo^p ^ 

For, let >1 = otC, and 5 = «(?, where :«i and n_ are con- 
stants ^ then A-{-‘B = and A—B = (w— ; 

y {A±B)o. G ^ ^ / 

Also ~>JaB= JmnG^ = G Jmn ‘ - <^AB cc G. 

' - (8) 'If 'it « BC, lhW5«^, and f? 

. For, let -4" = >nJ5(7, then'^^ i.— ,- 'B cc , ' 

-m G -a _ G - 

Similarly ^ ^ 

T y ^ 

- (4) If A «r-5, and C? « i?, theh^C; ’x./BD " > 

For, let A = mB, and G = nD, then AG = mnBli ; ’ ' 

^ .*. AG oc BD. , .. 

' 15) If A~ cc B, then A" oc B\ " 

For, let A = mB, then A" =* 

^A“ « . -z. 

(G) 'If A ^ B, then AP « BP, where Pis a«y quantity “ 
vanahle or mvanahU. - 1 ~ ' r 

j. For, let A = 9?i5, then AP = mBP •- . ' 

AP oc bp:- V . . , 

6 FiXa,mples Application of the principles ex- 
plained in 'some"of the preceding articles will be illustrated^ 
by the following examples.' \ ^ ^ 
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Example '1. If y vanes as a, and y = 6 when as = 12>. 
find the value of y when a = 18. 

By supposition y — mx where m is constant. 
Patting y = 5, SB = 12, we have 

5 

5 w 12, •*. Wi ~ jg . 

‘ 5 

Hence, x and y are connected by the relation y = 

6 16 

Hence, when x = 18, we have y = 18 — y = 7^ 

Example 2. If s vanes as paj+y, and if a = 3 whea 
a: = 1 and y = 2, and 2 = 6 when a? = 2 and y = 8, find p. 
By supposition z = m{px+y) where m is constant. 
Putting 2 = 8, aj = 1, y = 2, we have 

_ 3 = w(p+2) ' . (1)' 

Again putting 2 = 5, a; = 2, y ~ 8, we have 

6=OT(2p+8) .. (2), 

Hence, from (1) and (2), by division, 

I = ^’ = ' 

Example 3. If y = the sum of 8 quantities, of which« 
the 1st, oe a;=*, the 2ad « a;, and the 8rd is constant ; 
and when a: = 1, 2, 8, y = G, 11, 18, respectively, find the 
sguaiioti between x and y ' 

By suppoition y = ma!’+«a:+p, where tw, ??, p are con- 
stants 

Now since y = 6 when aj = I, we have 

6 = w+«+p ... «. (1)'| 

N Similarly, 11 = 4m+2n-l-p ... ' ... (2) > 

and 18 = 9m+S«+p (8)J 

From (1) and (2) by subtraction, 

’ , 8»»+« = 5 ... (4) 

Similarly fropa (2) and (8',- 

5>»+« = 7 — (6) 
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Now subtracting (4)‘from (5), wo have 
2w = 2, ^ w — 1 , 

hence from (4), n = 2* .*♦ from p = Z 

Hence, the equation between a; and y is y = a® +2i:+ 3. 

Example 4. Ifu+i « prove that'a=+J» ah 
and iE fl « &, prove that«*— S’* « al. 
(i) By supposition, u+J = hj(«— 5) where m is constants 
Hence, (o+&)® — ta^ia—i)'t 

or, a»+i=*+2u& = OT“<u®+&*-2fl5) 

(M* -l)(o’ +h‘) ~ 2fl6a +»i«), 

* 4-2,3 = ffJ. 


But is constant. 


ec 


(ii) Since a = mb, 

multiplying both sides by o, we have 

ss ntMb •• ••• (1) 

and also multiplying both sides by b, we have 


d» = 


Ml 


Subtracting (2) from (1) 

' = ( Ml — alt where ( m— — ^ is constant, 

\ mJ \ Ml/ 

a^—b- ab. 

Example 5. The wages of 5 men for G weeks beings 
;£14 5s , how many weeks will 4 men work for £19 ? 

Let X denote the wages (in pounds), earned by y men in 
s weeks. 

"■V 

Then evidently « « y when s is constant, 
and also a cc when y is constant f 
when y and z are both variable, x «: yr, 
t.A, X =s m.yz, where nr is constant. 

Now, since x = 14f, when y = 6‘and s s= 6, 

14i = mxdxG (1) 




• •• 
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Also, i£ 01, denote the required number of weeks, then, 
«ince the corresponding values of » and y are respectively 
19 and 4, we have 

19 = ;»x4:X0i ... ” (2) 

' ' ' ^ 4' ' 

Hence, dividing (1) by (2), - - " , 

-T = ''vhence Sj =: 10 ; 

- - 4 4x01 ’ 

to, the required " time = 10 w§eks. . - 

Hxample 6. Assuming that the quantity of work done 
•vanes as the cube root of the numb’ei pf ^ents^wHen the 
time is the same, and vanes as the square root of the, tame 
when the number of agents is the same" , find , how Jong S 
men would take to do one-fifth of the work which! 24 men 
•can do in 25 hours " - ' ~ 

Let a denote the quantityef work done by y men in z 
tours 

Then by supposition^ 

z cc y^ when s and .*, is constant ; 

and also, « oe when y and .*. y^ is constant. 

• A - JL ‘ 

Hence, when both y and z and y^ ^nd s* are vanable, 

• .11 11 " 

X oc t.c, z — where is constant. 

Now, since by the problem, " 

sc = 1, where y = 24 and 0 s= 25, 

l = hyM,Jw ( 1 ) 

Also, if z1 be the reqmred number of hours, since the ' 
corresponding values « and y are respectively ^"and 8, , 
we have • - ' ' . 

, ... ^ s: (2) 

Hence,’ dividing (1) by '(2\ 

5 - _ .Vjx5 

. %fd X "tJzi iJzi 


<’> > 
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^ 2,ind .* 2 , *= 4 , 

^ e , the required time = 4 hours 

Example 7. A sphere of mtlid is hnown to “have a 
hollow space about its centre in the form of a concentric 
sphere, and its weight is |- of the ' weight of a solid Qiherc 
of the same substance andTadius j compare the inner and . 
outer radii, having given that the weights of spheres of the 
same subshmce cc (radii)® . ' 

Let R be the outer radius and W the weight of a solid 
sphere of' the given metal of radius J! , also let r be the 
inner radius (i e , radius of the spheiical cavity), and to the 
weight of a solid sphere of the given metal of radius r 

Then hy hypothesis, 

ir s= and ic ss JCt ■*, where A“i3 constant, 

Now, since Cn’—i^') is the weight of the given sphere, we 
have, by the question W-^to =s ^ 71’’ , hence we must have 
A-(/?3-r®) « 9 KIi\ 

* — r® whence ^ — h 

It 


Exercise (20). 

1. If 2 ^ «: sr, and y = 5 vihen ar = 15, hndthe eguaiton 
between x and y. 

y= 10 when x = 25, find y when ® 


i varies inversely as Q, and = 10 when A’=:2, 
what will P become when ^ = 8 ^ 

p three corresponding values of 

n respectively find the values of P wheta 

V = 5 and R sz s. 

5. If -the square of x vaiy as the cube of y, and a; == 2 
when y — 8, find the eqtfation between x and y, 

«« 2^ vanes as the Sum of two quantities 

SI ^ -the other as 2 inversely; 

and thaty = 4 when a; = 1. and «/ = 5 when x ^ 2 , find 
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7. If xy cc +y®, and y = 4 when ® = 8, find the 
equation between x and y, 

8 Given that y is equal to the sum of two quantities 
one of which vanes as jr, and the other vanes inversely as 
a**, and when a = 1, 2, y = 6, 5 respectively. Find the 
equation between a and y. 


9 If y = the sum of 8 quantities, of which the 1st is 
constant, the 2nd «. a, and the 8rd « a®, also when a 
= 8, 5, 7, y = 0, —12, —82 respectively , find the equation 
between a and y 

10. Given that y® oc o®— a® and when a = 



find the equation between a and y. 


11, If y = r+s, whilst r oc a, and s oc JsT, and if 
when a — 4, y = 5, and when a = 9, y = 10, shew that 
6y =s 6'a+ <ya), 

12 . Assuming that the time of oscillation of a pendulum 
vanes as the square root of its length , if the length of a 
pendulum which oscillates once in a second be 89 2 inches, 
find the length of one which oscillates 56 times in a minute. 

13 If 18 men earn £7 in 15 days of 8 hours each what 
will be the wages of 52 men for 12J days of 9 hours each ? 

14 Given that the volume of a sphere vsfries as the 
epbe of its radius, prove that the volume of a sphere wh6se 
radius is 6 inches is equal to the sum of the volumes of 
three spheres whose radii are 8, 4, 5 inches 

1 5 The volume of a pyramid vanes jomtly as its height 
and the area of its base , and when the area of the base is 
60 square feet and the height 14 feet, the volume is 280 
cubic feet What is the area of the base of a pyramid whose 
volume IS 390 cubic feet and whose height is 26 feet ? 

16 Given that the area of a circle vanes as the square 
of its radius, and that the area of a circle is 154 square feet 
when the radius is 7 feet , find the area of a circle whose 
radius is 10 feet 6 inches 


17 If the volume of a cone whose height is 12 inches 
and base 80 square inches be 120 cubic inches, find the 
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volnme of another "whose height is 20 inches and base 1 
sqnare foot the volume of a cone varying as the height 
and base jointly. 

18 The volume of a circular cylinder varies as the 
square of the radius of the base when the height is the 
same, and as the height when the base is the same The 
volume IS 88 cubic feet when the height is 7 feet, and the 
radius of the base is 2 feet . what will be the height of a 
cylinder on a base of radius 9 feet, when the volume is 896 
cubic feet < 

19 Two circular gold plates, each an inch thick, the 
diameters of which are 6 inches and 8 inches respectively, 
are melted and formed into a single circular plate one inch 
thick Find its diameter, having given that the area of a 
circle vanes as the sqnare of its diameter. 

20 Given that the illustration fiom a source of light, 
fanes mversely as the square of the distance, how much 
further from a candle must a book, which is now three 
inches ofiP, be removed, so as to receive just half as much 
light ? 

21. A solid spherical mass of glass, 1 inch in dia- 
meter, IS blown into a shell bounded by two concentric 
spheres, the diameter of the outer one being 8 inches 
Calculate the thickness of the shell (The volume of a 
sphere varies directly as the cube of its diameter). 

22. When a body falls from rest, its distance from the 
starting point varies as the square of the time it has been 
falling . if a body falls through 402^ feet in 5 seconds, how 
far does it fall in 10 seconds ? Also how far does it fall in 
the 10th second ? 

23 If 10 men can reap a field of 7^ acres, m 8 days 
of 12 hours each, how long will it take 8 men to reap 9 
acres, working 16 hours a day ? 

24 If iB+y cc as-y, shewlhat aj®+y5 « ay anda^+wa 
oc xy{x±y'). 


~ , prove that ar+y is least when a; = y. 


25 If a; oc 



ANSWERS TO EXERCISES IN THE APPENDIX 

*• ' T 

1. [Page 602.] 

i 

2 Take BE equal to AD ; by_,gae 0 a let P be tke 
middle point o£ DE Then P is very approjumately the 
middle point of AB, the error, if any, being indefinitely 
small ‘ . >- 

7. 2 50, 1 68, 8;79 , 2 89, 1 40 

, 2. [Pa^es 605, 506.] ^ " 

1, C§ units of length. 2. feet. 3. 7| yards 

4. 8 5 inches. 5. 8 6 feet 6. xV ft 7. 5 yards 

8. 65 feet 9. 17 feet 10. 28 S feet 

4 [Pages 510-512.] 

1. (0 (11, 7) . (-9. 18) , (-6,-7) ; (8,-10) 

(11) (2 2, 1 4) , (-1-8, 2 6) , (-1, -1 4) ; (1 6,-2) 

2. (81, 2^) ; (-8,4^) , (-l§.-2^) , (25,-8^) 

5. 20 6. 18. - 7. 50. 8. 11,-13 

9. 17 5 , 36. 10. 12 , 8 

5. {Pages 618, 519.], 

7. (1) 6a;-5y = 0 , (2) 5a;+7y = 85 ; 

(3) ®+y+2 = 0 , (4) 21a;-5y + 124 = 0 ; 

(5) 5a+9y+55 = 0. 

6. [Page 520.] 

1. SB = 5, y = 4. 2. « = 7, y =-5 3. a = 8, 

y = G 4 a; = 9, y = 11 5. a := 10, y = 18. 

6. [Take ten times the side of a small square as the 
unit of length] a = 1*2 

7. a = 7 8. « = 7 

7. [Pages 527, 528.] 

1. 13 as 3 pies , 2 seeis II chatlacks 

2. 1 Re 9 as 6 p , 19. 3. gj houra . 19 miles 

4 8«i feet , 4^^ cubits 5. 2^ hours after Assarts , 

miles from the place of starting 
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<6. 4 hours after starting , 12 miles from A. 

7. 1 Re. 8 as ,88 '^3. 5. 11. At 4-80 P. M , 

13V miles from B , , ~ 

9. [Page 542.3 

L IG, 40, 2«-G 2 29tli, 4Gth, (3??--10)tli. 3. G. 
•4. 08 

10. [Page 544] * . 

1. S25. 2. 900. 3. bs'i. 4.^0. 5. 25452 

6. 7. 

11. ' [Pages 546, 547.] 

1. 3 2, 9. 3. 7, 4. 13 or 7. 6. Last • 

’term 8, oi — 1 , nnmber or terms 10 or 12. 

6.- 18 or 19. 7. 8. 1, 5, 2, &c. , 1470. 

:9. 1, 3, 5, 7, iVc. , hL 10. 2. 11. 4 or 10. 

12. [Pages 548, 549 3 

1. G| ; 8; M. ,««+**. 2. 9^, lOg , 3, 7^ 

3. 207,297,887 . 4. -2, -G, -10, -li. 

5. 3, — li, 4-0 , —89. 

13. [Page 552 J 

1 . -CGN^+dfi-l), 2 . 

i ✓ ' 12 

3. |-(i«3^Cn-l). 4. ?/®^2nS-l) 

^ nf»4-llfn+21 
^ 6 

14. [Pages 556, 568.3 

■j:i6-^27i-l). 2. 9,13,17,21,25 

3, -13 1 6 4. 70. 5. 

. * G 

S g(2«®+37;-j-7). 7. g(27?-+9//-}-l) 
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i 8 
10 

14 

15 
19 

1 

5. 

6 . 

1 . 

4. 

6 . 

1 . 

6 

10 

1 . 

4. 

1 

3. 


— ” — 9 8 , 12 , 16 , 20 . 

8(2w+8) 

8 , 6,7 11. 3 , 3 , 6 , 7 . 12. 8 , 5 , 7 , 9 , 13 , 18 .- 

±(S-r)+jO + = 0. 


m—n 
+!)(«+ 2) 
6 


20 ^(«-l).« (2w~l) yards 


15. [Page 559 ] 
2 . t 3 . 65586 . 


4. -243 


— , + , 4- or — according as n is even or odd.. 

27 3""“ 


1 1 
iSff 


265720. 

181 

TTTl 

1 6"?2" 
14 5 "--* 


16. [Page 560.] 

2. 60|?. 3. -682 

5. f(l-l=0 

— 01 + according as n is even or odd. 


17. [Page 563 ] 

2. t 3. 3^ 4 5. 5. lOi. 

7. M 8. ^ 9. K4+8V2). 


18. [Page 665.]' 

6, 12. 2. I, 1, I 3. -3, J, V 

8, 12, 18, 27 

19. [Pages 568, 569.] 

i 1 O 1+a 

86' 55’ 1665’ 7 (1-a:)* 

^ (1+6®^ 3® 

( 1 - 2 ®)“* ^ ( 1 - 8 ®)“ ' 


-T 
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•5. 

fld-o") 

l-fl ’ 

6. 

l-x 

u+v 

7. 1 

S. 

A « + ? 
gn-l 


9. 

2"-’(2w- 

-1) ; 2\2ll-3) + d. 

10. 

5n4.1_5_ 

16.5-> 

4« 

11. 

av 

i)-f. 

12 


-i^)' 

13 

2"+^ —2 

— 7? 

14 . 


16. 

^{4"-1 + 1570 

18. 

2) 5) 8. 


19. 

4, 8, 

16. 

20. 

1, 4, 20. 


21 . 

o’-- 

c**-’ = 1. 

422 . 



24 . 

7/ 2"-^“- 

.2«+‘+2. 

30. 

1 






crj* 





20 [Pages 579—582.] 


1. 

Sy = 

«. 2. 14 

. 3. 

2|r 

4 1. 

5 27a;® = 4y“. 

6. 

y = 

2x+— . 

X 

7 


= i(- 



S. 

y - 

2®+A* 

9. 

y 

=x= 3+2« 

-a:®. 


10. 

y - 







12 

45 inches. 

13. 

£26 

Os 

15. 

45 sq ft 

16. 

846i sq, ft. 

17. 

960 ( 

cnbic ms 

18. 

H ft 

19. 

10. 

20. 

1 2426 ins nearly. 

21. 

*01875 in 

:22. 

IGIO feet , 805 £ 

1 feet. 


23. 

3 days, 

, 6hoiu-s. 



SYLLABUSES PEESCRIBED FOR THE MATRICULATION 
EXAMINATIOX IN ALGEBRA 


Oaloutta University 

Compuho) y Fa 2 )e) — The foiu simple Rules , Pioportion , Sim- 
ple Equations , Gieatest Common Measure , Least Common 
Multiple , Graphs of Simple equations 

Additional Papci —In addition to the above— Quadratic Equa- 
tions with one unknown qmntiti , Examination of Squaie Root , 
Graphs of Pure Quadratic Equations (exceeding constructions with 
Piflereat scales along two axes) , Arithmetical and Geometrical 
Pi ogressions the Element iM Laws of Indices 

Madras University — Simbolical expiessionsof general lesiilt*- 
in Ai ithmetic Algebraic il 1 ni s and pi inclpics and their applica- 
tions Factonsations of Simple fiuictions Equations, conditional 
and identical Equations of the fiist degieo in one, two mcl three 
xariables and the piinciples in\oI\ed in their solution Solution 
of problems by means of <'iich equations Equations of the second* 
degree in one vaiiable and the piinciples iniolved in then solution 
Tlieoiy of positne integial indices Squaio Root Giaplis of sim- 
]ile algebinio functions, 

Bombay University -Simple iiiles easy factors, highest 
common factoi and least common multiple (both as fni as soh able 
b* easy factoi isation ) , simple fractions , simpple simultaneous equa- 
tions with not moie than two iiiiknonn quantities (not mvoliing 
literal co-efficients) , oasj immeiical quadratic equations , squaie 
poot , use of equaled papei foi plotting points and straight lines , 
graphical solution of simple simultaneous equations , clementan 
latio piopoition and varntion 

Pupjab Univeisity -Simide Eijuations with one oi moie 
unknown quantities and Pioblems , Involution and Eiolutioii , 
Factois , H C P and L C M , Fractions, Indices , Simds , 
Eitio and Piopoition , simple Identities and Eliminations , 
Simple Graphs 

Allahabad University — The foiii simple rules , Fiactions , 
Gicatest Common Measure , Least Common Multiple , Factors , 
Pioportion , Simple Equitions of one oi more unknown quantitie'> 
■vnthoasj pioblems , Squiie Root simple questions on Fi,actioual 
and Negative Indiees , Quadiatic Equations of one unknown quan- 
t tv ivitb easy pioblom6 , easy Graphs 



OPINIONS 01^ ALGEBRA MADE EASY, VOL. II 
(for Collesres) '' 


From JOHN ELIOT, Eaq[r, M A, Formerly Meteorologtcal 
Reporter to the Government of India , senior Professor of Mathematics 
aitd Physical Science, Presidency College, Calcutta, and a Member of 
the Mathematical Board of Studies, Calcutta University ’ 

, “ * * On glancing through the book I was struck with the care you 

had taken in nrrangtug the subjects and the efforts to make all clear and 
plain to the students If the matter came before me as a member of the 
Mathematical Board of Studies, I should ha\e no hesitation in recom- 
mending it as an alternative Text Book on the subject ” 

From Sir OUBUDAS SANEHJEE, M A, D Formerly one of 
His Majesfy'e Judges in the High Court, Calcutta, and late 'Vice- 
» Chancellor, Calcutta University 


" I ha\e glanced o\er jour ‘ Algebra Made Easy for F A Students ’ a 
copj of which jou ha\e so kindly presented to me, and I ha\e no hesita- 
tion in sajing that it will prove useful to those for whom it Is intended 
All those portions of the subject which present diihcultics to the beginner 
ha\e been fullj and clearly explained and copiously illustrated by well 
chosen examples, and the solutions giveh arc neat and suggestive I 
maj notice in particular the chapter on ‘ Permutations and Combinations ’ 
which IS treated of much more fully than it is in ordinary text books " 

From Babn GAinil SANKAR DEY, MA, Late Professor of 
Mathematiei, General Assembly's Institution, and a Member of the 
Mat) emarieal Board of Studies, Calcutta University 

“ Babu Kahpada Basu’s Algebra Mildc Easy for F. A Students, is an 
excellent treatise The author’s high attainments in mathematics and 
long cXpcnencc as a teacher have enabled him to write all the difficult 
portions of the book in such a manner as will enable a student of average 

intelligence to understand them without the assistance of a teacher The 
typical examples worked out in the book will be of great help to the' 
students, and the collection of examples given for solution has been 
judiciously selected ^ 

The book IS a suitable text-book for the F A Students and should 
be extensively used in our colleges ” snouitt 

From Balm MOHENDRA NATH RAY, M A . B L , Formerly 

I? t ^ examined Babu Itahpada Basu’s 'Algebra Madr^ 
vel?usek?Ho*thTsr»Af’f"f^ ” publication whmh will prove 

than the corresponding portioSs^f T^dhunSsAlgS mdSd^I do 

if Sf^s 

.t j,' r ri" 

and also a short notice of BhMkaracharw'a’smpMindnrc"]'* 
c,uae„„ ,„d „( a, properties 



( n ) 

From Babu SASI BHBSAN DUTTA, ^ M A„ Late Principal, 
Bethune College, Calcutta ' ' 

** I <have dipped into some portions of your book (Algebra Made Easy 
for Colleges), and I find that you have succeeded very admirably iiide^ 
in making difficult theorems easy — a faculty possessed not by many men, 
I am sure ” ' 

From Baba TTATiT SAITKAB SUXUL, M A Late Principal, 
- Victoria College, Narail 

" I have much pleasure in testifying to the excellence of Babu Kali 
Pada Basu’s ‘Algebra Made Easy' The book-work as well as the 
examples are all, what they ought to be, lucidly done and progressively 
arranged The book, I doubt not, will be an excellent help to those for 
whom It IS designed ” 

From Baba BEFIN BEHAEI GUPTA, MA, Lah^ Principal, 
Ravenshaia College, Cuttack and formerly Profesior of Mathematics, 
Presidency College, Calcutta ' 

" Algebra Made Easy hy Basu, is a book which ought to 

prove useful to F A student The auther has considerable experience 
as a teacher in Indian Colleges and has been to a great extent successful 
in elucidating those points which particularly puzzle the Indian student 
The examples appended for solution seem to have been selected with care 
and judgment • • * ^ 

The “ Indaaa Eagmeeriag,” savs — > , 

The book is meant to afford the F, A Student ,all the information 
that he needs for that Examination in the' University of Calcutta of which 
the author is a distinguished alumnus Mr, Basu, how ever, brings the 
additional advantage of long and vaned experience in Mathematical 
tuition in Bengal to bear on his task, and when we add that he is the 
author of other Students' Aids in the same branch 'of education, it may 
be inferred that the result is commensurately satisfactory That this is 
the fact we are glad to testify, and we can safely say that the book will 
admirably serve the purposes for which it is intended 

A novelty in the book is the Chapter on Perniiltations and Combina 
tions, which is explanatorj to a fault But as the author is acquainted 
with the failings of Indian Students, he has had, doubtless, good reasons 
for such fullness of illustrations of this by no means simple subject, which 
so often proves a stumbling block to the beginner ^ > 

The other Chapters of the book call for no special observation except 
that they display both care and discnmination in the treatment of then 
subject matter ' 

The examples throughout the book are numerous and the ‘hints 
interspersed go far to make the judicious selection useful and instructive 
in a very high degree 

We can strongly recommend the book, and hope that it may find e 
place in the educational curriculum of Bengal It can certainly hold it: 
own with some text-books we have seen, and we wish it the success its 
ments deseix'e ” ' ' 



OPINIONS ON ALGEBRA MADE EASY, YOU I* 

' (for Schools) 

From Dr. C. A Martin, Late Director of Pulilic Instruction, 

“Babu Kahpada Basu’s 'univereii^^^ntraMe 

for Students of Schools riding the Calcutta 

Course HoW 

of examinations ” * . , . , c 

Calcutta University. 

n toe looked tUogh BABU KALIPADA BASU’S 
Easv Vol I ’ It IS WTitten on the same method as his Algebra Vo , 
Sftotoe ell Ihet « reqe.red lor the F'^rSebfto m. 

as I can ludire it is SUCerxor to the existing treatises on the subject, n 

the illustrative^and typical examples worked o«t ^ ® 

text-book for the first four classes of our Higher Class English Schools 

From Baliu DMESH CHANDRA^ DUTTA, 

itngutshed Senior Scholar of his tune). Late Professor, Krishnaghur College 
"I have as yet read only the first tuo Chapters (of Algebra Made Easy 
-for schools) TiiiA on Units and Measures IS weW worked out and will 
'•materially assist students in mastenng the elements of d4rWiwie^c anfl 
Algebra I say Arithmetic because without a clear knoivlrage or units 
•no one can master Arithmetic as a science The second Chapter 
•s. lucid idea of positive and negative quantities Todhuntor did something 
in his Algebra to make his readers comprehend the meaning of these 
mysterious phrases, but m my opinion your explanations and illustrations 
surpass your predecessors' in lucidity and appropriateness If your other 
Chapters are in keeping with these two, they will amply justify the title 
given to your book 'Algebra Made Easy ’ A^en ' I had finished your 
1 st Chapter, I mvoluntanly grumbled aloud 'why was there not such a 
Tjook in existence when I began the study of Algebra ?" 


From Balftt N. L DET, M A , B L , Formerly Professor of Mathe- 
matics, General Assemhlfs Institution, Calcutta 

" * * It IS really a beautiful book by the use of which, I am fully 

T ersuaded, both boys and teachers m our schools will profit \ery much 
ndeed 1 do not know whether there is^any other similar production which 
can so eminently answer the purpose of helping the young student in 
•mastering the elementaiy principles of Algebra In the 'execution of this 
xiork you have fully sustained the reputation which you have been for 
some time enjoying as the great fnend of thq mathematical tyro " 

From Babtl RSBCETRA M0&D2f BAliTEIiJI, M A , Professor 
of Mathematics, Ripon College, and formerly of Metropolitan Institution, 
, Calcutta 

xr through BABU K P BASU’S 'Algebrd Made Easy, 

Vol I It has the rare Jntnt of being a Text-book, as ordinanly under- 
stood, and a solution of Algebraic problems at the same time This novel 
teature of the book alone, not to speak of the judicious collections of 
<^ples and intelligent solutions thereof, will make it highly useful to 
tnose for whom it is intended ' ° ^ 
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From Babu HARAITATH BHATTACHAETTA, ma, bl^ 

Formerly Head Master, Hindu School, Calcutta * 

“BABU K P BASU’S ‘Alg'ebra Made Easj, PartP is a well-nntten 
treatise The articles are well explained and ampl^ illustrated The model 
solutions given are neatly worked 'out, so as to meet the requirements of 
the dullest student The examples, gh en for exercise, are good and are 
progressively .arranged I have no doubt that the book w ill prove a very 
suitable text book for our schools ” 

From Babu JAGADBANDBU BHABBA, I Formerly Head^ 
Master, Government School, yessore 

“I have carefully gone through the vPlume (Algebra Made Easy for 
schools) and mj. deliberate opinion is that in more respects than one you 
hav e beaten hollow your predecessors on the subject The method you 
hav e adopted to explain out and illustrate the theories is v ery good and* 
1 have not met with any other atK^hor who can be said to have excelled 
you in this point In some places you seem to me quite original ’’ 

From Babu S. P. CHATTOBAJ, m \ > Vtce~Pnnctpal and 
Professor of Mathematics, City College, Calcutta • 

"I have received a copy of Algebra Made Easy Voh I for Schools by 
Babu K P Basu, m a , Mathematical 'Lecturer, Dacca College, and found 
it excellent as far as it goes It is intended for the use of our Higher 
Clpss English Schools, and the favourable reception it has met with 
testifies to its usefulness as a text book The principles of the subject are 
explained in a manner which reconciles the most unwilling of students to 
it and the graduated series of examples worked out in illustration of the 
articles contained in each chapter and those set for exercises on the part 
of the student at the end of it carries him from simple problems to 
harder ones without his being boggled at the latter He should be 
thankful to the author for his ingenious and exhaustive treatment of the 
subject of Surds, to study which he cannot do better than buy a copy of 
the book Eveiythmg is done in strict accordance w ith the standard of 
the Entrance Examination Unnecessary matter which is of no use to 
candidates preparing for the Entrance Examination, but unfortunately 
wath which some books of the kind are loaded has no place in the book 
under review, so that the students escapes the trouble of separating the 
gram from the husks I congratulate the author on the rare gift he hds, 
of presenting the driest things in the simplest and most attractive way, 
and have no hesitation in recommending the book to the class of students 
for whom it is intended And I cannot better express mj opinion of it 
than by saying tliat isntk a copy of the book in his 'possession, the ' student 
can master ike subject of Algebra up to the Entrance standard mithoiit the 
aid of a teacher 

’ The “Indma Nation,” s<u’s — w . 

"Algebra Made EaSy by KALI PADA BASU, M \ , Mathematical 
Lecturer, Dacca College, is not a cram-book, but is a sj'stematic treatise 
well calculated to meet the wants of beginners Those reading for the 
Enhance Examination wall find the whole of their course in this book 
which IS sure to satisfy them, for it has all the merits of a good text book ”■ 




